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Abstract

This dissertation aims to develop, to mathematically analyze and to computationally implement
diverse mixed finite element methods for the numerical simulation of natural convection, or thermally
driven flow problems, in the Boussinesq approximation framework; a system given by the Navier-
Stokes and advection-diffusion equations, nonlinearly coupled via buoyancy forces and convective heat
transfer.

We firstly present two augmented mixed schemes based on the incorporation of parameterized re-
dundant Galerkin terms and the introduction of a modified pseudostress tensor in the fluid equations.
As for the heat equation, mixed—primal and mixed formulations are separately considered by defining
the normal component of the temperature gradient as an additional unknown on the boundary, and
introducing a vectorial variable defined in the domain depending on the fluid velocity, the temperature
and its gradient, respectively. In both cases, equivalent fixed—point settings are derived and analyzed
to state the well-posedness of the continuous problem by using the classical Banach Theorem com-
bined with the Lax-Milgram Theorem and the Babuska-Brezzi theory, under small data constraint and
suitable stabilization parameters. The solvability and convergence of the associated Galerkin schemes
are also shown for arbitrary finite element subspaces and, in the mixed—primal case, assuming that
those used for approximating the temperature and the boundary unknown are inf-sup compatible.

A posteriori error analyses and adaptive computations in two and three dimensions are further
carried out for the aforementioned augmented mixed methods. In each case, duality techniques and
stable Helmholtz decompositions are the main underlying tools used in our methodology to derive a
global error indicator and to show its reliability. A global efficiency property with respect to the natural
norms is further proved via usual localization techniques of bubble functions and/or well-known results
from previous a posteriori error analyses of related mixed schemes.

We finally propose and analyze two new dual-mixed methods that exhibit the same classical struc-
ture of the Navier—Stokes equations. Here, we incorporate the velocity gradient and a Bernoulli stress
tensor as auxiliary unknowns in the fluid equations, whereas both primal and mixed—primal approaches
are considered for the heat equation. Without any constraint on data, we derive a priori estimates and
the existence of continuous and discrete solutions for the formulations by the Leray—Schauder principle.
Uniqueness is further proven provided the data is sufficiently small.

We show that all the techniques described above are quasi—optimally convergent for specific choices
of finite element subspaces, and allow high—order approximation not only of the main unknowns but
also several physically relevant variables that can be obtained by a simple post-processing, such as the
pressure, the vorticity fluid, the shear—stress tensor, and the velocity and the temperature gradients.
Numerical experiments are given to confirm the theoretical findings, and to illustrate the robustness
and accuracy of each method, including classic benchmark problems.
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Resumen

Esta tesis tiene como objetivo desarrollar, analizar matematicamente e implementar computacional-
mente diversos métodos de elementos finitos mixtos para la simulaciéon numérica del fenémeno de
conveccion natural, o problemas de flujos accionados térmicamente, en el marco de aproximacion de
Boussinesq; un sistema dado por las ecuaciones de Navier-Stokes y de adveccién—difusion, acopladas
no linealmente a través de fuerzas de flotabilidad y transferencia de calor por conveccion.

En primer lugar presentamos dos esquemas mixtos aumentados basados en la incorporaciéon de tér-
minos de Galerkin redundantes y la introduccién de un tensor de pseudo-esfuerzos modificado en las
ecuaciones del fluido. En cuanto a la ecuaciéon del calor, se consideran por separado una formulacion
primal-mixta y otra completamente mixta, mediante la introducciéon de la componente normal del
gradiente de temperatura como una incognita adicional sobre la frontera, y de una variable vectorial
auxiliar definida en todo el dominio dependiendo de la velocidad del fluido, la temperatura y su gradi-
ente, respectivamente. En ambos casos, se utilizan estrategias de punto fijo para analizar y establecer
el buen planteamiento de ambas formulaciones usando el teorema clésico de punto fijo de Banach en
combinacién con el teorema de Lax-Milgram y la teoria de Babuska-Brezzi, haciendo suposiciones de
datos suficientemente pequenos y bajo una eleccién apropiada de parametros de estabilizacion. Se es-
tablecen ademas la solubilidad y convergencia de los esquemas de Galerkin asociados para subespacios
de elementos finitos arbitrarios y, en el caso primal-mixto, suponiendo que los correspondientes para
aproximar la temperatura y la incégnita en la frontera satisfacen una condicién inf-sup.

Para cada uno de los métodos mixtos aumentados ya mencionados se realizé6 un analisis de error
a posteriori y se propusieron algoritmos adaptativos asociados en dos y tres dimensiones. Técnicas
de dualidad y descomposiciones de Helmholtz estables son las principales herramientas que se han
empleado para derivar un indicador de error global y para demostrar su propiedad de confiabilidad.
La propiedad de eficiencia se demostré a nivel global a través de técnicas de localizacién de funciones
burbujas y/o resultados conocidos de anteriores trabajos sobre analisis de error a posteriori para

esquemas mixtos relacionados.

Finalmente proponemos y analizamos dos nuevos métodos duales—mixtos que exhiben la misma
estructura clasica de las ecuaciones de Navier-Stokes. Aqui incorporamos el gradiente de la velocidad
y un tensor de esfuerzos tipo Bernoulli como incognitas auxiliares en las ecuaciones del fluido, mien-
tras que en el calor se considera una formulacién primal y otra mixta—primal. Sin ningtin tipo de
restricciones sobre los datos, se derivan estimaciones a priori y la existencia de soluciones continuas
y discretas para ambas formulaciones utilizando el principio clésico de Leray-Schauder. Ademés, la
unicidad se demuestra bajo hipétesis de datos suficientemente pequenos.

Se demuestra que todas las técnicas descritas anteriormente son cuasi-Optimamente convergentes
para subespacios de elementos finitos especificos, y permiten aproximaciones de alto orden, no sélo para
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las principales incégnitas sino también para varias variables de interés fisico que se pueden obtener por
un simple post-procesamiento, tales como la presion, la vorticidad del fluido, el tensor de esfuerzos, y
los gradientes de velocidad y temperatura. Se proveen también experimentos numéricos que respaldan
los resultados tedricos e ilustran la robustez y precisién de cada método, incluyendo problemas clasicos

de referencia.
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Introduction

Natural convection, or thermally driven flows, refer to a spontaneous heat transfer mechanism very
common in nature, engineering and applied sciences. Typical examples can be found in oceanography,
geophysics, aeronautics, nuclear energy and environmental engineering, to name a few. The study of
this phenomena, and particularly in enclosure settings, is rather exploited in several activity areas [8].
Electrical and electronic industries, for instance, do it for the development of cooling technologies and
thermal regulation components for devices and industrial equipments. In the agricultural sector, it
plays an important role for drying applications and storage. In each individual situation, a precise
understanding of the involved physical and dynamical aspects can significantly contribute to the im-
provement of configuration designs, operating conditions, manufacturing cost savings, energy—efficient

consumption and market competitiveness of products.

From the mathematical perspective, an accurate model for studying this
phenomena was proposed by the French mathematician and physicist Joseph
V. Boussinesq in 1897 [11]. The governing equations, for an incompressible
fluid occupying a bounded region €2, in steady state and without internal
heat generation, can be written as

—pAu + (Vu)u + Vp — ¢g = 0, div(iu) =0 in Q,

(1)
—div(KVy) + u-Vo =0 in Q,

that is, a Navier—Stokes type system nonlinearly coupled to the diffusion—
advection equation for describing the velocity field w = (u;)1<i<n, the pres-

sure p, and the temperature profile ¢ of the fluid with associate kinematic

viscosity p and thermal conductivity K = (k;j)1<i j<n. Here, g is the gravitational force per unit mass,

a-

and as usual V- := (8_9[:1 stands for the gradient operator of scalar fields, whereas the gradient,

) 1<i<n
the Laplace, and the divergence operators of the velocity uw are set, respectively, as

Ou; " Ou; " Ouy
Vu = < Z) ,  Au = div (Vu) = - , and div(u) := E —2,
%5 ) 1<ij<n 0z = Oz

j=1 1<i<n

In turn, the corresponding convective terms are defined by

n n
O
(Vu)u = 8—ul uj and wu-Vyp = g u;j ey
j=1 1<i<n ’

In the underlying fluid flow phenomena, the velocity distribution depends on the temperature through
the buoyancy term ¢ g, and vice versa due to the convective heat transfer in the fluid velocity direction.



We refer to |72, Chapters 13 and 14| for a more physical discussion of this model, its variants, as well
as specific applications including geophysical contexts, and to [59, 62, 63, 67, 68| for some theoretical
findings on existence of strong and/or weak solutions, considering diverse types of boundary conditions
or generalized versions, such as temperature—-dependent parameters.

In light of the complexity of this nonlinear and coupled problem as well as its applicability, several
computational techniques have been proposed in order to predict the behavior of the fluid as well as to
quantify the inherent physical variables (see e.g. [9, 21, 33, 34, 36, 64, 65|, and the references therein).

One of the first finite element analyses for the Boussinesq problem is given in [9]. There, the model
is considered with non-homogeneous Dirichlet and mixed boundary conditions for the velocity and the
temperature, respectively. The authors propose a primal formulation and apply the topological degree
theory to state existence results of solutions. Their results show that employing finite element spaces
with the same order for the velocity and the temperature leads to optimal-order convergence. The
analysis carried out in the aforementioned paper is later extended to a new mixed scheme developed
in [33], in which both the velocity gradient and the temperature gradient of the fluid are incorporated
as additional unknowns in the Boussinesq problem (with non-symmetric stress). There, the auxiliary
variables are approximated by the lowest order Raviart—Thomas elements, and the primary unknowns
are approximated by piecewise constants. Existence of solutions and convergence results are proven
near a nonsingular solution, and quasi-optimal error estimates are also derived. Moreover, the data
restriction to ensure uniqueness is more explicit than the primal method. However, that work does not
address the physically relevant non-homogeneous Dirichlet condition case for the temperature, where
more difficulties arise in the analysis (cf. |9, Section 2.5| and Section 3.3.2).

Primal methods for solving the generalized Boussinesq model, in which the viscosity and the ther-
mal conductivity of the fluid depend on the temperature, have been also developed |64, 65|. In [64]
divergence-conforming elements for the velocity, discontinuous elements for the pressure and Lagrange
elements for the temperature are considered. Meanwhile, in [65] a conforming scheme is proposed
involving the normal derivative of the temperature as an additional unknown on the boundary. Both
works provide existence results of solutions under small data assumptions, uniqueness of continuous
solutions under an additional regularity hypothesis, and optimal-order convergence of the discrete
problems; however uniqueness of discrete solutions is left as an open question.

According to the above, this dissertation aims to complement, to improve, and to contribute to the
methodologies used so far to solve the Boussinesq problem by developing, theoretically analyzing and
computationally implementing several mixed finite element methods allowing optimal convergence,
high-order approximation and the possibility of computing further physically relevant variables by
simple postprocessing.

In this way, in Chapter 1 we propose and analyze a new mixed variational formulation for the
stationary Boussinesq problem (1) along with non-homogeneous Dirichlet conditions for the tempera-
ture and the velocity. By extending a technique previously applied to the Navier-Stokes equations [17],
we then introduce a modified pseudostress tensor depending nonlinearly on the velocity through the
respective convective term, its gradient and the pressure. Next, the latter is eliminated by its own def-
inition, and an augmented approach for the fluid flow, which incorporates Galerkin type terms arising
from the constitutive and equilibrium equations, and from the Dirichlet boundary condition, is coupled
with a primal-mixed scheme for the main equation modeling the temperature. The only unknowns of
the resulting formulation are thus given by the aforementioned nonlinear pseudostress, the velocity, the
temperature, and the normal derivative of the latter on the boundary. An equivalent fixed-point setting



is then introduced and the classical Banach Theorem, combined with the Lax-Milgram Theorem and
the Babuska-Brezzi theory, are applied to prove the unique solvability of the continuous problem. In
turn, the Brouwer and the Banach fixed point theorems are utilized to establish existence and unique-
ness of solution, respectively, of the associated Galerkin scheme. In particular, Raviart-Thomas spaces
of order k for the pseudostress, continuous piecewise polynomials of degree < k 4+ 1 for the velocity
components and the temperature, and piecewise polynomials of degree < k for the boundary unknown
become feasible choices. Finally, we derive optimal a priori error estimates, and provide several numer-
ical examples illustrating the good performance of the augmented mixed-primal finite element method
and confirming the theoretical rates of convergence. This first contribution originally was published in
the paper:

[24] E. COLMENARES, G. N. GATICA AND R. OYARZUA, Analysis of an augmented mized—primal
formulation for the stationary Boussinesq Problem. Numerical Methods for Partial Diffe-
rential Equations, vol. 32, 2, pp. 445-478, (2016).

Straight away in Chapter 2, a new fully-mixed finite element method for the Boussinesq prob-
lem is developed by extending the previous primal-mixed scheme in the sense that the same modified
pseudostress tensor introduced in the fluid equations is still considered; but in contrast, we now in-
troduce a new auxiliary vector unknown involving the temperature, its gradient and the velocity in
the heat equation. As a consequence, a mixed approach is carried out in heat as well as fluid equa-
tion, and differently from the previous scheme, no boundary unknowns are now needed, which leads
to an improvement of the method not only from both the theoretical and computational but also the
physical point of view. Again, the pressure is eliminated and as a result the unknowns are given by
the aforementioned auxiliary variables, the velocity and the temperature of the fluid. In turn, further
quantities such as the pressure, the shear stress and vorticity tensors, the velocity gradient of the fluid,
and the temperature gradient can be approximated as a simple postprocess from the finite element
solutions. In addition, for reasons of suitable regularity conditions, the scheme is augmented by using
the constitutive and equilibrium equations, and the Dirichlet boundary conditions. Then, the resulting
formulation is rewritten as a fixed point problem and its well-posedness is guaranteed by the classical
Banach Theorem combined with the Lax-Milgram Theorem. As for the associated Galerkin scheme,
the Brouwer and the Banach fixed point Theorems are utilized to establish existence and uniqueness
of discrete solution, respectively. In particular, Raviart-Thomas spaces of order k for the auxiliary
unknowns and continuous piecewise polynomials of degree k + 1 for the velocity and the temperature
become feasible choices. Finally, we derive optimal a priori error estimates and provide several nu-
merical results illustrating the good performance of the scheme and confirming the theoretical rates
of convergence for all the unknowns as well as the other physical variables. The contents presented in
this chapter originally were published in the papers:

[26] E. COLMENARES, G. N. GATICA AND R. OYARZUA, An augmented fully-mized finite element
method for the stationary Boussinesq problem. Calcolo, to appear. DOI: 10.1007/s10092-016-
0182-3.

[25] E. COLMENARES, G. N. GATICA AND R. OYARZUA, Fized point strategies for mized variational
formulations of the stationary Boussinesq problem. Comptes Rendus - Mathematique, vol.
354, 1, pp. 57-62, (2016).



Next, for the sake of circumventing any parameters dependence, Chapter 3 is devoted to the
development and analyses of two new mixed approaches based on a dual-mixed finite element method
proposed for the Navier-Stokes equations in [52, 53], which inherit its classical structure and incorporate
both the velocity gradient and a Bernoulli stress tensor as auxiliary unknowns. Here, the system (1)
is considered now with physical boundary conditions, that is, a non-slip boundary condition for the
velocity, and mixed boundary conditions for the temperature. As for the heat equation, we consider
primal and mixed-primal formulations; the latter, incorporating additionally the normal component of
the temperature gradient on the Dirichlet boundary. In this way, by using a suitable extension of the
Dirichlet data for the temperature, we derive a priori estimates and the existence of continuous and
discrete solutions for the formulations by the Leray-Schauder principle without any data constraint.
In addition, uniqueness of solutions and optimal-order error estimates provided the data is sufficiently
small are proven. Numerical experiments are further given which back up the theoretical results and
illustrate the robustness and accuracy of both methods for a classic benchmark problem. The contents

of this chapter appear in the following paper:

[28] E. COLMENARES AND M. NEILAN, Dual-mized formulations for the stationary Boussinesq pro-
blem. Computers and Mathematics with Applications, vol. 72, 7, pp. 1828-1850, (2016).

In the last two chapters, we return to the augmented methods for carrying out their corresponding
a posteriori error analyses. More precisely, in Chapter 4, we complement the numerical analysis of
the aforementioned mixed—primal method by carrying out its corresponding a posteriori error analysis.
More precisely, standard arguments relying on duality techniques, and suitable Helmholtz decomposi-
tions are used to derive a global error indicator and to show its reliability. A global efficiency property
with respect to the natural norm is further proved via usual localization techniques of bubble functions.
An adaptive algorithm based on a reliable, fully local and computable a posteriori error estimator in-
duced by the aforementioned one is also proposed, and its performance and effectiveness are illustrated
through a few numerical examples. The contents of this chapter appears in the following preprint:

[27] E. COLMENARES, G. N. GATICA AND R. OYARZUA, A posteriori error analysis of an augmented
mixed—primal formulation for the stationary Boussinesq Problem. Preprint 2016-37, Centro de
Investigacion en Ingenierfa Matematica (CI?MA).

Finally, in Chapter 5 we extend the methodology used in Chapter 4 to undertake in Chapter
5 an a posteriori error analysis for the augmented fully—mixed finite element method proposed in
Chapter 2. Here, the residual-based error indicators proposed in two and three dimensions are shown
to be reliable, efficient, fully local and fully computable. Again, standard arguments based on duality
techniques, stable Helmholtz decompositions, and well-known results from previous a posteriori error
analyses of related mixed schemes are the main underlying tools used in our methodology. Numerical
experiments are in progress. The contents of this chapter will appear in the following work currently

in preparation:

[23] E. COLMENARES, G. N. GATICA AND R. OYARZUA, A posteriori error analysis of an augmented
fully—mized formulation for the stationary Boussinesq Problem. In preparation.



Preliminary Notations and Definitions

Let us denote by Q@ C R", n € {2,3}, a given bounded domain with polyhedral boundary I', and
denote by v the outward unit normal vector on I'. Standard notations will be adopted for Lebesgue
and Sobolev spaces. In particular, we use W*P(Q) (s > 0) to denote the set of all LP(§2) functions
whose distributional derivatives up to order s are in LP(£2), and denote the corresponding norm and
seminorm by ||+ [|s p.0 and ||s p.q, respectively. The special case p = 2 is denoted by H*(€2) := W*2(Q),
and the norm and seminorm are given by || - [|s0 = || - [|s,2,0 and | - [s o := | - |s,p,0, respectively. When
s = 1/2 on the domain T', the resulting space HY/ 2(T) is not but the space of traces of functions of
H'(Q), its dual is denoted by H~'/2(T"), and

@l = nf {[[¢]10: @ €H(Q), ¢r = ¢}

By M and M we will denote the corresponding vectorial and tensorial counterparts of the generic scalar
functional space M, and || - ||, with no subscripts, will stand for the natural norm of either an element
or an operator in any product functional space. Furthermore, as usual I stands for the identity tensor
in R"*" and | - | denotes the Euclidean norm in R™.

For any vector fields v and w, we denote its diadic product as v ® w = (v; w;)i<1,n<j. In turn,
for any tensor fields 7 = (74;)i<1,n<j and ¢ = (Gij)i<i,n<j, We let div T be the divergence operator
div acting along the rows of 7, and define the transpose, the trace, the tensor inner product, and the
deviatoric tensor, respectively, as

n

n
Tt = (Tji)igl,n§j7 tr(T) = ZTiiy T C = Z TijCij7 and Td =T —
1=1 1,j=1

1
—t I.
()

Unless otherwise specified, we denote by H(div;{2) and H(div;€2) the spaces of square-integrable
vector— and matrix-valued functions with divergence in L%(Q) and L2((2), respectively, which are
Hilbert spaces equipped with the usual norms

lalldive = lalde + Idivalfe, and  |[7ll&.0 = I7ll5e + IdivrlEe,

for all @ € H(div;Q) and 7 € H(div;Q). The product norms of (q,?) € H(div;Q) x H(Q) and
(1,v) € H(div; Q) x H'(Q) are denoted and defined by

1/2 1/2
l@ vl = {lalive + lWlRa} s and o)l = {IIrldwe + 0o}

Finally, we will make use of the well-known decomposition H(div;Q) = Hy(div;Q) @ RI, where
Hy(div; ) := {C € H(div;9) : /tr(C) = 0} ,
Q

1
stating that, for each ¢ € H(div; (), there exists a unique (y := ¢ — (— / tr(()) I € Hy(div; Q)
Q

1
and ¢ = —/tr(() € R, such that ¢ = (o + cI.
n | Jo



Introduccion

La conveccion natural, o flujos conducidos por calor, son un mecanismo de transferencia de calor
espontaneo muy comin en la naturaleza, la ingenieria y las ciencias aplicadas. Ejemplos tipicos se
pueden encontrar en oceanografia, geofisica, aerondutica, energia nuclear y en ingenieria ambiental,
por mencionar sblo algunos. El estudio de este fenémeno, y particularmente en recintos cerrados, se
realiza con mucha frecuencia en varias areas [8|. En la industria eléctrica y electrénica, por ejemplo, lo
hacen para desarrollar tecnologias de refrigeracién y componentes de regulacion térmica de dispositivos
y equipos industriales. En el sector agricola desempena un papel importante para aplicaciones de
secado y almacenamiento. En cada situacién individual, una comprension precisa de los aspectos
fisicos y dindmicos implicados puede contribuir de manera significativa a la mejora de los disefios de
configuraciéon, condiciones de operacién, ahorros en los costos de fabricacién, consumo eficiente de
energia y competitividad en el mercado de los productos.

Desde el punto de vista matematico, un modelo preciso para estudiar
este fendmeno fué propuesto por el matematico y fisico frances Joseph V.
Boussinesq in 1897 [11]. Las ecuaciones gobernantes, para un fluido incom-
presible en una region €2, en estado estacionario y sin generacién interna de
calor, estan dadas por

—pAu + (Vu)u + Vp — ¢g = 0, div(iu) =0 in Q,
(2)
—div(KVy) + ©u-Vo =0 in Q,
es decir, un sistema tipo Navier—Stokes acoplado no linealmente a una
ecuacién de adveccidén—difusion para describir el campo de velocidades

s BossEmeD: ’ u = (uj)1<i<n, la presion p, y el perfil de temperatura ¢ del fluido con

viscosidad cinematica p y conductividad térmica K = (kij)i<ij<n. Aqui, g es la fuerza gravitacional
por unidad de masa y, como es usual, V- = (%)KK”
g =t

pos escalares, mientras que los operadores gradiente, laplaciano y divergencia de la velocidad w son

denota el operador gradiente para cam-

denotados, respectivamente, por

Vu = (a“i> , A= div(Vu) = | Y Ou; .y div(u) = Z%,
O 1<i,j<n dx; Lese = dx;

A su vez, los correspondientes términos convectivos estan dados por

" Ou, - dp
(Vu)u := ' 87;uj y u-Vy = ZUJ—J
j=1 1<i<n

En el fenomeno fisico subyacente, la distribucion de la velocidad depende de la temperatura a través
del término de flotabilidad ¢ g, y viceversa, debido a la transferencia de calor por conveccién en



direccion de la velocidad del fluido. Referimos a [72, Capitulos 13 y 14] para una mayor discusion fisica
de este modelo, sus variantes, asi como aplicaciones especificas, incluyendo contextos geofisicos, y a
[59, 62, 63, 67, 68| para algunos resultados teoricos sobre la existencia de soluciones fuertes y /o débiles,
teniendo en cuenta diversos tipos de condiciones de contorno, o versiones generalizadas en donde se

consideran que los parametros fisicos dependen de la temperatura.

Debido a la complejidad de este problema no lineal y acoplado y su aplicabilidad, varias técni-
cas computacionales han sido propuestas con la finalidad de predecir el comportamiento del fluido y
cuantificar variables fisicas inherentes en el fenémeno (consulte e.g. [9, 21, 33, 34, 36, 64, 65|, y las

referencias correspondientes).

Uno de los primeros anélisis por elementos finitos llevados a cabo para el problema de Boussinesq
es [9]. Alli, el modelo es considerado con condiciones de frontera no homogeneas tipo Dirichlet para
la velocidad y mixtas para la temperatura, respectivamente. Los autores proponen una formulacién
primal y aplican la teorfa de grado topologico para demostrar existencia de soluciones. Sus resultados
establecen que el empleo de espacios de elementos finitos con el mismo orden para la velocidad y la
temperatura conduce a estimaciones 6ptimas para el error en la aproximacion. El analisis realizado en
este trabajo se extiende luego a un nuevo esquema mixto desarrollado en [33], en el que el gradiente
de velocidad y el gradiente de temperatura del fluido se incorporan como incégnitas adicionales en el
problema de Boussinesq. Alli, las variables auxiliares se aproximan mediante elementos de Raviart-
Thomas del mas bajo orden, y las incoégnitas primarias se aproximan mediante constantes a trozos.
Existencia de soluciones y resultados de convergencia se demostraron cerca de una solucién no singular,
y las estimaciones de error cuasi-Optimas también fueron derivadas. Por otra parte, la restriccion de
datos para garantizar la unicidad es mas explicita que el método primal. Sin embargo, en este trabajo
no se considera una condicion de Dirichlet no homogenea para la temperatura, la cual es mas relevante
desde el punto de vista fisico, y donde surgen maés dificultades en cuanto al analisis (cf. |9, Seccion 2.5]|
y la seccion 3.3.2).

Métodos primales para resolver el modelo Boussinesq generalizado, en el cual la viscosidad y la
conductividad térmica del fluido dependen de la temperatura, han sido también desarrollados en [64,
65]. En [64] se consideran espacios de elementos finitos con divergencia conforme para la velocidad,
elementos discontinuos para la presion y de Lagrange para la temperatura. Mientras tanto, en [65] se
propone un esquema conforme en el cual se incorpora la derivada normal de la temperatura como una
incdgnita adicional en la frontera. Ambos trabajos demuestran resultados de existencia de soluciones
bajo restricciones sobre los datos, la unicidad de soluciones continuas bajo una hipétesis de regularidad
adicional, y convergencia 6ptima de los problemas discretos; sin embargo, la unicidad de soluciones

discretas es dejada como una pregunta abierta.

De acuerdo con lo anterior, esta tesis doctoral tiene como objetivo complementar, mejorar y con-
tribuir con las metodologias desarrolladas hasta el momento para resolver el problema de Boussinesq
a través del desarrollo, anélisis teérico y la implementacién computacional de métodos de elementos
finitos mixtos que permitan llevar a cabo aproximaciones 6ptimas, de alto orden, y que brinden la
posibilidad de calcular otras variables de relevancia fisica por simple post-procesamiento y sin perdida

de precision.

De esta manera, en el Capitulo 1 proponemos y analizamos una nueva formulaciéon variacional
mixta de el problema de Boussinesq estacionario (2) junto con condiciones de Dirichlet no homogéneas
para la temperatura y la velocidad. Extendiendo una técnica previamente usada para las ecuaciones
de Navier-Stokes [17], introducimos un tensor de pseudo-esfuerzos modificado en funcién no lineal de



la velocidad a través del respectivo término convectivo, su gradiente y la presién. A continuacion, esta
dltima se elimina como incognita del sistema por su propia definicién, y un enfoque aumentado para
el flujo de fluido, que incorpora términos tipo Galerkin que provienen de las ecuaciones constitutivas
y de equilibrio, y de la condiciéon de Dirichlet, se acopla luego con un esquema mixto—primal para la
ecuacién principal que modela la temperatura. Las tinicas incognitas de la formulacién resultante por
lo tanto resultan ser el tensor antes mencionado, la velocidad, la temperatura, y la derivada normal
de ésta en la frontera. Un problema de punto fijo equivalente es introducido y el clasico teorema de
Banach, combinado con el teorema de Lax-Milgram y la teoria de Babuska-Brezzi, se aplican para
demostrar el buen planteamiento del problema continuo. A su vez, los teoremas de punto fijo de
Brouwer y de Banach se utilizan para establecer la existencia y unicidad de solucién, respectivamente,
del esquema de Galerkin asociado. En particular, espacios de Raviart-Thomas de orden k para el tensor
auxiliar, polinomios continuos a trozos de grado < k + 1 para las componentes de la velocidad y la
temperatura, y polinomios a trozos de grado < k para la incognita en la frontera son opciones viables
como subespacios de elementos finitos. Por ultimo, derivamos estimaciones de error a priori 6ptimas,
y proporcionamos varios ejemplos numéricos que ilustran el buen desempeinio del método propuesto y
confirman las razones de convergencia predichas por la teoria. Esta primera contribucién nuestra fue
publicada originalmente en el siguiente trabajo:

[24] E. COLMENARES, G. N. GATICA AND R. OYARZUA, Analysis of an augmented mized—primal
formulation for the stationary Boussinesq Problem. Numerical Methods for Partial Diffe-
rential Equations, vol. 32, 2, pp. 445-478, (2016).

Enseguida en el Capitulo 2 presentamos un nuevo método de elementos finitos completamente
mixto para el problema de Boussinesq extendiendo el esquema primal-mixto anterior en el sentido que
el mismo tensor de pseudo-esfuerzos modificado es introducido en las ecuaciones del fluido; pero en
contraste, ahora introducimos un nuevo vector auxiliar como incégnita dependiendo de la temperatura,
su gradiente y la velocidad en la ecuacién del calor. Como consecuencia, un enfoque mixto es llevado
a cabo en el calor, tal como en la ecuacién de fluido, y a diferencia del esquema anterior, no hay
incognitas definidas sobre la frontera, lo que conduce a una mejora del método no s6lo desde el punto
de vista tedrico y computacional, sino también desde el punto de vista fisico. Una vez mas, la presion
se elimina y como resultado, las incognitas estan dadas por las variables auxiliares antedichas, la
velocidad y la temperatura del fluido. A su vez, variables adicionales tales como la presion, los tensores
de esfuerzos y de vorticidades, los gradientes de velocidad y de temperatura del fluido se pueden
aproximar a través de un simple postproceso de las soluciones de elementos finitos. Debido a razones
de regularidad necesarias, el esquema es aumentado usando las ecuaciones constitutivas y de equilibrio,
y las condiciones de frontera de Dirichlet. A continuacion, la formulacion resultante se reescribe como
un problema de punto fijo y su buen planteamiento se garantiza por el teorema clasico de Banach
combinado con el teorema de Lax-Milgram. En cuanto al esquema de Galerkin asociado, los teoremas
de punto fijo de Brouwer y de Banach se utilizan para establecer la existencia y unicidad de solucién
discreta, respectivamente. En particular, los espacios de Raviart-Thomas de orden k para las incognitas
auxiliares y de polinomios continuos a trozos de grado < k + 1 para las componentes de la velocidad
v la temperatura constituyen una eleccién apropiada de subespacios de elementos finitos. Por tltimo,
derivamos estimaciones de error a priori 6ptimas y proporcionamos varios resultados numéricos que
ilustran el buen funcionamiento del método y que confirman las razones teodricas de convergencia
para todas las incognitas y el resto de variables fisicas obtenidas por post-proceso. Los contenidos
presentados en este capitulo fueron originalmente publicadas en los siguientes articulos:



[26] E. COLMENARES, G. N. GATICA AND R. OYARZUA, An augmented fully-mized finite element
method for the stationary Boussinesq problem. Calcolo, to appear. DOI: 10.1007/s10092-016-
0182-3.

[25] E. COLMENARES, G. N. GATICA AND R. OYARZUA, Fized point strategies for mized variational

formulations of the stationary Boussinesq problem. Comptes Rendus - Mathematique, vol.
354, 1, pp. 57-62, (2016).

Luego, con el fin de evitar cualquier dependencia sobre parametros, el Capitulo 3 esta dedicado al
desarrollo y analisis de dos nuevos enfoques mixtos basados en un método dual-mixto propuesto para
las ecuaciones de Navier-Stokes en [52, 53], el cual hereda su clésica estructura matemaética e incorpora
el gradiente de la velocidad y un tensor de esfuerzos tipo Bernoulli como incognitas auxiliares. Aqui,
el sistema (2) se considera ahora con condiciones de frontera fisicas, es decir, una condicién de no
deslizamiento para el fluido sobre la frontera y condiciones de frontera mixtas para la temperatura.
En cuanto a la ecuacion del calor, consideramos formulaciones primal y mixta—primal; la tltima,
incorpora adicionalmente la componente normal del gradiente de la temperatura como una incégnita
auxiliar en la frontera Dirichlet. De este modo, usando una extensiéon adecuada del dato Dirichlet para
la temperatura, derivamos estimados a priori y la existencia de soluciones continuas y discretas para
las formulaciones por el principio de Leray-Schauder sin ninguna restriccién sobre los datos. Ademés,
unicidad de soluciones y estimados de error de orden 6ptimos se demuestran bajo supuestos de data
suficientemente pequenia. Experimentos numéricos también se proveen para respaldar los resultados
teodricos e ilustrar la robustez y precision de los métodos para un problema clésico de referencia en
conveccion natural. El contenido de esta contribucién aparece en el siguiente articulo:

[28] E. COLMENARES AND M. NEILAN, Dual-mized formulations for the stationary Boussinesq pro-
blem. Computers and Mathematics with Applications , vol. 72, 7, pp. 1828-1850, (2016).

En los tltimos dos capitulos, retornamos a los métodos aumentados para llevar a cabo sus corre-
spondientes anélisis de error a posteriori. Mas precisamente, en el Capitulo 4, complementamos el
analisis numérico del método mixto—primal aumentado ya descrito mediante un anélisis de error a pos-
teriori. Mas precisamente, argumentos estandar basados en técnicas de dualidad, y descomposiciones
de Helmholtz adecuadas se utilizan para derivar un indicador de error global y para demostrar su con-
fiabilidad. Eficiencia a nivel global se demuestra ademés con respecto a la norma natural a través de
las técnicas usuales de localizacién y funciones burbujas. Se propone un algoritmo adaptativo basado
en un estimador de error posteriori que es inducido por el indicador antes mencionado y que resulta ser
confiable, completamente localizable y calculable. La efectividad del esquema adaptativo es finalmente
ilustrada a través de algunos ejemplos numéricos. El contenido de este capitulo aparece en la siguiente
pre-publicacion:

[27] E. COLMENARES, G. N. GATICA AND R. OYARZUA, A posteriori error analysis of an augmented
mixzed—primal formulation for the stationary Boussinesq Problem. Preprint 2016-37, Centro de

Investigacién en Ingenieria Matematica (CI°MA).

Finalmente, extendiendo la metodologia utilizada en el capitulo 4, llevamos a cabo en el Capitulo
5 un anélisis de error a posteriori para el método de elementos finitos completamente mixto aumentado
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propuesto en el capitulo 2. En este caso, se demuestra que los indicadores de error tipo residual que
se proponen en dos y tres dimensiones son confiables, eficientes, totalmente localizable y calculables.
De nuevo, los argumentos estandar basados en técnicas de dualidad, descomposiciones de Helmholtz
estables, y resultados conocidos de anteriores trabajos afines sobre analisis de error a posteriori son las
principales herramientas utilizadas en nuestra metodologia. Experimentos numéricos se encuentran en
progreso actualmente. El contenido de este trabajo aparecera como la siguiente trabajo actualmente
en desarrollo:

[23] E. COLMENARES, G. N. GATICA AND R. OYARZUA, A posteriori error analysis of an augmented

Sfully—maized formulation for the stationary Boussinesq Problem. In preparation.



CHAPTER 1

Analysis of an augmented mixed—primal formulation for the
stationary Boussinesq problem

1.1 Introduction

A recent augmented—mixed finite element method for the Navier-Stokes equation has been developed
in [17], by combining recent results on pseudostress-based formulations for the Stokes and Navier—
Stokes problems (see e.g. |13, 14, 15, 16, 35, 42, 46, 51, 52, 53|, and the references therein). There, the
authors proposed a formulation considering Dirichlet boundary conditions, and the main unknowns
are the velocity and the so called nonlinear pseudostress tensor depending nonlinearly on the velocity
through the respective convective term. The pressure is eliminated by using the incompressibility
condition, and can be recovered as a simple postprocess of the nonlinear pseudostress tensor, as well
as the vorticity and the gradient of the fluid. Due to the presence of the convective term in the
system, the velocity is kept in H', which leads to the incorporation of Galerkin type terms arising
from the constitutive and equilibrium equations, and from the Dirichlet boundary condition, into the
variational formulation. The introduction of these terms allows to circumvent the necessity of proving
inf-sup conditions, and as a result, to relax the hypotheses on the corresponding discrete subspaces (see
for instance [12], [38] and [39] for the foundations of this procedure). In this way, the classical Banach
fixed point Theorem and Lax-Milgram Lemma can be applied to prove existence and uniqueness of
solution of the continuous and discrete problems.

According to the above discussion, in the present Chapter we employ the augmented-mixed formu-
lation introduced in [17] for the Navier-Stokes equations, and couple it with a primal-mixed scheme for
the convection-diffusion equation modelling the temperature, thus yielding a new augmented mixed-
primal variational formulation for the Boussinesq equations. As a consequence, the aforementioned
nonlinear pseudostress, the velocity, the temperature, and the normal derivative of the latter on the
boundary become the main unknowns of the resulting formulation. Next, following basically the ap-
proach from [6] for a related coupled flow-transport problem, we introduce an equivalent fixed-point
setting, and then apply the classical Banach Theorem combined with the Lax-Milgram Theorem and
the Babugka-Brezzi theory, to prove the unique solvability of the continuous problem for sufficiently
small data. Analogously, we apply a fixed-point argument and derive sufficient conditions on the finite
element subspaces ensuring that the associated Galerkin scheme becomes well posed. To this respect,
we remark that actually there is no restriction on the finite element subspaces approximating the
pseudostress and the velocity, and hence they can be chosen freely as any finite dimensional subspaces

11
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of the respective continuous spaces. This property constitutes a clear advantage of our approach, as
compared for instance with [52, 53] where the finite element subspaces employed are expensive and
hard to implement computationally. In turn, the finite element subspaces approximating the tempera-
ture and its normal derivative on the boundary need to satisfy classical discrete inf-sup conditions, for
which several choices are already known. In particular, we can mention that Raviart-Thomas spaces
of order k for the nonlinear pseudostress, continuous piecewise polynomials of degree < k + 1 for the
velocity and the temperature, and piecewise polynomials of degree < k for the boundary unknown
become feasible subspaces in our case. Moreover, these finite element subspaces yield optimally con-
vergent Galerkin schemes, which, as compared with [15] and [16] where the resulting orders, being
O(hk“*"/ 6), are sub-optimal, provides a second advantage of the present approach. Another aspect
of the method to be proposed here that deserves to be highlighted is given by the chance of employing
simple postprocessing formula to approximate other variables of physical interest such as the vorticity
and the gradient of the velocity.

Outline

In Section 1.2 we recall the model problem and, using the incompressibility condition, we eliminate
the pressure and rewrite the equations equivalently in terms of the nonlinear pseudostress, velocity and
temperature. In Section 1.3 we derive the augmented mixed-primal variational formulation, clearly
justifying the necessity of augmentation, and analyze its well-posedness under a smallness assumption
on the data. Next, in Section 1.4 we define the Galerkin scheme, and derive general hypotheses on
the finite element subspaces ensuring that the discrete scheme becomes well posed. Here we apply the
Brouwer theorem to prove existence of solution whereas the Banach fixed point theorem is utilized to
prove uniqueness of solution. In addition, suitable choices of finite element subspaces satisfying these
assumptions are introduced in Section 1.4.3. In Section 1.5 we provide the corresponding Cea estimate
and establish the rate of convergence associated to the finite element subspaces defined in Section
1.4.3. Finally, in Section 1.6 we provide several numerical results illustrating the performance of the
augmented mixed-primal finite element method and confirming the theoretical rates of convergence.

1.2 The model problem

We consider the stationary Boussinesq problem given by

—pAu + (Vu)u + Vp — gy = 0 in Q,
divu = 0 in €,
—div(KVy) +u-Vo = 0 in Q, (1.1)
U = up on I',
¢ = ¢p on T,

where the unknowns are the velocity u, the pressure p, and the temperature ¢ of a fluid occupying the
region . The given data are the fluid viscosity pu > 0, the external force per unit mass g € L>(Q),
the boundary velocity up € HY2(I'), the boundary temperature ¢p € HY?(T'), and a uniformly
positive definite tensor K € L>°(Q2) describing the thermal conductivity. Note that wp must satisfy
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the compatibility condition
/uD-n:O, (1.2)
r
which comes from the incompressibility condition of the fluid. Uniqueness of a pressure solution of
(1.1), (see e.g. [64]), is ensured in the space L§(Q) = {q c L*(Q) : / q = O} . We now introduce
Q
the auxiliary tensor unknown
c:=uVu — (u®u) —pl in Q (1.3)
and realize that the first equation in (1.1) can be rewritten as
—dive —gp =0 in Q. (1.4)
Moreover, it is easy to see that (1.3) together with the incompressibility condition given by the second
equation in (1.1) are equivalent to the pair of equations
pVu — (u@u)® =0 in Q,
1 (1.5)
p=—trlc+u®u) in Q.
n

Consequently, we can eliminate the pressure unknown (which can be approximated later on by the
postprocessed formula suggested by the second equation of (1.5)), and arrive at the following system
of equations with unknowns u, o, and ¢

pVu — (u@u)? = o in Q,
—dive —gyp = 0 in Q,
—div(KVy) + u-Vo = 0 in Q,
u = up on I, (16)
¢ = ¢p on I,
/Qtr(d +u®u) = 0.

Note that the incompressibility of the fluid is implicitly present in the new constitutive equation
relating o and w (first equation of (1.6)). In fact, recalling that tr(¢?) = 0 V¢ € L2(Q), and that
tr(Vu) = divu, this condition follows after applying matrix trace to the first equation in (1.6). In
turn, the fact that the pressure p must belong to L%(Q) (for uniqueness reasons) is guaranteed by the
equivalent statement given by the last equation of (1.6).

1.3 The continuous formulation

1.3.1 The augmented mixed—primal formulation

In what follows, we derive a weak formulation of problem (1.6). We start by recalling (see e.g. [12],
[40]) that there holds
H(div; ) = Hp(div; Q) & RI, (1.7)
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where

Ho (div; Q) = {g € H(div; ) : /Qtr(g) = 0} .

1
More precisely, for each ¢ € H(div;2) there exists a unique (g := (— < W / tr(()) I € Hy(div; Q)
n Q

1
and ¢ := —/tr( € R, such that
nja] Jo ™

¢ = ¢ + cl. (1.8)

In particular, the eventual solution o in (1.6) can be decomposed as & = oy + ¢l where oy €
Hp(div; Q) and, according to the last equation in (1.6), ¢ is given explicity as

ol
c=—— [ trlu®u). (1.9)
n Q] Jo
Hence, since o¢ = 0'8 and dive = div oy, throughout the rest of the paper we rename o as
o € Hy(div;2) and observe that the first and second equations of (1.6) remain unchanged. In this
way, multiplying the constitutive equation by a test function 7 € H(div;2) and using the Dirichlet
condition for u, we get

/Ud:Td—i—,u/u-divr—i—/(u@u)dzrd = u(tn,up)r V7T € H(div;Q), (1.10)
Q Q Q

where (-, ) stands for the duality pairing between H~/2(T") and H'/?(I"). Note that, thanks to the
respective integration by parts formula, the Dirichlet condition 4 = wp on I', being natural in the
present mixed context, has been incorporated into the right hand side of (1.10). We also remark here
that (1.10) is actually satisfied in advance for 7 = dI with d € R, since in this case all the terms
appearing there vanish. In particular, the compatibility condition (1.2) explains this fact for the term
on the right hand side of (1.10). According to this and the decomposition (1.7), we realize that (1.10),
which is the weak form of the constitutive equation, reduces, equivalently, to

/O’d:Td + ,u/u-diVT + /(u@u)d:T“1 =pu{tn,up)r V71 € Hy(div;Q). (1.11)
Q Q Q
In turn, the equilibrium equation given by the second equation of (1.6) can be rewritten as
—,u/'v-divcr—,u/gpg-'v:O Vo e L3(Q). (1.12)
Q Q

On the other hand, regarding the heat equation modelling ¢, we multiply the third equation of (1.6)
by ¢ € H'(f), integrate by parts and introduce, as a new unknown, the normal component of the

temperature flux, that is A ;== —K Vg -n € H/3(T), so that we get
/KV@-V¢+<)\,1,Z)>r+/(u-Vgo)¢:O Vi € HY(Q). (1.13)
Q Q

Finally, the Dirichlet condition ¢ = ¢p on I' is imposed weakly as

(&) = (&pp)r VE€HTVAT). (1.14)

On purpose of the foregoing equation, we recall that when a classical primal formulation is employed,
the non-homogenous Dirichlet condition for ¢, being essential, is incorporated at the discrete level
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by means of a suitable lifting, which usually yields a non-conforming Galerkin scheme. Our present
approach, on the contrary, has the advantage of avoiding both the lifting and the non-conformity,
and additionally providing a direct approximation of A\, which is another variable of physical interest.
Certainly, in the particular case of a homogenous Dirichlet condition for ¢, that is ¢p = 0 on I, the
analysis is much simpler since ¢ and its corresponding test functions ¢ live in H(l)(Q), and therefore
the Lagrange multiplier A is not needed anymore (unless, as mentioned before, one requires a direct
approximation of it).

Before continuing we observe that the third terms on the left hand sides of (1.10) and (1.13) require
the unknown w to live in a smaller space than L2(Q). Indeed, by applying Cauchy-Schwarz and
Holder inequalities, and then the continuous injection of H'(Q2) into L*(Q2) (cf. [1, Theorem 4.12],
|66, Theorem 1.3.4]), we find that there exist positive constants ¢1(€2) and c2(€2), such that

\ [ewr: 1| < a@lulholehalrlon Yuwe BH@), Yreli@), (113
Q
and

10 Yu e HY(Q), Ve¢,v € H(Q). (1.16)

/ <u-w>w\ < (@) lullug l[¥llale

According to the above, and in order to be able to analyze the present variational formulation of (1.6),
we now augment (1.11)—(1.14) through the incorporation of the following redundant Galerkin terms

ml/(uVu—('u@u)d—ad):V'v =0 Vv € HY(Q),

Q

lig/ dive -divrT + KQ/(,Dg-diVT =0 V1 € Hy(div; ), (1.17)
Q Q

Iig/'u-’l) = Iig/'uD-’U Vo € HY(Q),
T T

where k1, kg and kg are positive parameters to be specified later. Note that the identities required in
(1.17) are nothing but the constitutive and the equilibrium equations along with the Dirichlet condition
for the velocity, but all them tested differently from (1.11)—(1.12). Also, it is important to observe that
when the Dirichlet datum wp vanishes, the third equation in (1.17) is not needed since in this case the
unknown w and the associated test function v live in H{(Q). In this way, we arrive at the following
augmented mixed-primal formulation: Find (&, u, ¢, A) € Ho(div; Q) x H'(Q) x H'(Q) x H~/3(T")
such that
A((o,u), (1,v)) + Bu((o,u), (T,v)) = F@(T”v) + Fp(T,v),

a((pv ¢) + b(¢ ) )‘) = F’u,cp(w) ) (118)

b(p,6) = G(©),
for all (7, v, 1, ) € Hy(div; Q) x H'(Q) x HY(Q) x H Y/2(T"), where the forms A, By, a, and b

are defined, respectively, as

A((o,u),(T,v)) == /QO' (78 = ki Vo) + /Q(Mu T redive)-div (1.19)

—u/'v-divcr—1—,um/Vu:V'v+mg/u-'v,
Q Q r

Buy((o,u), (1,v)) = —/Q(u@)w)d: (k1 Vv — 79), (1.20)
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a(p, ) = /QKVso-W), (1.21)

and

by, &) = (§¢)r, (1.22)
for all (o,u), (T,v) € Hy(div;Q) x HY(Q), for all w € H'(Q), for all ¢, ¢y € H(Q), and for all
¢ € H"Y/2(T'). Note that A, B,, (with a given w € H'(Q)), a, and b are bilinear. In turn, F, (with
a given p € HY(Q)) , Fp, Fy ., (with a given (u,¢) € H(Q) x H(Q)), and G are the bounded linear
functionals defined by

F,(T,v) = /ngg- (uv — KodivT) V(1,v) € Ho(div; Q) x H'(Q), (1.23)

Fp(T,v)) := k3 /FuD-'v + p{Tn,up)r V(r,v) €Hy(div;Q) x H(Q), (1.24)

Fusld) = = [ (uw-Vo)u vueH'(@). (1.25)

" G(€) = (€& pp)r VE € HVAT). (1.26)

The well-posedness of (1.18) is addressed below in Sections 1.3.2, 1.3.3, and 1.3.4 by applying the fixed
point approach that is explained next. We only remark in advance that it aims to decouple the primal
unknowns given by the velocity w and the temperature ¢, through the introduction of two uncoupled

linear problems.

1.3.2 A fixed point approach

We now describe our fixed-point strategy to solve (1.18). We start by denoting H := H(Q)xH!(Q)
and defining the operator S : H — Hy(div;Q) x HY(Q) by

S(wv(b) = (Sl(w7¢)782(w7¢)) = (O’,'LL) v(w7¢) € H7 (127)
where (o, u) is the unique solution of the problem: Find (o, u) € Hp(div;2) x H!(Q) such that
A((o,u), (1,v)) + By((o,u), (T,v)) = (Fy+ Fp)(r,v), (1.28)

for all (7,v) € Hy(div; Q) x H'(Q). Here, the form A and the functional Fp are defined exactly as
in (1.19) and (1.24), respectively. In turn, the bilinear form By, (-,-) and the linear functional Fy are
given by (1.20) and (1.23) (with ¢ instead of ¢), respectively.

In addition, we also introduce the operator S : H —» H!() defined as
S(w,¢) := ¢ V(w,¢)cH, (1.29)

where ¢ € H!(€) is the first component of the unique solution of the problem: Find (p, \) € HY(Q) x
H~/2(T) such that

alp, ¥) +b(y, A) = Fugl) V¢ eH(Q)

b(¢,¢) = G(§ veem Vi),
where a and b are the forms introduced in (1.21) - (1.22) and F, 4 is defined by (1.25).

(1.30)
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In this way, by introducing the operator T : H — H as

T(w, ) = (Sa(w,9),S(S2(w, ¢),¢)) V(w,¢) € H, (1.31)
we realize that (1.18) can be rewritten as the fixed-point problem: Find (u,¢) € H such that
T(u,p) = (u,9). (1.32)

This fact certainly requires that both operators S and S be well defined. In other words, we first need
to analyze the well-posedness of the uncoupled problems (1.28) and (1.30), which is precisely what we
carry out in the following section.

1.3.3 Well-posedness of the uncoupled problems
We begin by recalling the following lemmas which are useful to prove ellipticity properties.
Lemma 1.1. There ezists c3(Q) > 0 such that

c3(Q)ITolliq < |17

6o + Idivr|§q VT =79 + d € H(div; ),

Proof. See |12, Proposition 3.1]. O

Lemma 1.2. There exists c4(Q2) > 0 such that

or > a@llblie Yv e HY(Q).

wlig + v
Proof. See |35, Lemma 3.3]. O

The next result provides conditions under which the operator S in (1.27) is well-defined, or equiva-
lently, the problem (1.28) is well-posed.

Lemma 1.3. Assume that k1 € (0,29) with 6 € (0,2u), and ko, k3 > 0. Then, there exists
ro > 0 such that for each r € (0,19), the problem (1.28) has a unique solution (o,u) = S(w,p) €
Ho(div; Q) x HY(Q) for each (w,¢) € H such that |w|1qo < 7. Moreover, there exists a constant
cs > 0, independent of (w, @), such that there holds

18Gw,8)]l = (o, wll < es { gl lléloe + lunlor + lupllyzr}- (1.33)

Proof. For a given w in H'(£2), we observe from (1.20) that By, is clearly a bilinear form. Also, from
Cauchy-Schwarz’s inequality and the trace theorem with constant ¢y(2), we get

[A((g,u), (T,0))] < leoallon + mlleloalvle + ululos [divroo
+ ke |divelog[[divrioo + uvloelldivelos
+ prifuliolvlio + (@) ks llufor [[vllogo,

whereas, utilizing the estimation (1.15), we deduce that for all (o, u), (T,v) € Hp(div; Q) x H! ()
there holds
Buw((o,u), (1,9))] < e1() (5] + 1) ||lwllo lullie (T, )] - (1.34)
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It follows from the foregoing inequalities that there exists a positive constant, denoted by ||A + By,
and depending on p, k1, K2, K3,c0(2),c1(2), and ||w]1,q, such that
[A((o;u), (1,0)) + Buw((o,u), (1,0))] < [[A + By (g, u)][[|(r,v)] (1.35)
for all (o, u), (T,v) € Hy(div; ) x H}(Q). In turn, we have from (1.19) that
— |I+9)12 d. : 2 2 2
A((m,0), (1,0)) = 1m0 — & /QT Vo + Reldiv Tl + peifvlie + ssllvlor,

which, using the Cauchy-Schwarz and Young inequalities, and then Lemmas 1.1 and 1.2, yields for any

§ > 0 and for all (1,v) € Hp(div;Q) x HY(Q),

K1 . 1)
A((r0), (1,0) = (1= 5 ) PR + melldivrlio + s (0 = 5 ) la + ssllolir
> a3 | Tllaive + ca@) azllvliq = a@)]l(r,v)|,
(1.36)
where, assuming the stipulated hypotheses for ¢ and k1,
o 1 e e 1 - 9.}
a1 :=minqgl — —, — ¢, @9 := minqk(p — =, K3

ag = min{al 03(9),%}, and () := min {3, cs(Q) az} .

The above shows that A is elliptic with constant a(€2), and hence, employing (1.34), we deduce that
for all (7,v) € Hy(div;Q) x HY(Q) there holds

a(Q
(A +By)(r.v).(r.v)) > (a(@) = (s + D2 e (@) ol ) (. 0)2 = 252 r w2, (138)
: 2 1/2 a(92) e .
provided (k +1)"%¢c1(Q) w10 < — Therefore, the ellipticity of the form A + B,, is ensured
Q
with the constant al ), independent of w, by requiring ||wl||10 < 7o, with
Q

o — &) (1.39)

2(k2+1)Y2¢1(Q)°

Next, concerning the functionals F,, and Fp, we first see that, for a given ¢ € HY (), F} is clearly
linear in Ho(div; ) x H(Q), and by using Cauchy-Schwarz’s inequality and the trace theorems in
H(div; Q) and H*(Q) with constants 1 and co(2), respectively, we find that

1Es | < (1® + #3) 2 llglloc.e [ llo - (1.40)

and
| Fp || < k3c0(Q)[|lupllor + pllupllier- (1.41)

In this way, denoting Mg := max {(,u2 + K3)/2 k3 CO(Q)}, we deduce from (1.40) and (1.41) that

IFs + Fpll < Ms {llgllsc.0llélo0 + lupllox + [upliyzr}- (1.42)

We conclude by Lax-Milgram Theorem (see e.g. [40], Theorem 1.1) that there is a unique solution
(o,u) = S(w,¢) € Hy(div; Q) x H(Q) of (1.28), and the corresponding continuous dependence
result together with the constant of ellipticity «(£2)/2 and the estimate (1.42) imply (1.33) with the

positive constant cg := —S, which is clearly independent of w and ¢. O

a(Q)
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Now, concerning the practical choice of the stabilization parameters k;, i € {1, 2,3}, particularly for
sake of the computational implementation of the Galerkin method to be introduced and analyzed later
on, we first select the midpoints of the corresponding feasible intervals for § and k1, that is 6 = p and
k1 = 9§, respectively. Then, in order to yield the largest ellipticity constant «(£2), we aim to maximize

)
the constants a1 and ap in (1.37), which is attained by taking ko = 2 {1 - ;—g} and kK3 = K1 (u — 5),
all of which finally gives

12

K1 =4, ko =1, and Ky = (1.43)
On the other hand, a straightforward application of the Babliska-Brezzi theory provides the well-

posedness of (1.30). In fact, we have the following result.

Lemma 1.4. For each (w,¢) € H := HY(Q) x H'(Q) there erists a unique pair (p,\) € HY(Q) x
H=Y2(T") solution of problem (1.30), and there holds

8w, )l < eI < e { lwllioldlo + lonllr b (1.44)

where cg is a positive constant independent of (w, ®).

Proof. Tt is clear from (1.21) and (1.22) that a and b are bounded bilinear forms in H!(Q2) x H(Q)
and H'(Q) x H™Y2(T'), respectively, with constants ||a| = [|K|wqo and |[b|| := 1. In addition,
it is easy to see that the bilinear form b satisfies the inf-sup condition since its induced operator is
given by R*, , o 7o : HY(Q) — HY2(I'), where v : H(Q) — HY2(I) is the trace operator,
which is surjective, and R_; 5 : H-/2(I') — HY?(I") is the usual Riesz operator, which is bijective.
Moreover, it is clear that the kernel of the aforementioned induced operator is V := H(I](Q), and hence,
recalling that K is a uniformly positive definite tensor, and using the Friedrichs-Poincaré inequality,
we deduce that a is V —elliptic with a constant a,(£2) depending only on 2. In turn, it is clear that for
each (w, ¢) € H the functionals Fy, 4 and G are linear and bounded in H!(Q) and H'/2(T), respectively.
In particular, according to the duality pairing of H=%/2(I') and HY/?(I'), and the estimate (1.16), it
follows from (1.25) and (1.26) that

[ Fw. ol )y < c2(Q) |[wllialélie (1.45)

and
1Gll-1/2r < llepllijar- (1.46)

In this way, the Babtiska-Brezzi theory (see e.g. [40, Theorem 2.3|) ensures the existence of a unique
(g, \) € HY(Q) x H™'2(T) solution of (1.30) and a positive constant cg depending on |[laf|, aa(f),
c2(2) and the inf-sup constant of b, such that the estimate (1.44) holds. O

1.3.4 Solvability analysis of the fixed point equation

Having proved the well-posedness of the uncoupled problems (1.28) and (1.30), which ensures that
the operators S, Sand T (cf. Section 1.3.2) are well defined, we now aim to establish the existence of
a unique fixed point of the operator T. For this purpose, in what follows we verify the hypothesis of
the Banach fixed point Theorem. We begin with the following result.
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Lemma 1.5. Let r € (0,70), with ro given by (1.39) (cf. proof of Lemma 1.3), let W be the closed
ball in H defined by W = {(’w,gb) eH: |(w,9) <r }, and assume that the data satisfy

o) {lgllca + lupllor + luplysr} + cglenliar <7, (1.47)

where
c(r) == max {r,1} (1 + cgr)cs,
with cs and cg as in (1.33) and (1.44), respectively. Then there holds T(W) C W.

Proof. Given (w,¢) in the ball W of radius r € (0,1"0), it follows that (u,y) = T(w,¢) is well
defined since ||wlj1,o < r. Then, according to the definition of the operator T (cf. (1.31)), and
employing the continuous dependence estimates (1.44) and (1.33), it follows that

law )l < 826w, 0)a + e {r[S2(w.O)la + leplyar )

< (1 + cgr) IS2(w, @)llng + cg llenlyar
< (1 + Cg?“) cs {THQHOO,Q + |lupllo,r + HUDH1/2,F} + cglleplli/zr
< o) lglhoa + lullor + lupliysr } + cg lelior
and hence the result follows from the assumption (1.47). O

Next, we establish two lemmas that will be useful to derive conditions under which the operator T
is continuous. We start with the following estimate regarding the operator S.

Lemma 1.6. Let r € (O,To), with ro giwven by (1.39). Then there exists a positive constant Cg,
depending on the viscosity u, the stabilization parameters k1 and ko, the constant ¢1(2) (cf. (1.15)),
and the ellipticity constant o(S) of the bilinear form A (cf. (1.36) in the proof of Lemma 1.3), such
that

1S(w,¢) = S(@,3)| < Cs { gl llé = Floa + IS:(w,0) 0w —@lha}. — (148)

for all (w, @), (ﬂ;,&) € H such that |w|1q, [|[w|iao <r.

Proof. Given r and (w,¢), (,¢) € H as indicated, we let (o, u) := S(w,¢) and (&,%) := S(w, )
be the corresponding solutions of problem (1.28). Then, using the bilinearity of A and B,, for any w,
it follows easily from (1.28) that

(A+Bg)((o,u) = (7.2).(1,v)) = F,_5(7,v) — Bu_g((o,u),(7,v))

for all (7,v) € Hp(div;Q) x H'(Q). Hence, applying the ellipticity of A + Bg (cf. (1.38)), and
employing the bounds (1.40) and (1.34) for F¢7¢7 and B,,_g, respectively, we find that

H(Uvu) - (&7&:)”2 < (A—FBH,)((O’,U) - (&7'&)7(07“) - (&7"7’))

F¢>75((U’u) — (6,1)) — By_w((o,u),(o,u) — (o,2))

=3
A I “Q

< {(M2 +13)' 2 lglooq 6 = dllog + (57 + 1% cr(Q) |ufl1 o |w —’fvllm} (o, u) = (o, u)ll,
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2
which, denoting Cg := o) max {(u2 + 1)V (k2 + 1)1/2 cl(Q)} and recalling that u = Sy(w, ¢),
«

yields (1.48) and concludes the proof. O

In turn, the following result establishes the Lipschitz-continuity of the operator S.

Lemma 1.7. There exists a positive constant Cg, depending on ca(S2) (cf. (1.16)) and the ellipticity
constant aa(2) of the bilinear form a in the kernel of b, such that

18(w, ) — S@,9)| < Cs{lwlhalé—dha + lw-®laldhe | (1.49)

for all (w, ¢), (w,¢) € H.

Proof. Given (w, @), (@,¢) € H, we let (¢,A), (3,A) € HY{(Q) x H"Y2(T') be the corresponding
solutions of (1.30), so that ¢ := S(w,¢) and ¢ := S(w, ¢). Then, using the linearity of the forms a
and b, we deduce from both formulations (1.30) that

a(p— 3, ¥) +b, A= X) = F,, 5@) + F,_z50) V¢eH(Q

(1.50)
by —7,€) =0 VEe HVA(T).

Next, noting from the second equation of (1.50) that ¢ — ¢ belongs to the kernel V' of b, taking
Y =p—pand £ =X — \in (1.50), using the ellipticity of a in V', and employing the bound (1.45) for

Fw7¢_$ and Fw_17)7$7

we deduce starting from the first equation of (1.50) that
0al@ e~ Fl2g < alo=Fp—F) = |Fy, 56— 3) + Fy_g30—3)

< a@{lwlalé-dio + [w—Blioldho}le-Flho.

which gives (1.49) with Cg : = . O

As a consequence of the previous lemmas, we have the following result.

Lemma 1.8. Letr € (0,79), withry given by (1.39), and let W := {(w,gb) ceH: [(w,9)] <r }
Then, there exists Ct > 0, depending on r and the constants cs, Cs, and Cg (cf. (1.33), (1.48), and
(1.49), respectively), such that

IT(w,6) — T(@,3)] < Cr{llglen + lunlor + luplor }lw,6) - (@,9)] (151)

for all (w, ), (w,¢) € W.

Proof. Given r € (0,7“0) and (w, ¢), (ﬂ;,gg) € W, we first observe, according to the definition of T
(cf. (1.31)), the Lipschitz-continuity of S (cf. (1.49)), and the fact that ||¢]1,o < 7, that

IT(w, ) — T(@,9)| < ||Sa(w,d) — Sa(@,d)|| + [|S(Sa(w, d),¢) — S(Sa(w, b),d)]|

< (14 C57)|[S2(w, ¢) — Sa(@, @)|| + Cx[1S2(w, )10 |6 — dli0,
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which, employing the Lipschitz-continuity of S (cf. (1.48)), yields

IT(w,¢) — T(@,8)| < (1+C57)Cs gl llé — dlloc
N (1.52)
+{(1+C57) Cs llw —@|10 + Cgl6 — S} IS2(w,9)].

Then, applying the a priori estimate for S (cf. (1.33)), noting now that ||¢|;.o < r, and performing
some algebraic manipulations, we deduce from (1.52) that

I T(w, 6) — T(@, )] < {cm lgllsogs + Crz {lunlor + ||uDu1/2,p}} I(w,6) = (@, )|,

where
Cr,y = (1 +C§r) Cs(l4+csr) + Cgesr and Crg = {(1 —|—C§r) Cs + Cg}cs.

In this way, (1.51) follows from the foregoing inequality by defining C := max {CT,l, CTQ}. O

We are ready now to prove that our fixed-point scheme (1.32) is well-posed. Indeed, we know from
Lemmas 1.3 and 1.4 that the operator T is well-defined. Furthermore, the assumption on the data
given by (1.47) (cf. Lemma 1.5) guarantees that T maps W into itself for any ball W in H with radius
r € (0,79). In turn, it is clear from Lemma 1.8 that T is Lipschitz-continuous. In addition, assuming
additionally that [|g[lc. + [|upllo,r + [|upl1/2,r is sufficiently small, T becomes a contraction, and
hence the Banach fixed point Theorem can be applied. More precisely, we have the following result.

Theorem 1.1. Let ky € (0,26), with 6 € (0,2p), and kg, k3 > 0, and given r € (0,r), let
W .= {(fw,gb) eH: |(w,¢)] < r}. Assume that the data satisfy

o) {lgllc.c + lunllor + luplysr} + cgleplor < v

and
Cr{ligllea + lunlor + luplsr} < 1.

Then, problem (1.18) has a unique solution (o, u,p,\) € Hy(div;Q) x HY(Q) x H'(Q) x HY3(T),
with (uw,p) € W. Moreover, there hold

I w)ll < es {7 lglloog + lupllor + lupljsr |
and

I, M1 < g {rllulia + lepllyer }-

Proof. Tt follows from Lemmas 1.5 and 1.8, the Banach fixed point theorem, and the a priori estimates
(1.33) and (1.44). We omit further details. O

1.4 The Galerkin scheme

In this section we introduce and analyze the Galerkin scheme of the augmented mixed-primal
formulation (1.18). To this end, we adopt the discrete analogue of the fixed-point strategy introduced
in Section 1.3.2.
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1.4.1 Preliminaries

We begin by considering arbitrary finite dimensional subspaces
HY C Ho(div;Q), HY C HY(Q), HY C HY(Q), and H) C H VD), (1.53)

whose specific choices will be described later on in Section 1.4.3. Hereafter, h stands for the size of
a regular triangulation 7;, of Q made up of triangles K (when d = 2) or tetrahedra K (when d = 3)
of diameter hg, that is h := max{hK . K e Ty } According to the above, the corresponding

Galerkin scheme of problem (1.18) reads: Find (o, un, ¢n, An) € HY x HY x HY x Hj such that
A((on,up), (Th,vh)) + By, ((on,un), (Th,vn)) = Fu, (Th,vn) + Fp(Th,vp)
a(en, Yn) +b(Wn,An) = Fuye,(¥n) (1.54)

b(en,én) = G(&),
for all (T4, vh, Yp, &) € HY x H® x HY x Hy.

In order to address the well-posedness of (1.54), we proceed in what follows analogously as in Section
1.3.2. Indeed, we first set Hj, := H}* x H} and define the operator S;, : H, — HY x H} by

Sh(wn, ¢n) = (Sin(wn, @n), So.n(wh, dn)) = (On,up) YV (wp, ¢n) € Hy,

where (op,up) € HY x H} is the unique solution of

A( (ah,uh), (Th,’vh)) + Bwh((ah,uh), (‘rh,vh)) == F¢h(7'h,vh) + FD(Th,’Uh) (1.55)

for all (7p,vp,) € Hf x H}'. Just for sake of completeness we recall here that the form A and the
functional Fp are defined in (1.19) and (1.24), respectively. In turn, with wy, and ¢, given, the bilinear
form By, (-, ) and the linear functional Fy, are those corresponding to (1.20) and (1.23), respectively,
with w = wy and ¢ = ¢y,

Furthermore, we introduce the operator gh : H, — Hf defined as

Sh(wn, én) == ¢n Y (wp,ép) € Hy,

where @, € Hﬁ is the first component of the unique solution of the problem: Find (pp, Ap) € Hﬁ X Hﬁ
such that
a(pn, ¥n) +b(Wn, An) = Fu,g,(Wn) Vo € HY

b(¢n ;&) = G(&) V& eH).
Certainly, a and b are the forms introduced in (1.21) - (1.22), and Fy,, 4, is defined as in (1.25) with
u = wp and ¢ = @p.

(1.56)

Therefore, by introducing the operator T}, : H, — Hj, as

Th(wh, én) = (Son(wh, &n), Su(Son(wh, ), d1)) ¥ (wh, ép) € Hy, (1.57)
we see that solving (1.54) is equivalent to finding a fixed point of T}, that is (up, ¢p) € Hy, such that
Th(un, on) = (un,on). (1.58)

In the following section we first establish the well-posedness of both (1.55) and (1.56), thus con-
firming that Sy, Sy, and hence T}, are all well defined, and then address the solvability of the discrete
fixed point equation (1.58).
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1.4.2 Solvability analysis

We begin by remarking that the same tools utilized in the proof of Lemma 1.3 can be employed
now to prove the unique solvability of the discrete problem (1.55). In fact, it is straightforward to see
that for each wj;, € H} the bilinear form A 4 B,,, is bounded as in (1.35) with a constant depending
on i, K1, K2, k3, ¢o(2), and |lwpll1,0. In addition, under the same assumptions from Lemma 1.3 on
the stabilization parameters and the given wj, € H}' (instead of w), A + B,,, becomes elliptic in
Hf x H}* with the same constant obtained in (1.38). On the other hand, it is clear that for each
on € Hﬁ the functional Fj, is linear and bounded as in (1.40). The foregoing discussion and the
Lax-Milgram theorem allow to conclude the following result.

Lemma 1.9. Assume that k1 € (0, 29) with 6 € (0, 2u), and ko, k3 > 0. Then, for each r €
(0,79) and for each (wp, ¢n) € Hy, such that ||lwpl1,0 < 7, the problem (1.55) has a unique solution

(oh,up) =: Sp(wp,¢p) € HY x HP. Moreover, with the same constant cs > 0 from Lemma 1.3,
which is independent of (wy, ¢p), there holds

ISa(wn, 6l = I(on w)l < es {llglke lonlon + lunllor + lwpllyzr}- (1.59)

It is important to emphasize here that there is no restricion on Hf and H}', and hence they can be
chosen as any finite element subspaces of Hg(div; ) and H* (), respectively.

On the other hand, in order to analyze problem (1.56), we need to incorporate further hypotheses
on the discrete spaces Hf and Hﬁ For this purpose, we now let V}, be the discrete kernel of b, that is

Vi = {vn € Hf s bUn&)=0 V& € My},
Then, we assume that the following discrete inf-sup conditions hold:

(H.1) There exists a constant @ > 0, independent of h, such that

a s ~
sup 2RO o sl Von € Vh. (1.60)
whEVh H¢h||1vﬂ
Y70

(H.2) There exists a constant B > 0, independent of h, such that
b(tn, &)

sup ————2%
YneH? HwhHLQ

Yp#0

> Bllénll—1jor V€ € Hy. (1.61)

Specific examples of spaces verifying (H.1) and (H.2) are described later on in Section 1.4.3.

We are now in a position to establish the following result.

Lemma 1.10. For each (wp, ¢p) € Hif x HY there exists a unique pair (pp, A\p) € Hf x Hﬁ solution
of problem (1.56), and there holds

1Sh(wn, ¢n)|l < [l(en, M)l < & { lwnll1,0 o]0 + ||80DH1/2,F}, (1.62)

where Cg is a positive constant depending on |a||, & (cf. (1.60)), B (cf. (1.61)), and c3(S).
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Proof. Tt follows from a straightforward application of the discrete Babuska-Brezzi theory (see e.g.
[40, Theorem 2.4]). In fact, we first notice that the bilinear forms a and b are certainly bounded on
any pair of subspaces of the corresponding continuous spaces. In turn, the linear functional F%,, 4, is
bounded on Hf exactly as stated in (1.45) but replacing there w and ¢ by wy, and ¢y, respectively,
whereas the restriction of G to Hﬁ is clearly bounded as indicated in (1.46). The other hypotheses
required by the theory are exactly those described in (H.1) and (H.2), and hence we omit further
details. O

We now aim to show the solvability of (1.54) by analyzing the equivalent fixed point equation (1.58).
To this end, in what follows we verify the hypotheses of the Brouwer fixed point theorem, which reads
as follows (see, e.g. [20], Theorem 9.9-2).

Theorem 1.2. Let W be a compact and convex subset of a finite dimensional Banach space X, and
let T : W — W be a continuous mapping. Then T has at least one fixed point.

The discrete version of Lemma 1.5 is given as follows.

Lemma 1.11. Let r € (O,To), with ro given by (1.39) (cf. proof of Lemma 1.3), let

Wi i= { (wnn) € Hy: [(wnén)ll <.

and assume that the data satisfy

&) {lgllw + lleplor + lupllyzr} + & llenlysr < 7, (1.63)

where
¢(r) == max{r,1} (1 + &) cs,

with cs and cg as in (1.33) (or (1.59)), and (1.62), respectively. Then there holds Tp(Wy) C W,

Proof. 1t follows by similar arguments to those employed in the proof of Lemma 1.5 by using now the
discrete stability estimates given by (1.59) and (1.62). O

Next, we provide the discrete analogues of Lemmas 1.6 and 1.7, whose proofs, being either analogous
or similar to the corresponding continuous ones, are omitted. We just remark that Lemma 1.12 below
is proved almost verbatim as Lemma 1.6, whereas Lemma 1.13 is derived by using the discrete inf-sup
condition (1.60) instead of the Vj,—ellipticity of a (analogously as it was for Lemma 1.7), where V}, is
the discrete kernel of b. To this respect, note that (1.60) is more general, and hence less restrictive,
than assuming that the bilinear form a is elliptic in V. In other words, the latter is not necessary
but only sufficient condition for (1.60), which is precisely what we apply below in Section 1.4.3 for a
particular choice of subspaces. In turn, unless V}, is contained in V', which occurs in many cases but
not always, the Vj-ellipticity of a does not follow from its possible V-ellipticity.

Lemma 1.12. Let r € (0,r9), with ro given by (1.39). Then there holds
1w, é1) = Su(@n,on)| < Cs { Igllos 6 —Bnlloe + 82,1 (wn, 6n) 1.0 [wn —Brle | (164

for all (wp, ép) , (Wn, dp) € Hy, such that |wp||1q, |lwrlli,0 < r, where Cs is the same positive

constant from Lemma 1.6.
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Lemma 1.13. There exists a positive constant éfsv, depending on c3(2) (cf. (1.16)) and the discrete
inf-sup constant & (cf. (1.60)), such that

1w, n) — Sn@n,on)l < Cg{ lwnllialén = dnlio + lwn —Bulhaldhe ] (165)
for all (wy, ¢p), (Wn,¢p) € Hy.

As a consequence of the foregoing lemmas, we are able to establish next the continuity of the
operator T},.

Lemma 1.14. Letr € (O,To), with ro given by (1.39), and let
Wi i= { (wn,on) € Hys [lwpén)ll <7}

Then, there exists C > 0, depending on v and the constants cg, Cs, and ég (cf. (1.59), (1.64), and
(1.65), respectively), such that

|I'Th(wh, ¢1) — Th(@p, én)l| < Cr {||9||oo,ﬂ + |lupllor + ||uDH1/2,F} [ (wh, én) — (W, dn)|
) (1.66)
for all (wy, ¢n), (Wp, ¢n) € W,

Proof. 1t follows analogously to the proof of Lemma 1.8 by using now the estimates (1.59), (1.64), and
(1.65), instead of (1.33), (1.48), and (1.49), respectively. Consequently, the resulting constant Cr is
given by max {CT,l, CTyg}, where

éT’l = (1—1—5574) Cs(l4+csr) + agcsr and éT,g = {(1+6§T)Cs + éfsv}cs.

Now, we are able to establish the existence of a fixed-point of the operator T},.
Theorem 1.3. Let k1 € (0,26), with § € (0,2u), and ko, k3 > 0, and given v € (0,rg), let
Wy, = {('wh,qi)h) € Hy: |[(wp,on)| < ’I“}. Assume that the data satisfy
&) {lgllsos + lupllox + lupllar } + & llenljar < 7.

where the constant ¢(r) is defined in Lemma 1.11. Then, problem (1.54) has at least one solution
(Oh, up, n, ) € HY x H x H x Hﬁ, with (up, pr) € Wy. Moreover, there hold

lonunll < es {rllglleo + lunlor + lluplysr}

and
Ion Al < % {rlunliia + lepllyar } -

Proof. Thanks to Lemmas 1.11 and 1.14, it follows from a straightforward application of the Brouwer
fixed point theorem (cf. Theorem 1.2). O

Furthermore, by requiring a stronger assumption on the data so that the operator T} becomes a
contraction, we obtain the following existence and uniqueness result for (1.54).
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Theorem 1.4. In addition to the hypotheses of Theorem 1.3, assume that the data satisfy
Cr {liglca + lupllor + luplisr} < 1,

where O is the constant from Lemma 1.14. Then, problem (1.54) has a unique solution (o p, wp, Pn, A\n)
€ HY x H} x HZ X Hé, with (up, pp) € Wy, and the same a priori estimates from Theorem 1.3 hold.

Proof. 1t follows from (1.66) and a direct application of the Banach fixed point theorem. O

1.4.3 Specific finite element subspaces

In this section we introduce specific finite element subspaces satisfying (1.53), and the discrete inf-
sup conditions given by the hypotheses (H.1) and (H.2). In what follows, given an integer & > 0 and
aset S C R™, Py(S) (resp. Py(S)) be the space of polynomial functions on S of degree < k (resp. of
degree = k). Then, with the same notations from Section 1.4.1, we define for each K € T}, the local
Raviart-Thomas space of order k as

RT;,(K) := Py(K) ® Py(K) z,

where, according to the terminology described in Section 1.1, Py (K) := [Px(K)]", and « is a generic
vector in R". Similarly, C(Q) = [C(Q)]". Then, we introduce the finite element subspaces approxi-
mating the unknowns o and u as the global Raviart—Thomas space of order k, and the Lagrange space

given by the continuous piecewise polynomial vectors of degree < k + 1, respectively, that is
HY = {Th € Ho(div; ) : ctT‘K € RT4(K), Yee R" VK ¢ ﬁ} (1.67)

and

HY = {'vh c C(Q): vh{K € Pri(K) VK € Th} (1.68)

Also, the approximating space for the temperature ¢ is given by the continuous piecewise polynomials
of degree < k + 1, that is

HY = {¢h e C(Q): MK € Pr(K) VK € Th} (1.69)

Next, for reasons that become clear below in Lemma 1.15, we let {fl, fg, . ,fm} be an independent

triangulation of I' (made of triangles in R? or straight segments in R?), and define h := fnax , IT';1.
Jje{l,...m

Then, with the same integer k& > 0 employed in the definitions (1.67), (1.68), and (1.69), we set

e Py(T;) Vje {1,2,---,m}}. (1.70)

m o= {g e X0): g .

On the other hand, in order to check that H} and H% do satisfy the assumptions (H1) and (H2)
of the previous section, we first observe that the discrete kernel of b is given by

Vi, = {wh € Hy: (&,dn)r =0 V& € H%}

In particular, §; = 1 belongs to H%, and hence V}, is contained in the space

Vo= {¢6H1(Q): /Fq,z):o},
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where, thanks to the generalized Poincaré inequality, || - |l1,o and |- [1,o become equivalent. This fact
together with the uniform positiveness of K imply that the bilinear form a is Vj—elliptic, and thus the
assumption (H.1) is trivially satisfied.

In turn, concerning the discrete inf-sup condition for the bilinear form b, we recall the following
result from [40].

Lemma 1.15. There exist Cy > 0 and 8 > 0, independent of h and TL, such that for all h < Cy TL,

there holds b(en, &)
hy S7, -~
sup ———= > Bl&G | 1or VG € HR. (1.71)
YneH? HwhHLQ

Y70

Proof. 1t follows basically from the same arguments from [40, Lemma 4.7|, where the approximating
spaces for ¢ and A are defined as above but with & = 0. In fact, it suffices to replace the orthogonal
projector from H!(£2) onto the continuous piecewise polynomials of degree < 1 (employed there), by
the one onto the continuous piecewise polynomials of degree < k + 1 (required here). Further details
are omitted. O

It is important to remark here that, under the present choices of finite element subspaces, the re-
striction on the meshsizes required by Lemma 1.15 must be incorporated in the statements of Theorems
1.3 and 1.4, as well as henceforth in the subsequent results in which these specific spaces are involved.
We end this section by recalling from [40] the approximation properties of the specific finite element

subspaces introduced here.

(APY) there exists C' > 0, independent of h, such that for each s € (0,k + 1], and for each o €
H*(2) N Hy(div; Q) with dive € H*(Q2), there holds

dist(or, HY) < Ch* {|ofs0 + lldivollo }. (1.72)

(AP%) there exists C' > 0, independent of h, such that for each s € (0, k+1], and for each u € H¥"1(Q),
there holds
dist(u, Hy) < Ch®||ulls+1.0- (1.73)

(APY)] there exists C' > 0, independent of h, such that for each s € (0, k+1], and for each ¢ € H*T1(Q),
there holds
dist(p, HE) < O gllarve (174

(AP%) there exists C' > 0, independent of k, such that for each s € (0,k + 1], and for each A €

H~1/2+5(T"), there holds
dist(A, H2) < CR” |\l _1/a4sr - (1.75)

1.5 A priori error analysis

In this section we derive an a priori error estimate for our Galerkin scheme with arbitrary finite ele-
ment subspaces satisfying the hypotheses stated in Section 1.4.2. More precisely, given (o, u, ¢, \) €
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Ho(div; Q) x HY(Q) x H'(Q) x HY3(T), with (u, ¢) € W, and (op, up, ¢n, \n) € HT x HE x
H} x H2> with (up, ¢n) € Wh, solutions of problems (1.18) and (1.54), respectively, we are interested
in obtaining an upper bound for

H(U7 u, o, )\) - (Uh7 Up, Ph, )‘h)H .

For this purpose, we first rearrange (1.18) and (1.54) as the following pairs of continuous and discrete
formulations

(A+By)((o,u),(T,v)) = (F,+ Fp)(t,v) V(1,v) € Hp(div; Q) x HY(Q),
(A +By,)((oh,un), (Th,vn) = (Fp, + Fp)(Th,vn)  V(Th,v,) € H] x HY
(1.76)
and
a(p, V) +b(¥,A) = Fuyp() Ve € HY(Q),
b(p.§) = G vE e AT,
(1.77)

a(on, ¥n) +b(Wn An) = Fup,(Wn) Yo, € H,
b(en &) = Gl&) Ve, € .

Next, we recall from [69, Theorems 11.1 and 11.2| two abstract results that will be employed in
our subsequent analysis. The first one is the standard Strang Lemma for elliptic variational problems,
which will be straightforwardly applied to the pair (1.76). In turn, the second result is a generalized
Strang-type estimate for saddle point problems whose continuous and discrete schemes differ only in
the functionals involved, as it is the case of (1.77).

Lemma 1.16. Let V be a Hilbert space, F € V', and A : V xV — R be a bounded and V —elliptic
bilinear form. In addition, let {V}}r~o be a sequence of finite dimensional subspaces of V', and for each
h > 0 consider a bounded bilinear form Ay : Vi, x Vi, — R and a functional Fy, € V. Assume that

the family {Ap}n=o is uniformly elliptic, that is, there exists a constant a > 0, independent of h, such
that

Ap(vp,vn) = allonlly; Yon € Vi, VA > 0.

In turn, let w € V and up, € Vj, such that
A(u,v) = F(v) Yv €V and Ap(up,vp) = Fp(vp) Yo € Vy.
Then, for each h > 0 there holds

|F'(wp) — Fp(wp)

lu —uplly < CST{ sup

whEVh ||whHV
) — Anon) 7
Vh, Wh) — Vpy, W
+ inf [ ||lu—wpllv + sup hy Th bRy Th ,
v €V wpEV), [[wnllv

vp 70 wh;«éO
where Cgt := a ' max{1, | A }.

Lemma 1.17. Let H and Q be Hilbert spaces, F € H', G € @Q', andleta : H x H — R and
b: H x @ — R be bounded bilinear forms satisfying the hypotheses of the BabuSka-Brezzi theory.
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Furthermore, let {Hp}p>0 and {Qn}tn=o be sequences of finite dimensional subspaces of H and Q,
respectively, and for each h > 0 consider functionals F, € H; and G, € Q). In addition, assume
that a and b satisfy the hypotheses of the discrete BabuSka-Brezzi theory uniformly on Hp and Qp,
that is, there exist positive constants & and (3, independent of h, such that, denoting by Vi, the discrete
kernel of b, there holds

a(p, B b1, _
sup W > alonlie Vin € Va and  sup SR S guen o ve e @ (179)
YREV) hHLQ YREH) ”whuH
Y #0 wh;ﬁo

In turn, let (p,\) € H x Q and (¢pn, A\n) € Hp X Qp, such that
ale,¥) +b(,A) = F(y) Vi e H

b(, €) = G VEeq,

and

a(en,¥n) +b(n, An) = Fp(n) Vi € Hy

b(on,&n) = Gu(&n) V& € Qn.
Then, for each h > 0 there holds

le — enlla + IAN=Allg < Csrq  inf |l — ¢l + inf [|A = &llo
Yp€H e

nELp hEWR
wh#o h 0 (1 80)
F — Fj - '
. |F(¢n) h(on)] Mo |G(nn) — Gr(nn)l
SneHy, onll IhEQR (EAIvE:
dr#0 N 7#0

where Cgr is a positive constant depending only on |lal|, ||b||, & and B.

In what follows, we denote as usual

dist((o,w), HY x H) = inf_[[(o,u) — (5, 0)]

(Th,’uh)EHgXH;f

and

dist( (o, \),H? x HY) = inf ) — (U,
(N BE ) = - inf ) = W&o

Then, we have the following lemma establishing a preliminary estimate for ||(o,u) — (oh, up)||-

Lemma 1.18. Let Cyp = max{l, || A + By ||}, where a(Q) is the constant yielding the ellip-

2
a(Q)
ticity of both A and A + By, for any w € HY(Q) (cf. (1.36) and (1.38) in the proof of Lemma 1.3).
Then, there holds

[(e;w) = (oh,un)|| < Cst { (1 +c1(Q) (57 + 1)V u - uhHl,ﬂ) dist((U,U%H?f x H%)
(1.81)
+e1(Q) (1 + DY u —wpfla llwlin + (17 +£3)7? gl o — %Ho,n} :
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Proof. From Lemma 1.3 we have that the bilinear forms A 4+ B, and A + B,,, are both bounded and
elliptic with the same constant ﬁ Also, F, + Fp and F,, + Fp are bounded linear functionals in
Ho(div; Q) x HY(Q2) and HZ x HY, respectively. Then, a straightforward application of Lemma 1.16

to the context (1.76) gives

HZ xHY

Wmu»—wmumus<kTﬂV¢wh

Bu_w (1.82)
+  inf (o, w) = (Fryon)| +  sup Bu—uy (75, ), (Crywn))| | |
(Th,vp)EHT xHY (Cpywp)EHT X HY 1(¢h,wp)ll
(T o) 70 (Chrton)£0

where Cst := ﬁ max{l, ||A + By||}. We now proceed to estimate each term appearing at the
right-hand side of the foregoing inequality. Firstly, employing (1.40) (cf. proof of Lemma 1.3) with
¢ = ¢ — pp, we readily obtain

In turn, by applying (1.34) with w = u—wu,, adding and substracting w, and then bounding ||lu—wvy||1.0
by H(O’,U) - (Th,’l)h)”, we find that

E < (1 + 52 glloalle = enllog- (1.83)

P—Ph

HZ < H

[Bu—au (71 08), (€ wn))| < ea(Q) (85 + 1)V [l = w0 [onllne [ (Gnrwn)l]
< a(®) ]+ DY u—wuplig e, w) = (Taon)ll 1(Chrwn)

+ (@) (5] + DY Ju—unllig lullLe (S wa)ll,

which yields

B._ Th,Vh), , W
sup ‘ u uh(( h h) (Ch h))‘ < Cl(Q) (K%+1)1/2 Hu_uhul,QHuHLQ
(¢powy,) EHT xHP [1(Chswa)l (1.84)
(Chvwh)#o
+ (@) (5] + )Y lu = wpllo (o, w) = (Th, 8] -
In this way, by replacing (1.83) and (1.84) back into (1.82), and applying the infimum to the resulting
term having ||(o,u) — (75, v3)| as a factor, we get (1.81) and conclude the proof. O

Next, as for the error ||(¢, A) — (¢n, An)|| arising from (1.77), we have the following result.

Lemma 1.19. There exists a constant Csy > 0, depending only on ||a|, |[bl|, & (c¢f. (1.60)) and B
(cf. (1.61)), such that

(2, A) = (m, )|l < Csr {02(9) [u—unli0lehe
(1.85)

- @mwwmQW—wmﬂ+dm0%»mﬁxH®}.

Proof. We first observe that (H.1) and (H.2) from Section 1.4.2 guarantee that the hypothesis (1.79)
in Lemma 1.17 is satisfied. Hence, by applying this lemma to the context given by (1.77), we find that
the corresponding estimate (1.80) becomes

1, A) = (2ns M)l < Csr {H (Fuse = Funien ) ||| + dist (2, 0), 1] x Hﬁ)} , (1.86)

Hy
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where Cgr is a positive constant depending only on ||a|, ||b||, @, and B. Next, by rewriting

Fup — Fuh#’h = Lu—up,p + Fuh#)—soh )

and using the bound (1.45), we deduce that

H (Fu—uh,go + Fuh,goh—cph) < CQ(Q){HU —uplllele + lunllie e — wh\l,ﬂ} :

Hy

Finally, the required estimate (1.85) follows by replacing the foregoing inequality in (1.86). O

We are now in a position to derive the Céa estimate for the global error

(o u) = (o, un)ll + [[(, A) = (@ns An)] -

Indeed, by adding the estimates (1.81) and (1.85) from Lemmas 1.18 and 1.19, respectively, we find
that _
(@) = (@n unll + 160 0) = (M) < Bsrdist (0, ), HY x )

+ Csr (1 e (Q) (K2 4+ DY2 u — uh”m) dist((a,u),Hg X H;;)
+ (Corea(@) Junllvg + Csr (4 + k)" lglloo2) I = ehllie

+ (55T c2() |10 + Csre1 () (17 + 1)1/2 HUHLQ> lu—upllia-

Next, employing the estimates for u, ¢, and wuy, given by (1.33), (1.44), and (1.59), respectively, and
then performing some algebraic manipulations, we find that

(o) — ()]l + [60.3) = (@Ml < G dist ((o.1). 5 x H})
+ Csrt (1 +e1(Q) (k2 + 1)V |lu — UhHLQ> dist((a,u),Hg X H#) (1.87)

+ Clg,up,en) { o) = (onun)ll + (2.3 = (o M)}

where
C(g:up,pp) = maX{Cl(QauD,@D)aC2(gauD,80D)}’
Cilg,up,pp) = {rCi+Cs}liglon+Ci{luplor+upliar} (1.88)
Calg.un.wp) = Ca{rliglee + lunlor + luplar | + Cillenliar,

and the constants C7, Cy, C3, and Cy, are given by
Cy = Csrea(Q) s,  Cp == Cor (1° +3)"?,

Cs := cs {6’3T c2(Q) + reg + Csrer(Q) (k2 + 1)1/2 }, and Cy = Csr c2(2) cg -

In this way, since the expression multiplying dist((a, w), HY x H,‘f) in (1.87) is already controlled

by constants, parameters, and data only, and since the constants C;(g,up,¢p), i € {1,2}, depend
linearly on the data g, up, and ¢p, we conclude from the foregoing analysis the following main result.
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Theorem 1.5. Assume that the data g, up and ¢p are such that (cf. (1.88))

1
Ci(g,up,¢p) < 3 Vi € {1,2}. (1.89)

Then, there exits a positive constant Cs, depending only on parameters, data and other constants, all
of them independent of h, such that

(o, u) = (on, un)ll + (¢, A) = (en, An)l

(1.90)
< Cs {dist((a,u),Hg x Hg) n dist((go, A), HY x Hg)} .

Proof. Tt suffices to realize from (1.89) that C(g,up,¢p) < 3, which, combined with (1.87), yields

(o) — (o wn)ll + (2, A) — (on Al < 2 dist (0, N), Hf x H})

+ 2G5t (14 e1(Q) (62 + )Y u— uplr o) dist( (0, w), HY x Hy).
The rest of the proof reduces to employ the upper bounds for |Jul/;o and |upl1,0- O

Finally, we complete our a priori error analysis with the rates of convergence of the Galerkin scheme
when the specific finite element subspaces introduced in Section 1.4.3 are employed.

Theorem 1.6. In addition to the hypotheses of Theorems 1.1, 1.4, and 1.5, assume that there exists
s > 0 such that o € H*(Q), dive € H*(Q), u € H*(Q), p € H(Q), and X\ € H/2+5(I),
and that the finite element subspaces are defined by (1.67), (1.68), (1.69), and (1.70). Then, there
exists C > 0, independent of h and 71, such that for all h < Coﬁ there holds

() = (@ ua)ll + 1, A) = (o A < CRIERFI Ny
_ (1.91)
+ e oo+ divallye + lullse + ¢l -

Proof. It follows from the Céa estimate (1.90) and the approximation properties (AP?), (AP}),
(APY) and (AP%) specified in Section 1.4.3. O

We end this section by remarking that, for practical purposes, particularly for the implementation
of the examples reported below in Section 1.6, the restriction on the meshsizes is verified in an heuristic
sense only. More precisely, since the constant Cy involved there is actually unknown, we simply assume
Co = 1/2 and consider a partition of I" with a meshsize h given approximately by the double of h.
The numerical results to be provided in that section will confirm the suitability of this choice.

1.6 Numerical results

In this section we present two examples illustrating the performance of our augmented mixed-primal
finite element scheme (1.54) on a set of quasi-uniform triangulations of the corresponding domains
and considering the finite element spaces introduced in Section 1.4.3. Our implementation is based
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on a FreeFem++ code (see [50]), in conjunction with the direct linear solver UMFPACK (see [29]).

Regarding the implementation of the iterative methods, the iterations are terminated once the relative

error of the entire coefficient vectors between two consecutive iterates is sufficiently small, i.e.,
[coeff™ 1 — coeff™|| 2

lcoeff™ |,z

where || - ||;2 is the standard /2-norm in R, with N denoting the total number of degrees of freedom

< tol,

defining the finite element subspaces HY, H}, Hz and Hﬁ and tol is a fixed tolerance to be specified
on each example. For each example shown below we simply take (u),)) = (0,0) as initial guess,

and choose the stabilization parameters indicated in (1.43), that is k1 = p, ke = 1, and k3 = “2—2

Nevertheless, in order to test the robustness of the method with respect to them, in our first example

we consider a fixed mesh and compute the total errors for other values of these constants (see Table
1.2 below).

We now introduce some additional notation. The individual and total errors are denoted by:
e(o) = [lo —opllaivia, e(u) == [[u—upllio, () = [lp—pnllog,

e(p) = llg —¢rlla, e) = IA—Alor,

and
e(o,u,p,\) = {e(0)2 + e(u)? 4 e(p)? + (%()\)2}1/2 )

where p is the exact pressure of the fluid and pj is the postprocessed discrete pressure suggested by
the formulae given in (1.5) and (1.9), namely,

1 1
pp = ——tr{a’h +cpl + (up ® uh)} , with ¢ = ——— / tr(up @ up) .
n n|Q Jo
Moreover, it is not difficult to show that there exists C' > 0, independent of h, such that
Ip = pulloe < € {llo = onllawe + lu - unlla},
which says that the rate of convergence of py, is the same provided by (1.91) (cf. Theorem 1.6).

Next, we let (o), r(u), r(p), r(v), and r(A) be the experimental rates of convergence given by

o log(e(a)/e'(a)) ) log(e(u)/e’'(u)) . _ M
T(U) — lOg(h/h/) ) ( ) . log(h/h/) 5 (p) . log(h/h/) ,
. log(e(y)/e'(¢)) _log(e(N)/e' (V)
" Ty o)

where h and b/, (ﬁ and ' for A) denote two consecutive meshsizes with errors e and e’. In our first

example we illustrate the accuracy of our method considering a manufactured exact solution defined
on Q := (—1/2,3/2) x (0,2). We consider the viscosity p = 1, the thermal conductivity K = e®1 %2
V(z1,22) € €, and the external force g = (0,—1)". Then, the terms on the right-hand sides are
adjusted so that the exact solution is given by the functions

30(561,562) = CC%(IE% + 1)5
1 — e¥%1 cos(2mas)

u(zy,23) = :
2 e¥21 sin(2mw2)

1 _
p(xlax2) = _562’192?1 +p)
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where
9 — 872

T pt b2+ 16m2

and the constant p is such that fﬂp = 0. Notice that (u,p) is the well known analytical solution

for the Navier-Stokes problem obtained by Kovasznay in [55], which presents a boundary layer at
{—=1/2} x (0,2).

In Table 1.1 we summarize the convergence history for a sequence of quasi-uniform triangulations,
considering the finite element spaces introduced in Section 1.4.3 with £k = 0 and k = 1, and solving the
nonlinear problem with the fixed-point iteration provided in Section 1.4.2 with a tolerance tol = 1FE—8.
We observe there that the rate of convergence O(h¥*!) predicted by Theorem 1.6 (when s = k + 1)
is attained in all the cases. Next, in Figures 1.1, 1.2 and 1.3 we display (to the left) the approximate
temperature, the approximate velocity magnitude and vector field, and the approximate pressure,
respectively, and we compare them with their corresponding exact counterparts (to the right). All
the figures were built using the RTg — Py — P; — Py approximation with N = 177320 degrees of
freedom. In all the cases we observe that the finite element subspaces employed provide very accurate
approximations to the unknowns, showing a good behaviour on the boundary layer. On the other
hand, in Table 1.2 we consider the fixed mesh associated to N = 44313 and display the total error
e(o,u,p,\) vs. Ky for the RTy — P; — Py — Py approximation of the Boussinesq equations. The
parameters ko and k3 are computed in function of k1 and ¢ with the formulae given in Section 1.3.3
(right before (1.43)), considering 6 = p for the first case, 6 = /2 for the second and third cases,
and 0 = p/4 for the fourth and fifth cases. It is clear from this table that there is a sufficiently large
range for k1 yielding a stable Galerkin scheme in the sense that the corresponding total error remains
bounded. This fact certainly confirms the robustness of the augmented mixed-primal method with
respect to the stabilization parameters. In turn, in Table 1.3 we show the behaviour of the iterative
method as a function of the viscosity number and the meshsize h. We consider a RTy — P; — Py — Py
approximation, and the parameters k1, k2 and k3 are chosen as in (1.43). There, we observe that
the smaller the parameter p the higher the number of iterations. In particular, we notice that when
u = 0.01, for the first three meshes the iterative method takes more than 300 iterations to converge,
reason why this information is not reported in those cases. However, it is also important to remark
that for viscosities not smaller than 0.1 the number of iterations remains reasonably bounded.

In our second example we illustrate a more realistic situation in which the exact solution is unknown.
Here, we consider the geometry Q = (—1,1)x(—1,2), the viscosity fluid g = 1, the thermal conductivity
K =1, the external force g = (0, —1)!, and the boundary data

up(x1,22) =0 and @p(xy,x2):= (21 +1)e*** on TI.

Notice, that ¢p attains its maximum value at (z1,x2) = (1,1), whereas pp =0 on {—1} x (—1,1). In
Table 1.4 we summarize the convergence history for a sequence of uniform triangulations, considering
a RTg — Py —P; — Py approximation and a tolerance tol = 1E—8. There, the errors and experimental
rates of convergence are computed by considering the discrete solution obtained with a finer mesh (IV
= 2822774) as the exact solution. We observe that the rate of convergence O(h) is attained by all the
unknowns. Next, in Figure 1.4 we display the approximates temperature (left) and pressure (right)
whereas in Figure 1.5 we show the first and second components of the velocity (bottom) together
with the velocity magnitude and the velocity vector field (top). All the figures were obtained with
N=177644 degrees of freedom. We can observe that the discrete temperature and velocity preserve
the prescribed boundary conditions.
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ERRORS AND RATES OF CONVERGENCE FOR THE MIXED-PRIMAL
RTy — P; — Py — Pg APPROXIMATION

N h e(o) rlo) e(w) r(w) elp) ()
806 0.3802  73.0680 - 39.1463 - 4.8682 -
2934  0.1901 44.1852 0.7257 21.5882 0.8586  2.7057 0.5248

11321  0.0968 24.3903 0.8578 11.3580 0.9271 1.4606 1.1140
44313  0.0530 11.6299 1.2664  5.2548 1.3180 0.7152 1.4531
177320 0.0266  5.7070 1.0322  2.5486  1.0492 0.3541 1.1283
700032 0.0142  2.8348 1.1174  1.2442 1.1452 0.0798 1.1611

N h e(p) () h e(A) r(A)  Iterations
806 0.3802  1.3109 - 0.5000 88.1781 - 13
2934  0.1901 0.5472 1.2606 0.2500 45.3437 0.9595 17

11321 0.0968 0.2581 1.0845 0.1250 22.1691 1.0323 18
44313  0.0530 0.1305 1.1660 0.0625 10.8920 1.0253 19
177320 0.0266 0.0639 1.0348 0.0312 5.3797 1.0177 19
700032 0.0142 0.0318 1.1131 0.0156 2.6694 1.0110 20

ERRORS AND RATES OF CONVERGENCE FOR THE MIXED-PRIMAL
RT; — Py — Py — Py APPROXIMATION

N h e(o) r(o) e(u) r(u) e(p) r(p)
2686 0.3802  28.7866 - 9.9080 - 12.8970 —
10078  0.1901 9.0869 1.6635 3.2510 1.6077 3.4669  1.8953
39550  0.0968 2.5644 1.9156 0.8685 1.9985 0.9029 2.0370

156158 0.0530 0.5872  2.3887 0.1913 2.4518 0.2070 2.3867
627678 0.0266 0.1429 2.0490 0.0442 2.1239 0.0475 2.1352

N h e(p) r(p) h e()) r(A)  Iterations
2686  0.3802 0.1358 - 0.5000 10.0095 - 25
10078  0.1901  0.0240 2.5018 0.2500 2.5666  1.9634 19
39550  0.0968 0.0045 2.5203 0.1250 0.6438 1.9953 19
156158 0.0530 0.0009 2.5911 0.0625 0.1609  2.0006 20
627678 0.0266 0.0002 2.2535 0.0312 0.0402 2.0010 20

Table 1.1: EXAMPLE 1: Degrees of freedom, meshsizes, errors, rates of convergence and number of
iterations for the mixed-primal RTy — P; — P; — Py and RT; — P, — Py — Py approximations of the
Boussinesq equations.
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I . I T .
-0.00356 11.2 2.95e-13 11.2

Figure 1.1: Example 1: ¢}, (left) and ¢ (right) with N = 177320 (mixed-primal RTy — P; — P; — Py

approximation).

[ -
0.00426 19

Figure 1.2: Example 1: velocity magnitudes |up| (left) and |u| (right) and velocity vector fields with
N = 177320 (mixed-primal RTy — Py — P; — P( approximation).

K1 0 /2 /4 1/8 (/16
e(o,u,p,\) 17.1580 17.1559 17.1556 17.1539 17.1532

Table 1.2: EXAMPLE 1: k1 vs. e(o,u,p, A) for the mixed-primal RTy — P; — P; — Py approximation
of the Boussinesq equations with N = 44313 and p = 1.

7 h=0.3802 h=0.1901 h=0.0968 h=0.0630 h =0.0266

1 13 17 18 19 19
0.1 16 18 17 17 17
0.01 - - - o6 19

Table 1.3: EXAMPLE 1: Convergence behaviour of the iterative method with respect to the viscosity

w1 using the mixed-primal scheme.
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Figure 1.3: Example 1: postprocessed discrete pressure p, (left) and exact pressure (right)

with N = 177320 (mixed-primal RTy — Py — Py — Py approximation).

ERRORS AND RATES OF CONVERGENCE FOR THE MIXED-PRIMAL
RTy — P; — P; — Py APPROXIMATION

N h efo) rlo) e(w) r(w) el  r(p)
815 0.4129  0.3208 - 0.7711 - 0.1830 -
2997  0.1901 0.1593 0.9539 0.3621 0.9744 0.0918 0.8898

11357 0.0968 0.0759 1.1342 0.1663 1.1525 0.0406 1.2062
44412 0.0527  0.0394 1.1540 0.0853 1.0984 0.0199 1.1783
177644 0.0307 0.0196 1.3091 0.0419 1.3123 0.0099 1.2795
701022 0.0150 0.0105 0.9685 0.0211 0.9599 0.0054 0.8523
N h e(p) (o) h e(A) r(A)  Iterations
815 0.4129 0.7301 - 0.2500 1.8899 - 9
2997  0.1901 0.3461 0.9620 0.1250 1.1122 0.7649 8
11357  0.0968 0.1589 1.1526 0.0625 0.5825 0.9331 9
44412 0.0527 0.0806 1.1180 0.0312 0.2992 0.9609 9
177644 0.0307 0.0401 1.2887 0.0156 0.1487 1.0091 9
701022 0.0150 0.0205 0.9433 0.0078 0.0695 1.0977 9

38

Table 1.4: EXAMPLE 2: Degrees of freedom, meshsizes, errors, rates of convergence and number of

iterations for the mixed-primal RTy — Py — P; — Py approximations of the Boussinesq equations with

unknown solution.



1.6. Numerical results 39

. T [ U )
0.000928 5.4 -2.31 127
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Figure 1.4: Example 1: py (left) and ¢y (right) with N = 177320 and using the mixed-primalscheme

- I I
4.88e-06 0.402 3.22e-05 0.402

I T I T
-0.317 0.402 -0.372 0.348

-10 05 00 05 10

Figure 1.5: Example 2: velocity magnitude (top left), velocity vector field (top right), first component
of uy, (bottom left) and second component of wy (bottom right) with N = 701022 and using the
mixed-primal scheme.



CHAPTER 2

An augmented fully-mixed finite element method for the stationary
Boussinesq problem

2.1 Introduction

Here, we extend the results obtained in Chapter 1 to propose and analyze a new augmented fully-
mixed finite element method for the stationary Boussinesq problem. In this way, similarly to the
primal-mixed scheme, we adopt the augmented mixed formulation from [17] for the fluid flow equations,
whereas, in contrast, we propose an augmented mixed formulation for the convection-diffusion equation
modelling the temperature. More precisely, we introduce a new auxiliary vector unknown involving
the temperature, its gradient and the velocity, and derive a new mixed formulation for the convection-
diffusion equation, which is also augmented by using the constitutive and equilibrium temperature
equations, and the temperature boundary condition. In this way, the aforementioned auxiliary variable,
together with the nonlinear pseudostress, the velocity and the temperature of the fluid, are the main
unknown of the resulting coupled system.

As a consequence, we obtain a new augmented fully-mixed formulation for the coupled problem,
which allows the utilization of the same family of finite element subspaces for approximating the
unknowns of both, the Navier-Stokes and convection-diffusion equations. This property constitutes
a significative advantage from a practical point of view since it permits to unify and simplify the
computational implementation of the resulting discrete scheme. In addition, we emphasize in advance
that, differently from the scheme in Chapter 1, no boundary unknowns are needed here, which leads
to an improvement of the method from both the theoretical and computational point of view.

Concerning the solvability analysis, we proceed as in [6] and [25], and introduce an equivalent
fixed-point setting. In this way, assuming that the data is sufficiently small, we establish existence and
uniqueness of solution of the continuous problem by means of the classical Banach fixed-point theorem,
combined with the Lax-Milgram theorem. In turn, the Brouwer and the Banach fixed-point theorems
are utilized to establish existence and uniqueness of solution, respectively, of the associated Galerkin
scheme.

We remark that no discrete inf-sup conditions are required for the discrete analysis, and therefore
arbitrary finite element subspaces can be employed, which is another interesting feature of the present
approach. In particular, Raviart-Thomas spaces of order k for the auxiliary unknowns and continuous
piecewise polynomials of degree < k + 1 for the velocity and the temperature become feasible choices.

40
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Finally, we point out that an additional advantage of approximating the solution of the coupled system
through this new approach is that, besides the possibility of recovering the pressure in terms of the
nonlinear pseudostress and the velocity, one can compute other variables of physical relevance, such as
the vorticity, the shear—stress tensor, the velocity gradient and the temperature gradient, as simple post-
processing formulae of the solution. Whether this is utilized or not and, in case it is, the corresponding
choice of variables to be postprocessed, strictly depend on the particular interests of the user.

Outline

We have organized the contents of this Chapter as follows. In Section 2.2 we introduce the model
problem, which for our purposes, is rewritten as an equivalent first-order set of equations. Next, in
Section 2.3, we derive the augmented mixed variational formulation and, by assuming sufficiently small
data, we establish its well-posedness by means of a fixed-point strategy and the Banach fixed-point
theorem. The associated Galerkin scheme is introduced and analyzed in Section 2.4. Its well-posedness
is attained by adapting the fixed-point strategy developed for the continuous problem. In Section 2.5
we apply a suitable Strang-type lemma to derive the corresponding Céa estimate under a similar
assumption on the size of the data. Finally, in Section 2.6 we present several numerical examples
illustrating the good performance of the augmented fully-mixed finite element method and confirming
the theoretical rates of convergence.

2.2 The model problem

The stationary Boussinesq problem consists of a system of equations where the incompressible
Navier-Stokes equation is coupled with the heat equation through a convective term and a buoyancy
term typically acting in direction opposite to gravity. More precisely, given an external force per
unit mass g € L*(Q), and assuming that the boundary velocity and temperature are prescribed by
up € HY/ 2(T) and pp € HY 2(T), respectively, the aforementioned system of equations is given by

—pAu + (Vu)u + Vp —gy = 0 in Q,
divu = 0 in Q,
—div(KVy) +u-Vo = 0 in Q, (2.1)
U = up on I,
¢ = ¢p on T,

where the unknowns are the velocity w, the pressure p and the temperature ¢ of a fluid occupying
the region . Here, p > 0 is the fluid viscosity and K € L*°(Q) is a uniformly positive definite tensor
describing the thermal conductivity, which are assumed to be known. In particular, we denote by kg
the positive constant satisfying

Klc-e> kole|* Ve e R". (2.2)

As usual, the Dirichlet datum wp must satisfy the compatibility condition

/FuD-V:O. (2.3)
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In addition, it is well known that uniqueness of a pressure solution of (2.1) (see e.g. [64]) is ensured in
the space L3(Q) = {q e L*(Q) : /q = 0}_
Q

Now, in order to derive our augmented fully-mixed formulation we first need to rewrite (2.1) as a
first-order system of equations. To this end, we first introduce the nonlinear pseudostress

oc:=uVu — (u®u) —pl in Q, (2.4)

and then, proceeding as in [17] (see also [24]), in particular utilizing the incompressibility condition
divu = tr(Vu) = 0, we find that the equations modelling the fluid can be rewritten, equivalently, as

o' + (ueu)! = puVu in Q, —dive —gp =0 in Q, wu=up on T,

1 (2.5)
p=——tr(c+u®u) in Q, /tr(a+u®u):O.

n Q
Note that the fourth equation in (2.5) allows us to eliminate the pressure p from the system and compute

it as a simple post-process of the solution, whereas the last equation takes care of the requirement that
p € LE(Q).

Similarly, for the convection-diffusion equation modelling the temperature of the fluid, we now
introduce the further unknown,

p = KVyp —pu in Q,

so that, utilizing again the incompressibility condition dive = 0 in €2, and after simple computa-

tions, the remaining equations in the system (2.1) can be rewritten, equivalently, as

Klp+Kloyu=Vy in Q, divp=0 in Q, o=¢p on I. (2.6)

In this way, we arrive at the full first-order system of equations given by (2.5)—(2.6), where, after
eliminating the pressure, we find that the new auxiliary variables & and p, the velocity u, and the
temperature ¢ become the main unknowns of the coupled problem. In addition, we emphasize that
one of the main advantages of approximating the solution of the coupled system (2.5)—(2.6) is that,
besides the possibility of recovering the pressure in terms of the nonlinear pseudostress and the velocity,
one can compute further variables of interest, such as the vorticity w, the shear—stress &, the velocity
gradient Vu, and the temperature gradient Vi, as simple post-processes of the solution, that is

1 ~
w=-—(6-0%, d=0+ (uu)l+o’+tucu,
21
1 (2.7)
Vu = —(6 + (u®@u)?), Vo =K'lp+K'lpu
W

Furthermore, since the set of equations modelling the fluid (cf. (2.5)) are the same of the mixed-
primal formulation utilized in Chapter 1, we remark in advance that in what follows we make use of
some results already available in Chapter 1, and also adapt several arguments utilized there to derive
and analyze the augmented fully-mixed scheme to be proposed in the present paper.
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2.3 The continuous problem

2.3.1 The augmented fully-mixed formulation

In this section we derive the weak formulation of the coupled system (2.5)—(2.6). We begin recalling
that, in accordance with the last equation of (2.5) and the decomposition (see e.g. [12], [40])

H(div; Q) = Hy(div;Q) & RI, (2.8)

e Ho(div; Q) := {g € H(div; Q) : /Q tr(¢) = 0} , (2.9)

the eventual solution o € H(div; ) of this system is given by o = o + ¢, where oy € Hy(div; )
and (see e.g., [24, Section 3.1|):

1
ci=——— [ tr(u®u). (2.10)
n Q] Jo
As a consequence, and noting that % = of and dive?® = divol, we can rewrite equations (2.5)

in terms of oy without modifying them. Nevertheless, for the sake of simplicity of notation, in what
follows we name the unknown in Hy(div;(2) simply as . Taking this into account, we test the
constitutive equation for the fluid (first equation of (2.5)) by a function 7 € H(div;{2), integrate by
parts and utilize the Dirichlet boundary condition for w to find the variational equation

/O'dZTd +u/u-div7' + /(u@u)dzrd = pu(Tv,up)r V7 € Hy(div;Q), (2.11)
Q Q Q

where hereafter (-,-)r stands for the duality between H~'/2(T") (resp. H~'/2(T")) and H'/2(I) (resp.
H'/2(T")), and the test space has been reduced to Hy(div; Q) due to the decomposition (2.9) and the
compatibility condition (2.3). In turn, the equilibrium equation for the fluid (second equation of (2.5))
is imposed weakly as

—,u/'v-divcr—,u/gpg-'v:O Vo e L3(Q). (2.12)
Q Q

Next, for equations (2.6) we proceed similarly. We first multiply the constitutive equation for the
temperature (first equation of (2.6)) by a function q € H(div;Q), integrate by parts, and use the
Dirichlet boundary condition for ¢ to obtain

/K_lp-q—l—/(pdivq—f—/K_l(pu-q: (q-v,¢p)r Vq € H(div;Q). (2.13)
Q Q Q

In addition, the equilibrium equation for the temperature (second equation of (2.6)), is imposed weakly
as

— /wdivp =0 V¢ e L%Q). (2.14)
Q
At this point, we realize from the third terms at the left-hand side of (2.11) and (2.13) that a suitable
regularity is required for both unknowns u and ¢. Indeed, it follows from Cauchy-Schwarz and Holder
inequalities, and then from the continuous embedding of H(Q) into L*(Q) (see [1, Theorem 4.12], [66,
Theorem 1.3.4]), that there exist positive constants ¢1(€2) and c2(£2), such that

\ / (uow): 7| < (@) ulelwhelrloe Yu we H(Q) vrel?@), (215
Q
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and

/¢U-Q‘ < @) llelie lulhelldle YeeH(Q) Yu e H(Q) Vqe L*(Q). (2.16)
Q
Pursuant to the above, and for the sake of analyzing the present variational formulation of the coupled
problem (2.5)-(2.6), we propose to seek u € H(Q) and ¢ € H(Q). In this way, similarly as in [24,
Section 3.1| (see also |35, section 3|), we augment (2.11) - (2.14) through the following redundant terms
arising from the constitutive and equilibrium equations, and from both Dirichlet boundary conditions
m/(uVu—ad—(u@u)d):Vv =0 Vo € HY(Q),
Q
lig/ diva-diVT—f—@/gpg-diVT =0 V1 € Hy(div; ), (2.17)
Q Q

mg/u-v = mg/uD-v Vv € HY(Q),
r r

and
M/Q(w—Klp—thu)-vw - 0 Vi e HY(Q),
/€5/Q divpdivg = 0 Vq € H(div; ), (2.18)
wo [ ov = w [opv Ve eH(@).
where (K1, ..., Kg) is a vector of positive parameters to be specified later.

Consequently, we arrive at the following augmented fully-mixed formulation for the stationary
Boussinesq problem: Find (o, u, p, ¢) € Hp(div;Q) x HY(Q) x H(div;Q) x H!(Q) such that

A((o,u),(T,v)) + Bu((o,u), (T,v)) = (Ep + FD)(T,v) V(1,v) € Ho(div; Q) x HY(9, .19)
A((p.9). (@) + Bu((p.¢). (@) = Fplav) V(qv) € HidiviQ) x H'(Q),
where the forms A, By, A, and ]§w are defined, respectively, as

A((o,u), (T,v)) = /O'd: (19 — k1 Vo) + /(,uu + kodive ) -divT
@ @ (2.20)

—,u/Q'v-dlvcr + ,um/QVu:V'v—f—mg/Fu-'v,
Bu((o, 1), (1,v)) = /(u®w)d (1~ Ky VD), (2.21)

Q
Alp.o) (@) = [ K (a = wmVe) + [ (o4 sdivp)divg

@ @ (2.22)

and

—/wdivp—i—m/V@-Vw—i—/%/(pw,
Q Q r

Buw((p.9), (@,¢)) = /QK_lww-(q — Kk4V). (2.23)
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for all (o,u), (T,v) € Hy(div;Q) x HY(Q), for all (p, ), (q,%) € H(div;Q) x HY(Q), and for all
w € HY(Q). Note that A and A are bilinear as well as By, and By, (for a fixed w € HY(Q))). In
turn, given ¢ € HY(Q), F,, Fp, and Fp are the bounded linear functionals given by

Fy(T,v) = /Qapg-(/u; — kodivT) V(7,v) € Hy(div;Q) x HY(Q), (2.24)
Fp(T,v) := k3 /FuD-v + p{Tv,up)r V(1,v) € Hy(div;Q) x H(Q), (2.25)

and B
Fp(q,v) = kg /FQODw + (q-v,ep)r Y(q,7%) € H(div;Q) x HY(Q). (2.26)

In Sections 2.3.2, 2.3.3, and 2.3.4 below we proceed similarly as in Chapter 1 and utilize a fixed
point strategy to prove that problem (2.19) is well posed. More precisely, in Section 2.3.2 we rewrite
(2.19) as an equivalent fixed point equation in terms of an operator T. Next in Section 2.3.3 we show
that T is well defined, and finally in Section 2.3.4 we apply the classical Banach’s theorem to conclude
that T has a unique fixed point.

2.3.2 The fixed point approach
We first set H := H'(Q2) x H}(Q2), and define the operator S : H — Hy(div; Q) x HY(Q) as
S(w,¢) = (Si(w, ¢),S2(w,¢)) = (o,u) V(w,¢) € H, (2.27)
where (o, u) is the unique pair in (o, u) € Hy(div;Q) x H(Q) such that
A((o,u), (1,v)) + By ((o,u), (1,v)) = (Fy+ Fp)(r.v)  V(r,v) € Hy(div;Q) x H'(Q). (2.28)

Note here that the linear functional Fy is given exactly as in (2.24) but with ¢ instead of ¢. In turn,
we let S : HY(Q) — H(div; Q) x H(Q) be the operator given by

S(w) = (Si(w),S2(w)) = (p.¢) Yw € HY(Q), (2.29)

where (p, ) is the pair in (p, ) € H(div;Q) x H!(Q) such that

A((p,9), (a,¢)) + Bu((p, ), (q,¥)) = Fp(a,®)  V(q,¥) € H(div; Q) x H'(Q).  (2.30)

Having introduced the auxiliary mappings S and g, we now define T : H — H as

T(w’¢) = (SQ(wa¢)’§2(SQ(w’¢))) \v/(wagb) € H’ (231)

and realize that solving (2.19) is equivalent to seeking a fixed point of T, that is: Find (u,¢) € H
such that

T(u,p) = (u,9).
In this way, in what follows we focus on analyzing that T has a unique fixed point. Before doing this,
we certainly need to verify that T is well defined. The next section is devoted to this matter.
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2.3.3 Well-definiteness of the fixed point operator

In this section we show that T is well defined. For this purpose, we first notice that it suffices to
prove that the uncoupled problems (2.28) and (2.30) defining S and S, respectively, are well posed.
In this way, in the sequel we focus on the solvability analysis of (2.28) and (2.30). In this regard,
we first point out that a distinctive feature of the results obtained below is that, differently from the
analysis in [24] where the introduction of a boundary unknown leads to a mixed-primal formulation,
in our present case both uncoupled problems (2.28) and (2.30) yield strongly elliptic bilinear forms.
In addition, clearly the operator S is exactly defined as in Section 1.3.2, and therefore throughout
this Chapter we omit most of the corresponding proofs and recall only the key properties, and results,
concerning this operator, but without compromising the clarity of our reasoning. Hence, the core of
our analysis will be mainly devoted to the uncoupled problem (2.30) and its influence on T.

Now, concerning the well-posedness of (2.28), we first recall the stability properties of the forms A
and B,, and the functional Fj, + Fp (cf. (2.20), (2.21), and (2.24) and (2.25), respectively).

In what follows, and according to the preliminary notations and definitions, ||(7,v)|| denotes the
norm of a given (7,v) € Hy(div; Q) x HY(Q), that is

1/2
ig} : (2.32)

Then, we begin by establishing the boundedness of the forms A and B,,, where w € H!(Q) is given

I )l = {Ir e + v

(see Lemma 1.3 for details):
Buw((o,u), (1,9))] < a(®) (5] + 1) |wlli o ulill(T,v)] (2.33)
and
[A((o,u), (T,0))] < [[Allll(e,w)] [I(T,v)]], (2.34)

for all (o, u), (T,v) € Hy(div; Q) x H(Q). In (2.33) the constant c;(2) depends only on €, whereas
in (2.34) the constant ||A|| depends on €, the viscosity p, and the parameters k1, k2 and 3.

As a consequence of the estimates (2.33) and (2.34) we obtain that the bilinear form A + By, is
bounded, that is there exists a positive constant ||[A + B,,|, depending on y, €2, the stabilization
parameters, and ||w||1,o, such that for all (o,u), (7,v) € Ho(div;Q) x H(Q), there holds

[A((o,u), (T,0)) + Buw((o,u), (1,0))] < [[A + Buyll[l(e,uw)[l[|(T,v)]. (2.35)

Furthermore, it is not difficult to see that A is strongly elliptic. In fact, using similar arguments as in
[35] we deduce that for each k1 € (0, 20), with § € (0, 2u), and ko, k3 > 0, there exists a positive
constant «({2), depending only on u, k1, K2, k3, and €2, such that (see Lemma 1.3 for details)

A((T,v), (1,v)) > a(Q)||(r,v)|> VY (r,v) € Hy(div;Q) x H'(Q). (2.36)

Then, combining (2.33) and (2.36), and proceeding as in Lemma 1.3, we now define

a(Q)
2(k2 + 1)Y2¢1(Q)°

ro = (2.37)

and find that for each r € (0,70), and for each w € H(Q) such that |w|l;.o < r, the bilinear form

A + By, is strongly elliptic with constant %ﬂ), that is

(A + By )((r,v), (1,0)) > %Q)H(T,v)w Y (r,v) € Ho(div; Q) x H'(Q). (2.38)
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Finally, from the Cauchy-Schwarz inequality and the trace theorems in H(div;Q) and H!(Q) with
constants 1 and ¢o(9), respectively, we conclude with Mg := max{ (u? + x3)Y/?, k3¢o(Q) }, that

IFs + Foll < Ms { llglca I8l + llunllor + lunliar}- (2:39)

The foregoing analysis confirms that the uncoupled problem (2.28) is well-posed (equivalently, the
operator S is well-defined), which is summarized in the following Lemma.

Lemma 2.1. Let 9 > 0 given by (2.37) and let r € (0,79). Assume that k1 € (0, 29), with § €
0, 2p), and kg, k3 > 0. Then, for each (w,$) € H such that ||wl|1o < r, the problem (2.28) has

a unique solution (o,u) = S(w, ¢) € Hy(div; Q) x H (). Moreover, there exists a constant cg > 0,
independent of (w, ¢), such that

18w, 8)ll = lle, Wl < es {llgl.cldlloe + luplor + luplliar}- (2.40)

Proof. The result follows from estimates (2.35) and (2.38), and a straightforward application of the
Lax-Milgram Theorem (see for instance [40, Theorem 1.1]). We refer to 1.3 for further details. O

Next, we concentrate in proving that problem (2.30) is well posed. Before addressing this, we recall
the following preliminary result.

Lemma 2.2. There exists c3(Q) > 0 such that

lia + wIir > (@) |vlie Vv € HI(Q).

Proof. See |35, Lemma 3.3]. O

In addition, analogously to the definition of the product norm (2.32), we now set
2 2 1/2 . 1
la o)l = {lalve + IW13e} ~  Viav) € HdivQ) x HY(Q).

The following lemma establishes the well-posedness of problem (2.30), or equivalently, that the
operator S (cf. (2.29)) is well-defined.
0 2&05 2 >
K oo 0 K oo/
there exists 79 > 0 such that for each ¥ € (0,7¢), problem (2.30) has a unique solution (p,¢) =
S(w) € H(div;Q) x HY(Q) for each w € HY(Q) such that |lwlhia < 7. Moreover, there exists a
constant cg > 0, independent of w, such that there holds

Lemma 2.3. Assume that k4 € ( ), with § € (0 and k5, kg > 0. Then,

IS@) = .9l < g {lenlor + lepllyor }- (2.41)

Proof. For a given w € HY(Q), we observe from (2.22) and (2.23) that A + By, is clearly a bilincar
form. Now, applying the Cauchy-Schwarz inequality, the trace theorem in H'(Q) with constant co(f2),
and the estimate (2.16), we deduce that

[A((P,¢), (@,¥))] < K allPllog lalloe + s K eoa lPllog [Wlie + [ellog [divaloe

+ 5 [|divplloelldivalloe + ralelia ldlie + [[Wloalldivploa + r6co(?) l¢llor [¢lor
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and
Buw((p9), (a,9))] < (57 + 1)Y? K™ oo 0 e2() w0 lelh.e ll(a,9)l, (2.42)

for all (p,¢), (q,%) € H(div;Q) x HY(Q). Then, by gathering the foregoing inequalities, we find
that there exists a positive constant, which we denote by ||A + By, depending on k4, K5, kg, co(2),
c2(2), || K™Y|oo.0 and ||w]1.q, such that

(A +Buw) (P, 9), (a,%))] < |A+ Byl (0,0l I(@,v)]| V(P 9), (a,¢) € H(div; Q) x H'(Q).
In turn, from (2.22) we have that

A((a,9), (a,%)) = /QK—lq-q — m/QK_lq-Vw + ks ||divall§o + Kal¥lia + ke Y5 T

and then, using the uniform positiveness of the tensor K—! given by (2.2), and the Cauchy-Schwarz
and Young inequalities, we obtain that for all (q,¢) € H(div;Q) x H*(Q) and for any § > 0, there
holds

A((a¥), (@) > rollalfg — wal K cellallf o l¥he + s lidivalld o + k1l g + s ¥l

I
2

>

( fia [K™ o0

IK‘/O - - ~
29

Then, defining the constants

o kg | K™ |00 . 3 K oo,
cy = mm{/ﬁo—ig,% , and c¢5 = mln{m 1—f JRG (s
2

Yalo + s divalo + s (1 V1682 0+ o 613

which are positive thanks to the hypotheses on § and k4, and applying Lemma 2.2, it follows that

A(aw), (@¥) = allalfve + 6 {#ha + IEr} = @@ l@w)l?,  (243)

with &(€) := min{cs, ¢5c3(Q)}, which shows that A is elliptic. In this way, combining now (2.42)
and (2.43), we deduce that for all (q,v) € H(div;Q) x H(f), there holds

(A + Bu)((a,9), (a,))
~ 2 1/2 e —1 2 o () 2 (2.44)
> (39 - (F+ DK @l @0l > 2 )2,
~ 2 1/2 e —1 a(f2) o 1D .
provided (k5 + 1)"/° || K™ oo,0c2(Q) [[w|10 < — Therefore, the ellipticity of A + By, , with

(e} . . .. ~ .
constant , independent of w, is ensured by requiring |w||1,o < 7o, with

_ a(Q)
= . 2.45
T YR D2 K a0 () (2.45)

Next, it is easy to see from (2.26) that the functional Fp is bounded with

1Pl < Mg {lienllor + lleplar}, (2.46)

where Mg := max { kg co(2),1} and ¢o(Q) is the norm of the trace operator in H'(€2). Summing
up, and owing to the hypotheses on k4, k5 and kg, we have proved that for any sufficiently small
w € HY(Q), the bilinear form A + By, and the functional Fp satisfy the hypotheses of the Lax-
Milgram Theorem (see e.g. |40, Theorem 1.1]), which guarantees the well-posedness of (2.30) and the

continuous dependence estimate (2.41) with cg := —5, O

a(Q)
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As a consequence of Lemmas 2.1 and 2.3 we can show now that T is also well-posed.

2k00 ~ 2
Lemma 2.4. Let k1 € (0, 28), with § € (0, 2), ka € (0, _“170) with § € (0, f>
K= oo, 2 K= oo,
and Ko, K3, K5, kg > 0. Assume that, given r € (0,1¢), the data g and up satisfy
es {rllgloc + luplor + lupliar} < 7o (2.47)

with cg defined in (2.40). Then, T(w, @) is well defined for each (w,$) € H such that ||(w,d)| < r.
Moreover, in that case there holds

IT(w,8)ll < es{rllgloo + lunlor + luplyzr} + cg {lleplor + leplier}. — (248)

Proof. We first observe, in virtue of Lemma 2.1, that given (w,¢) € H such that ||(w, )| < r,
So(w, ¢) is well-defined and its norm is bounded by the left hand side of (2.47). It follows, accord-
ing to Lemma 2.3, that Sy(S(w,¢)) is also well-defined and its norm is bounded by the expression
cs {H(,ODHO,F + H<,0DH1/27F}. In this way, T'(w, ¢) is well-defined and (2.48) is obtained thanks to (2.31)
and the aforementioned bounds. O

2.3.4 Solvability analysis of the fixed-point equation

In this section we address the existence and uniqueness of a fixed-point of T (cf. (2.31)) by means
of the classical Banach fixed-point theorem. We begin by establishing suitable conditions under which
T maps a ball into itself.

Lemma 2.5. Assume that the stabilization parameters satisfy the hypotheses of Lemma 2.4. In addi-
tion, given r € (0,min{ro,70}), let W, = {(w,¢) e H: |[(wo)] < 7“}, and assume that the
data satisfy

¢s {rlgloc + lunlor + lunlor} + eg{leplor + lepllyar} <r.  (249)

where cs and cg are the positive constants in (2.40) and (2.41), respectively. Then T(W,) C W,..

Proof. Given r € (0,min{rg,7o}), it is clear from (2.49) that (2.47) is satisfied, and hence T(w, ¢)
is well defined for each (w,¢) € W,. In addition, the same hypothesis (2.49) and the upper bound
(2.48) guarantee that T(w, ¢) € W,., which ends the proof. O

Let us now recall that the Banach fixed-point theorem requires the operator T to be a contractive
mapping, which, as we will see later on, is indeed true under suitable assumptions on the data up, g,
and ¢p. To this end, we first need to show that the operator T is Lipschitz continuous, for which,
according to (2.31), it suffices to show that both S and S satisfy this property. We begin next with
the corresponding result for S. We omit details on its proof and refer to Lemma 1.6.

Lemma 2.6. Let r € (0,7“0), with ro given by (2.37). Then there exists a positive constant Cs,
depending on the viscosity u, the stabilization parameters k1 and ko, the constant ¢1(2) (cf. (2.15)),
and the ellipticity constant «(2) of the bilinear form A (cf. (2.36)), such that

18(w,6) — S(@, )]l < Cs{ lglloc.c 6 = dlloc + IS2(w, @)l 1w — @llie } (2.50)

for all (w, @), (ﬂ;,&) € H such that |w|1q, [|[w|iao <r.
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In turn, the result for the operator S is established as follows.

Lemma 2.7. Let r € (0,770), with 1o given by (2.45). Then there exists a positive constant Cg
depending on |[K™ Yoo, the parameter kyq, the ellipticity constant a(S) of the bilinear form A (cf.
(2.43) ), and the constant c2() (cf. (2.16)), such that

IS(w) — S(@)|| < Cg[S2(w)lellw — @10 (2.51)

for allw,w € HY(Q) such that |w|10, |w|iao <

Proof. Given r € (0,770) and w, w € HY(Q), such that ||w|j1q, |@w|1o <7, welet (p,¢), (P,@) €
H(div; Q) x H'(Q2), such that (p,¢) := S(w) and (p, ) := S(w). From the definition of S (cf. (2.29)
and (2.30)) and the bilinearity of A, it readily follows that

for all (q,v) € H(div;Q) x HY(Q). Then, taking (q,7%) = (p,¢) — (P,@) in the previous identity,
utilizing the bilinearity of B,,, and adding and subtracting suitable terms, we arrive at

In this way, we proceed as in the proof of Lemma 1.6, and use the ellipticity property of the bilinear
form A + Bg (cf. (2.44)), and the continuity of B,, (cf. (2.42)), to obtain

D 1 0r0) = BN < —Bus((®:9), 00) — 5.7)

N

2
< (k5 + D2 IK g 2(@) llie lw =@l e, ) — 3,2

which, denoting Cg := k3 4+ 1)Y2 K7 so0 c2(R), and recalling that ¢ = Sy(w), yields

i (
a(Q)
(2.51) and completes the proof. O

As a consequence of Lemmas 2.6 and 2.7 we establish next the Lipschitz-continuity of T.

Lemma 2.8. Given r € (O,min{ 7“0,770}), with ro and 7o given by (2.37) and (2.45), respectively, let

W, = {(w,gb) e H: |[(wo)] < 7“}, and assume that the data g, up, and pp satisfy (2.49).
Then, there holds

IT(w,¢) — T(@,6)]
N (2.52)
< Cr (llgho.c+ s {rligloca + lunllor + lunlysr}) I(w,6) - (@, S,

for all (w, @), (w, 5) € W,., where Cp := Cg {1 + ng}, and the constants Cs and Cg are given by
(2.50) and (2.51), respectively.

Proof. Firstly, we realize from Lemmas 2.4 and 2.5 that the stipulated assumptions on r and the
data g, up, and ¢p, guarantee that T is well defined in W, and that T(W,) C W,. Now, let

(u, ), (u,9), (w,9), (w, ) € W,, such that (u,y) = T(w,¢) and (u,p) = T(w, @), that is

u = Sy(w,¢), &=Sy(W,¢), ¢ =S(u) and @ = Sy(a).
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It follows, thanks to the Lipschitz continuity of S (cf. (2.51)) and the a priori estimate (2.41), that
le = ¢lla < [S(w) = S(@)|| < Cgl[S2(u)|La llu —ul1q
< Cgeg{llenlor + lgpllyjzr} lu—@lha,

which, using from (2.49) that cg {H‘PDHO,F + Htple/Q,p} < r, yields

IT(w,6) — T(@,3)|| < Ju — @la + e — Flia < {1 +7Cg}lu - alio.

Then, combining the foregoing inequality with the fact that

lu — ullio = [S2(w, ¢) = Sa(w, §)[10 < [IS(w,¢) — S(w,¢)],

and then employing the Lipschitz continuity of S (cf. (2.50)) and the estimate (2.40), we deduce that

IT(w,0) = T@, &) < Cs {1+ rCs}{ gl + IS2(w,d)llra } l(w,8) - (@, D).

< s {1+ 05} (llglos + cs {rllglase + lunllor + lunljzr}) llw,¢) - (@, )],

which completes the proof. O

We now observe from (2.52) that T becomes a contraction mapping if we assume additionally that

O (gl + s {rllgloc.c + lunllor + lluplijpr}) < 1. (2.53)

We remark here that, while the derivation of (2.52) makes use of the fact that the second term on
the left hand side of (2.49) is bounded by 7, we do not apply the same upper bound to the first term
in (2.49) since in that case the resulting inequality (2.53) would impose a further and unnecessary
restriction on r. In other words, the idea of employing (2.49) only to bound the second term there is
in order to obtain a linear combination of the data being bounded as the new restriction insuring that
T is a contraction. Then, as suggested by (2.53), the existence and uniqueness of a fixed-point of T,
which corresponds to the unique solution of problem (2.19), follows from a straightforward application

of the corresponding Banach Theorem. More precisely, we have proved the following result.

2K0 0 ~ 2
Theorem 2.1. Let k1 € (0, 26), withd € (0, 2p), k4 € (0 L‘S), with § (0 7>

" K oo 0 K oo,
and ko, K3, K5, kg > 0. Given r € (O,min{ro,ﬁ)}), with ro and Ty given by (2.37) and (2.45),
respectively, let W, := {('w,gb) eH: |[(wo)] < r}, and assume that the data g, up, and pp

satisfy (2.49) and (2.53). Then, there exists a unique (o, u,p, ) € Ho(div; Q) x HY(Q) x H(div; Q) x
HY(Q) solution to (2.19), with (u, ) € W,.. Moreover, there holds

le,wl < es{rlgleo + lupllor + Juplior}, (2.54)

and
I, #)ll < es { lepllor + llepliyor}- (2.55)

Proof. It suffices to apply the Banach fixed-point Theorem and then employ the a priori estimates
(2.40) and (2.41). We omit further details. O
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2.4 The Galerkin scheme

In this section, we introduce and analyze the Galerkin scheme of the augmented fully-mixed for-
mulation (2.19). As we will see in the forthcoming sections, the analysis of the corresponding discrete
problem follows straightforwardly by adapting the fixed-point strategy introduced and analyzed in
Sections 2.3.2 and 2.3.3.

2.4.1 Preliminaries

We start by considering the generic finite dimensional subspaces
HY C Ho(div;Q), Hp € H'(Q), HP C H(div;Q), and HY C HY(Q), (2.56)
which shall be specified later in Section 2.4.3. Hereafter, h stands for the size of a regular triangulation
T of © made up of triangles K (when d = 2) or tetrahedra K (when d = 3) of diameter h,
defined as h := max {hK K e Ty } In this way, the Galerkin scheme of (2.19) reads: Find
(oh, up, Phy on) € HY x H* x HY x HY such that

A((on,un), (Th,vn)) + Bu, ((@n,un), (Th,vn)) = Fg((Th,vn)) + Fo((Th,vn))
(2.57)

AP ) s (@ ¥n)) + Buy ((®rsen) s (@) = Fp((antn)),
for all (Th, Vh, Ak, wh) S Hg X H;:’ X Hg X Hﬁ

Similarly to the continuous context, in order to analyze problem (2.57) we rewrite it equivalently as
a fixed-point problem. Indeed, we firstly let H;, := H}' X Hf and define S, : H;, — HJ x H}' by

Sh(wh, ¢n) = (S1n(wh, dn), Son(wh, ¢n)) = (Th,up) Y (wh, dn) € Hy, (2.58)

where (o, up) is the unique solution of the discrete version of problem (2.28): Find (o, up) €
Hf x Hj}', such that

A((on un), (Th,vn)) + Buw, ((0h,un), (Th,v4) ) = (Fy, + Fp)(Th,vn) V(Th,vn) € HY x Hy,
(2.59)
where the form A and the functional Fp are defined as in (2.20) and (2.25), respectively. In turn,
with wj, and ¢, given, the bilinear form B, and the linear functional Fy, are the ones defined in
(2.21) and (2.24) with wy, and ¢y, in place of w and ¢, respectively. Secondly, we define the operator

S, : H* — H} x HY as
Sh(wy) == (Syp(wn), San(wn)) = (Pr,pn) Ywy, € HY, (2.60)

where (pp, ¢n) is the unique element in H} x H} satisfying the discrete version of (2.30), namely

A((Pr#n), (an,¥n)) + Buw, (Ph,¢n), (an,¥n)) = Fplan,vn) ¥ (an vn) € HY x HY, (2.61)

where the bilinear form A and the functional Fp are defined as in (2.22) and (2.26), respectively,
whereas B,,, is the bilinear form given by (2.23) with wj, instead of w. Finally, introducing the
operator Ty, : H;, — Hj, given by

Th(wh, ¢n) = (Son(w,d),Son(Son(wn, én))) V(wh,¢n) € Hy, (2.62)

we realize that solving (2.57) is equivalent to seeking a fixed-point of the operator T}, that is: Find
(up, pp) € Hy, such that

Th(un, on) = (wn, en) - (2.63)
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2.4.2 Solvability analysis

Now we establish the well-posedness of problem (2.57) by studying the equivalent fixed-point prob-
lem (2.63). Before proceeding with the analysis we observe that, since in this case the operator T},
is defined on a finite dimensional space, the existence of solution can be addressed by using the well-
known Brouwer fixed-point Theorem (see e.g. |20, Theorem 9.9-2|) in the following form: Let W be
a compact and convex subset of a finite dimensional Banach space X and let T : W — W be a
continuous mapping. Then, T has at least one fized-point in W. As a consequence, the existence
of solution can be attained with less restrictions, namely without requiring assumption (2.53). This
condition will be required only to achieve uniqueness of solution by means of the Banach fixed-point
theorem.

Analogously to the continuous case, we firstly study the well-definiteness of operator T} by es-
tablishing first the well-posedness of the two discrete uncoupled problems (2.59) and (2.61). This is
addressed in the following three lemmas. Their proofs follow straightforwardly by applying the same
arguments utilized in Lemmas 2.1, 2.3 and 2.4, respectively, reason why most of the details are omitted.

Lemma 2.9. Assume that k1 € (0, 20) with € (0, 2u), and ko, k3 > 0. Then, for each r € (0,rg),
with o given by (2.37), and for each (wp, ¢n) € Hy, such that ||wy|1,0 < r, the problem (2.59) has a
unique solution (op,up) =: Sp(wp, o) € HY x H}. Moreover, with the same constant cs > 0 from
Lemma 2.3, which is independent of (wp, ¢p), there holds

1Sk (wn, dn)ll = [l(on un)|| < cs {Hglloo,sz [énllo.2 + llupllor + HUDHl/Q,F}-
Proof. Tt is a straightforward consequence of the Lax-Milgram Theorem and |24, Lemma 3]. O
2500 -~ 4 2
Lemma 2.10. Assume that k4 € (0, 17), with 6 € (0, 17), and ks, kg > 0.
K=o 0 K~ oo,

Then, for each r € (0,7¢), with 7o given by (2.45), and for each wy € H} such that [[wpl1,0 < 7,
the problem (2.61) has a unique solution (pn,en) =: Sp(wy) € HY x Hy. Moreover, with the same
constant cg > 0 from (2.41), which is independent of wy, there holds

ISa@wn)ll = ®nen)ll < eg { lenllor + llenllijar } -

Proof. By usmg the same arguments as in the proof of Lemma 2.3, we find that for any w;, € Hj} given,
the form A + Bwh is bilinear and continuous with continuity constant ||A + Bwh I, depending on the
parameters K4, k5, kg, ||, K| and r. Besides, we have that A + Bwh is elliptic on H} x H} with
the same constant a(€2) provided the conditions already established on the constants kq, g, K5, kg ,T
and the given function wy (in place of w) are held, as in Lemma 2.3. In addition, Fp is clearly a
linear and bounded functional as in (2.46). Then, the result is a straightforward consequence of the
Lax-Milgram Theorem applied to the discrete problem (2.61). O

2/%0 (5 ) LY 2
_20f ) Fe (o2 ),
K~ Hloo,2 K™ oo, 02
and Ka, K3, K5, kg > 0. Assume that, given r € (0,19), the data g and up satisfy (2.47). Then,
Th(wh, ¢p) is well-defined for each (wp, ¢p) € Hy, such that ||(wp, ¢n)|| < r. Moreover, there holds

Lemma 2.11. Let 51 € (0, 26), with§ € (0, 2 1), g € (

ITn(wn n)l| < es {rlgloe.c + lunllor + llunlijar} + es {lenllor + lenliar}-
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Proof. By combining Lemmas 2.9 and 2.10 the result follows exactly as the proof of Lemma 2.4 . [J

The discrete analogue of Lemma 2.5 is stated next. Its proof, being a simple translation of the
arguments proving that lemma, is omitted.
Lemma 2.12. Given r € (O,min{ro,ﬁ)}), let W, p, = {('wh,th) € Hy : |[(wp,ép)] < r}, and
assume that the data satisfy (2.49). Then T(W, ) € W, .

Next, we address the Lipschitz continuity of T}, which, analogously to the continuous case, follows
from the Lipschitz continuity of S; and gh- These results are established next in Lemmas 2.13, 2.14
and 2.15. Their proofs are omitted since they are almost verbatim as those of the corresponding
continuous estimates provided by Lemmas 2.6, 2.7 and 2.8, respectively.

Lemma 2.13. Let r € (0,r9), with ro given by (2.37). Then, there holds
IS dn) — S 3l < Cs {lglls o — o + 1S2n(wnén)lua lwn - o)

for all (wp, ¢p) , (Wp, ép) € Hy such that |lwnlli0, |wnli,o < 7, where Cs is the constant from

Lemma 2.6.

Lemma 2.14. Let r € (0,79), with 7o given by (2.45). Then, there holds

1Sh(wn) = Sn(wn)ll < Cgl[S2n(wh)llLa lwn — wall10
for all wy, wy, € H} such that ||wpll10, |wnlio <7, where Cy is the constant from Lemma 2.7.

Lemma 2.15. Given r € (O,min{ 7“0,?0}), with ro and 1o given by (2.37) and (2.45), respectively, let
W, n = {('wh,gbh) € Hy, :  |[(wp,on)| < ’I“}, and assume that the data g, up, and pp satisfy
(2.49). Then, there holds

T (wh, én) — Th(@n, én)|
< 01 (llglloos + s {r gl + lunllor + [unlliar }) I(w,6) = (@,

for all (wp, on) , (W, $h) € W, , where Ct is the constant provided by Lemma 2.8.

As a consequence of the previous lemmas, and owing to the equivalence between (2.57) and (2.63),
we conclude that problem (2.57) has at least one solution. More precisely, we have the following
theorem.

) 2%05 . ~ 2
(0, 20), with § € (0, 2u), kg € (0, _7), with § € (0,_7>,
K=o 02 1K= oo 02

Theorem 2.2. Let k1 €
and Ko, K3, K5, kg > 0. Given r € (O,min{ TO,FO}), with ro and Ty given by (2.37) and (2.45),

respectively, let W, p, = {(wh,¢h) € Hy, : |(wp,on)| < r}, and assume that the data g, up,

and pp satisfy (2.49). Then, the Galerkin scheme (2.57) has at least one solution (op,up, Ph, Pr) €
HY x HY x HY x HY, with (up, pn) € W,p, and there hold

l@nun)ll < es{rllgles + lunlor + lunliyar} - (2.64)

and
@r o)l < e { llonllox + lenler} - (265)
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Proof. Bearing in mind Lemmas 2.12 and 2.15, and the fact that W, 5, is a convex and compact subset
of Hy, the proof follows from a straightforward application of the Brouwer fixed-point Theorem. [

Finally, as already announced at the beginning of this section, we now provide the following existence

and uniqueness result.

Theorem 2.3. In addition to the hypothesis of Theorem 2.2, assume that the data g and wp are suffi-
ciently small so that (2.53) is satisfied. Then, the problem (2.57) has an unique solution (op, Wp, Pr, Pr)
€ HY x Hy x H) x HY, with (up, @) € Wy, and the a priori estimates (2.64) and (2.65) hold.

Proof. It follows similarly to the proof of Theorem 2.1 by a direct application of the Banach fixed-point
Theorem. U

We end this section by emphasizing that the solvability analysis of the Galerkin scheme does not
require any discrete inf-sup conditions among Hf, H}, Hg , and Hz, and hence they can be chosen
freely as arbitrary finite element subspaces of Hg(div; ), H'(R2), H(div; ), and H! (), respectively.
This flexibility is certainly another feature of practical interest of our method. A particular choice of
the discrete spaces, which is actually the canonical one, is described in the following section.

2.4.3 Specific finite element subspaces

Given an integer k& > 0 and a subset S C R™, we let as usual Py(S) (resp. Px(S)) be the space
of polynomial functions on S of degree < k (resp. of degree = k), and with the same notation and
definitions introduced in Section 2.4.1 concerning the triangulation 7 of €, we start defining the
corresponding local Raviart—Thomas space of order k, for each K € Tj, as

RT;(K) = Py(K) & Py(K) =,

where Py (K) := [Pg(K)]" and z is the generic vector in R". Similarly, C(Q) = [C(Q)]". Then, we
introduce the finite element subspaces approximating the unknowns o and u as the global Raviart—
Thomas space of order k, and the corresponding Lagrange space given by continuous piecewise poly-
nomials of degree < k + 1, respectively, that is

HY = {Th € Ho(div; Q) : ctTh‘K € RT.(K) VeeR' VK ¢ n} (2.66)
and

HY — {vh e C(Q): vh‘K € Pri(K) VK € n}. (2.67)

In turn, we define the approximating spaces for p and the temperature ¢ as the global Raviart—
Thomas space of order k, and the corresponding Lagrange space given by continuous piecewise poly-
nomials of degree < k + 1, respectively, as follows

HP = {qh e H(div; Q) : qh‘K € RT,(K) VK € n} (2.68)
and

HY = {¢h e C(Q): MK € Pr(K) VK € Th} (2.69)

We end this section by recalling from [40], the approximation properties of the specific finite element
subspaces introduced above.
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(APY{) there exists C' > 0, independent of h, such that for each s € (0,k + 1], and for each o €
H?*(2) N Hy(div; Q) with dive € H*(Q), there holds

dist(o ) = _inf_ o~ 7allave < Ch* {ollsn + [divele }.
h

(AP}) there exists C' > 0, independent of h, such that for each such that for each s € (0,k + 1], and
for each u € H*T1(Q), there holds
dist(u,H)) := inf [[u—wvpl10 < Ch°||lulls+1,0-
’UhEH};‘

(APE) there exists C' > 0, independent of h, such that for each s € (0,k + 1], and for each p €
H?*(©2) N H(div; ) with divp € H*(2), there holds

dist(p, H) i= inf ||~ aullaive < Ch* { Ipllso + Idivpllso }
thHE
(APY) there exists C' > 0, independent of h, such that for each s € (0, % + 1], and for each ¢ € HsHH(Q),
there holds

dist(p,H) := in

f lle=tnlhe < CPellstin-
YneHy

2.5 A priori error analysis

In this section, we carry out the error analysis for our Galerkin scheme (2.57). We first deduce
the corresponding Céa estimate by considering the generic finite dimensional subspaces (2.56), and
then we apply it to derive the theoretical rates of convergence when using the specific discrete spaces
provided in Section 2.4.3. As we will see later, the a priori error estimate can be easily obtained by
applying the well-known Strang Lemma for elliptic variational problems (see e.g. [69, Theorem 11.1]).
This auxiliary result is stated first.

Lemma 2.16. Let V be a Hilbert space, F € V', and A : V xV — R be a bounded and V —elliptic
bilinear form. In addition, let {V}}r~o be a sequence of finite dimensional subspaces of V', and for each
h > 0 consider a bounded bilinear form Ay : Vi, x Vi, — R and a functional Fy, € V). Assume that

the family {Ap}n=o is uniformly elliptic, that is, there exists a constant a > 0, independent of h, such
that

Ap(vp,vn) = allonlly; Yow € Vi, VA > 0.

In turn, let w € V and up, € Vj, such that
A(u,v) = F(v) Vv eV and Ap(up,vp) = EFp(vp) Yo, € V.
Then, for each h > 0 there holds

|F'(wp) — Fp(wp)

lu—upllvy < CST{ sup

wpE€Vy [[wn|lv
wp#0
A - A
+ inf [ [lu—owpllv + sup |A(vn, wn) — An(vn, wp)| |
VhEYh wr €V, HwhHV
on70 wp 70

where Csr = & max{1, | Al }.
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Now, let (o, u, p, ¢) € Ho(div;Q) x H(Q) x H(div; Q) x H'(Q) and (o, up, pr,en) € HY x
HY x H} x H; be the solutions to problems (2.19) and (2.57), respectively, with (u, ¢) € W, and
(wh, ¢n) € W, p,. Then we are interested in finding an upper bound for

H(U7 u, p, QO) - (Uh7 Up, pha(ph)H )

for which we plan to estimate ||(o,u) — (oh,un)|| and ||(p, ¥) — (Pn, n)||, separately.

In the sequel, for the sake of simplicity, we denote as usual

dist((a,u),Hg x H;;) - inf | (o, w) — (T, 0n) |

(Th,vn)EHT xH}!

and

dist((p, ¢), HP x Hf) = inf [ (P, ) = (an,¥n) |-
(an,n)EHE xH],

In order to derive the upper bound for ||(o,u) — (o, up)||, we first notice that, according to the first
equations of (2.19) and (2.57), (o, u) and (o, uy,) satisty, respectively,

A((ow), (7)) + Bu((o,u), (m0)) = (Fy+ Fp)(r,0) ¥ (r,0) € Ho(div: ) x H(Q),
and
A((on,un), (Th,v1)) + Bu, (Fn,wn), (Th,v0)) = (Fp, + Fp)(Th,vn) Y (Ta,vp) € Hf x Hj
Then, applying Lemma 2.16, we can obtain the desired estimate for ||(o,u) — (o, up)|| as follows.

2

Lemma 2.17. Let Cgr := o) max{l, A + B, H}, where «(SY) is the constant yielding the
o'

ellipticity of both A and A + By, for any w € HY(Q) (cf. (2.36) and (2.38)). Then, there holds

(@) = (nsun)ll < Csr { (1+e1() (6 + 1)1 lu = wp 1.0 dist (o, w), HE = H)
(2.70)
+e1(Q) (6 + 12w = wn g fullie + (42 + 53)7 gl lle = wnlloa }

Proof. Observe that, according to the previous continuous and discrete analyses in Sections 2.3 and
2.4, respectively, we readily obtain that the bilinear forms A := A + B,,, A := A + By,, and the
functionals F' = F,+ Fp and F}, = F,, + Fp satisfy the hypotheses of Lemma 2.16. Then, after simple
algebraic computations the result follows from the aforementioned lemma. We omit further details and
refer to Lemma 1.18 for details. O

Next, for ||(p, ¢) — (Pn, ¥n)||, we proceed similarly to the previous analysis and firstly observe from
the second equations of (2.19) and (2.57), that (p, ) and (pp, ¢p) satisfy, respectively

A((p.¢), (@, %) + Bu((p9), (a,%)) = Fp(a,¥) V(a,¥) € H(div; Q) x H(Q), (2.71)

and
A((Pryon)s (an,¥n)) + B, ((Pryon), (an,¥n)) = Eplan,vn) ¥ (an¢n) € HY x HY . (2.72)

Then, applying again Lemma 2.16 we derive the upper bound for ||(p,¢) — (Pr, ¢r)|l as follows.



2.5. A priori error analysis 58

Lemma 2.18. Let Cgr := max{l, |A + By H}, where () is the constant yielding the

2
aQ)
ellipticity of both A and A + Buw, for any w € HY(Q) (cf. (2.43) and (2.44) in the proof of Lemma
(2.3)). Then, there holds

1P, ) — (Prsen)ll < GST{ (55 + DV IK ocoe2() [l — upliall (0. ¢) | 0.13)
2.73

+ (14 0 + D2 K on ea(@) | — wn [0 ) dist( (p,¢) HE x 17) .

Proof. We proceed similarly as in proof of Lemma 5.3 in [24]. In fact, from Lemmas 2.3 and 2.9, we have
that the bilinear forms A + ]§u and A + ]~3uh are both bounded and elliptic with the same constant
a(€2)/2, which is clearly independent of h on their respective spaces. In addition, F 'p is a linear and
bounded functional in H(div; Q) x H(Q) and, in particular, in H} x H7. Then, a straightforward
application of Lemma 2.16 to the context given by (2.71) - (2.72) provides the existence of a positive

~ 2 -~
constant Cgp = Q) max{l, |A + By ||}, such that
1P ) = (Pr,n)ll < Cor inf 1(P: ) = (an: ¥n)ll
(Qhﬂ/Jh)eHgXH;f
ﬁu*u ) ’ )
n sul | w((an, ¥n), (tn, On) )|
(vh.¢n)EH), xHY I (vr, ) |
(rr,¢n)#0

Now, we observe that the expression ﬁu_uh( (dn,¥n), (rn, ¢r) ) in the second term of (2.74) can be
bounded by using the estimate (2.42) with w — wy, (qn,¥n) and (v, ¢p,) instead of w, (p, ¢) and (q, ),
respectively. Then, adding and subtracting ¢, and then bounding ||¢ — ¥ by |[(p,¥) — (qn, ¥n)ll
we obtain

Buus ((@ns¥n), (v 8) )| < e2() (5 + D2 K oo lu = un ug [¥nllell (tn én) |
< () (k] + D2 IK lseg llw = un e lellie | (vr, on) |
+ea(Q) (55 + DY2IK oo gllu = unlill (0:9) = (anen) | (ths én) Il

which yields

sup |§U*Uh( (qha ¢h)’ (I'h, ¢h) )|

(I'h,qﬁh)EHf:XHf || (rha ¢h) H
(rh,0n)#0 (2.75)
< () (5] + DV Ko lu — unlie lele

+ea(Q) (w5 + D2 K oo 1w = un [l 1P ) = (an, ¢n)l-
Therefore, (2.73) follows by replacing (2.75) in (2.74), and then using the definition of dist ((p, ¢), Hp x

iy). O

We now combine the inequalities provided by Lemmas 2.12 and 2.13 to derive the a priori estimate
for the total error ||(o, u,p, @) — (h, Un, Pr, ¢r)| - Indeed, by gathering together the estimates (2.70)
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and (2.73), it follows that
(o, w) = (an,un)|| + 1P, %) = (Pr,n) | < Cst (1® + £5)2 lglloc,0 [l = @all
+{Csrer(@) (87 + 1)12 Julha + Csrea(®) (5] + 1)V2 el | lu—un
+Cst (14 e (@) (52 + DY2 u— wplrq ) dist( (o,u) H x Hy)
+Csr(1+ e (5 + DV K oo | — w10 ) dist( (pg) HE x HY)

Then, using the estimates (2.54) and (2.55) to bound ||ul|/1,o and ||¢||1,q, respectively, and then per-
forming some algebraic manipulations, from the latter inequality we find that

[(o,u) = (on, un)ll + (P, ) — (Pn, en)ll

< Clg,up,w) {I(@,w) = (@nun)ll + I(p,¢) = (or o)l } -
2.76
+Csr (1 + e (Q) (2 + 1)1/2 ||u—uh||17g)dist((cr,u),Hg X H;;)

+Csr (1 + () (5 + D2 K oo l|w — w o ) dist( (p, ) HE x HY)

where
C(gauDaSOD) = maX{ Cl(g)uDaSDD)a CQ(g,'U,D,QOD)},
with

Ci(g,up,¢p) = Cst (1> + £3) |glloc,c2

Ca(g,up, ¢p) = C1(rllgllc,2 + llunllor + lupllijor) + Co (llepllor + llenllijr)

and
C1 = s Osrer(Q) (k1 + 1)Y2 and Oy = cgCsrea() (k7 + 1)V K™ oo -

Notice that the constants multiplying the distances dist((p, ¢), HY x Hf) and dist((a, w) ,Hf x H#)
are both controlled by constants, parameters, and data only since ||u —wup|| can be controlled by (2.54)
and (2.64). Also, clearly the constants C;(g,up,¢p), ¢ € {1,2}, depend linearly on g, up, and ¢p.

As a consequence of the above, we are now in position of establishing the main result of this section
providing the requested Cea estimate.

Theorem 2.4. Assume that the data g, up and pp satisfy:
1
Ci(g,up,¥p) < 5 Vi€ {1,2}. (2.77)

Then, there exists a positive constant Cs, depending only on parameters, data and other constants, all
of them independent of h, such that

[(o,u) = (on, un)ll + (P, ) — (Pn, en)ll

(2.78)
e dist((a,u),Hg X H;;) n dist((p,@,Hg X Hf) :
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Proof. From (2.77) and (2.76), it follows that
(e, uw) = (on,un)l| + [[(P.9) = (Ph, @n)ll
< 20t (1 +e(Q) (k2 + 1)1/ Hu—uhum> dist<(a,u),Hg X H;;)

+2Cs1 (1 + () (5 + DY2 K oo llu — w0 ) dist( (p,) HE x HE)

and then, the rest of the proof reduces to employ the upper bounds for ||ulj;,o and |Juy|1,o given in
(2.54) and (2.64), respectively, and the triangle inequality. O

Finally, we complete our a priori error analysis with the following result which provides the corre-
sponding rate of convergence of our Galerkin scheme with the specific finite element subspaces HY ,
H} , Hz, and Hf introduced in Section 2.4.3.

Theorem 2.5. In addition to the hypotheses of Theorems 2.1, 2.2 and 2.4, assume that there exists
s > 0 such that o € H*(Q), dive € H*(Q), v € H*TY(Q), p € H*(Q), divp € H*(Q), and
o € HTY(Q), and that the finite element subspaces are defined by (2.66), (2.67), (2.68), and (2.69).
Then, there exist C > 0, independent of h, such that there holds

[(o,u) = (on,un)ll + [[(P.¢) — (Pr,en)ll
| (2.79)
< Chm‘“{s”““}{lld\ls,n + [[divolso + [ullst10 + [[Pllse + [Idivplls,o + ||s0||s+1,n} :

Proof. 1t follows from the Cea estimate (2.78) and the approximation properties (AP7), (AP}),
(AP?) and (AP}) specified in Section 2.4.3. O

2.6 Numerical results

In this section we present two examples illustrating the performance of our augmented fully-mixed
finite element scheme (2.57) on a set of quasi-uniform triangulations of the corresponding domains
and considering the finite element spaces introduced in Section 2.4.3. Our implementation is based
on a FreeFem++ code (see [50]), in conjunction with the direct linear solver UMFPACK (see [29]). A
Picard algorithm with a fixed tolerance tol = le — 8 has been used for the corresponding fixed-point
problem (2.63) and the iterations are terminated once the relative error of the entire coefficient vectors
between two consecutive iterates is sufficiently small, i.e.,

[coeff™ ! — coeff™|| < tol
0
|coeff™ || -

where || - || stands for the usual euclidean norm in RY, with N denoting the total number of degrees
of freedom defining the finite element subspaces Hf, H}, HE and Hf. For each example shown below
we simply take (u%, @2) = (0,0) as initial guess, and the stabilization parameters are chosen according
to Lemmas 2.1 and 2.3 to be specified below on each example.

We now introduce some additional notation. The individual and total errors are denoted by:

e(o) = ||l —opllaiv.o, e(u) = |lu—upl1,0, e = |p—pulloa,

e(p) == [[p — Pullaivia, e(w) = lly —enllia,
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and
e(o,u,,p,p) := {e(0)2 + e(’u,)2 + e(p)2 + 6(4,0)2}1/2 )

where p is the exact pressure of the fluid and p is the postprocessed discrete pressure suggested by
the formulae given in (2.5) and (2.10), namely,

1 : 1
p = —— tr{O'h + el + (up ® uh)} , with ¢y = ——— / tr(up @ up) -

Similarly as in [17], we also compute further variables of interest such as the velocity gradient Vuy,,
the shear stress tensor o, the vorticity wj, and the temperature gradient Vi according to (2.7) in
Section (2.2). Besides, it is not difficult to show that there exist C', C > 0, independents of h, such
that the following a priori estimates are satisfied:

Ip = pulloq + 15 = Galloq + IV = Vanllon + o~ wnlloa < € {llo = onllan + lu - unllia},

Ve — Vepllog < C {Hp — Phlldivio + | — enllio + lu - uhHl,n},

which says that the rates of convergence of the postprocessed variables coincide with those provided
by (2.79) (cf. Theorem 2.5).

Next, as usual we let () be the experimental rate of convergence given by

() o 1)/
' log(h/R')

where h and &' denote two consecutive meshsizes with errors e and e’.

Example 1. In our first example we illustrate the accuracy of our method in 2D by considering a
manufactured exact solution defined on 2 := (—1/2,3/2)x(0,2). We initially take the viscosity u = 1,
the thermal conductivity K = 17221 V (x1,z9) € Q, which yields xg = e "/? and |K™! |00 = €'/,
and the external force g = (0, —1)*. Later on, further numerical results with p € {0.1, 0.05} are also
reported when the behavior of the iterative method with respect to small values of the viscosity is
illustrated. In turn, as for the stabilization parameters, they are chosen either as the mean values
of the corresponding feasible ranges, or such that the intermediate constants defining the ellipticity
constants «(£2)/2 and a(£2)/2 of the uncoupled problems (cf. Lemmas 2.1 and (2.3)) are maximized.
In particular, for this example we take

K1 = p ke =1, kKz=pu?/2,

Ko (2.80)

KQ
= ——— =~ (.1848.
2| K~ oo,

Ky = ———5—
[ [P

~ 0224 Ky = % ~ 0.303, g

In turn, the terms on the right-hand sides are adjusted so that the exact solution is given by the
functions

. 1 — e¥%1 cos(2mas) 1
p(r1,22) = 21(23 + 1), w(y,22) = , and p(ay,23) = —5e™ +p,
%e’g’“ sin(27mx9)

where
— 872

p U2+ 1672

Y=
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and the constant p is such that fﬂp = 0. Notice that (u,p) is the well known analytical solution
for the Navier-Stokes problem obtained by Kovasznay in [55], which presents a boundary layer at

[~1/2} x (0,2).

In Table 2.1 we summarize the convergence history for a sequence of quasi-uniform triangulations,
considering the finite element spaces introduced in Section 2.4.3 with £ = 0 and k = 1. We observe
there that the rate of convergence O(h*+1) predicted by Theorem 2.5 (when s = k + 1) is attained in
all the cases for unknowns and postprocessed variables. In turn, we also notice that r(y) is larger than
expected, which we believe is due to the smoothness of ¢ (a polynomial function of degree 2 in each
one of its variables x1 and x2). Next, in Figure 2.1 we display the approximate velocity magnitude,
horizontal and vertical components of the velocity with streamlines, the approximate temperature and
magnitude of its gradient, the approximate pressure, and some components of the stress and vorticity
tensors of the fluid. All the figures were built using the RTy; — Py — RT; — Py approximation with
N = 173571 degrees of freedom. In all the cases we observe that the finite element subspaces employed
provide very accurate approximations to all the unknowns, thus confirming a good behaviour on the
boundary layer as well.

Next, we aim to study the robustness and the stability of our method with respect to the stabilization
parameters and considering a fixed mesh with h = 0.0968. We start by analyzing the convergence of the
scheme by varying the parameters corresponding to the fluid equation. In this case, we take pp = 1 and
observe the total error behavior considering k1 = 6 = p/(1 x 10"), for n = 0,...,4. The parameters ko
and k3 are computed in function of k1 and §, and meanwhile the parameters k4, k5 and kg are taken
as in (2.80). Next, we study the error behaviour by varying now the parameters associated to the heat
equation by considering each r; as k;/(1 x 10™) for i = 4,5, 6, respectively, and n = 0,...,4, where k;
(¢=1,...,6) asin (2.80). In Tables 2.2 and 2.3 we display the corresponding results for each case and
observe, similarly as in our previous mixed-primal scheme [24]|, that there is a sufficiently large range
for the parameters yielding a stable Galerkin scheme in the sense that the corresponding total error
remains bounded. This fact certainly confirms the robustness of the fully-mixed method with respect
to the stabilization parameters.

In turn, in Table 2.4 we show the behaviour of the iterative method as a function of the viscosity
number and the meshsize h. We consider both RTy — Py — RTy — Py and RT; — P, — RT; — Py
approximations, and the stabilization parameters are chosen as before. We observe here that the
smaller the parameter p the higher the number of resulting iterations. In particular, we notice that
when p = 0.01 the iterative method does not converge, reason why this information is not reported
in those cases. However, it is also important to remark that for viscosities not smaller than 0.05 the
number of iterations remains reasonably bounded. In addition, as shown in Tables 2.5 and 2.6, the
rates of convergence for u € {0.1, 0.05} are still as predicted by the theory.

Therefore, for simulating problems with small viscosity, the foregoing discussion and results suggest
to decrease gradually this physical parameter, using meshes with small enough size and high order
approximation k, along with alternative techniques such as continuation method on the viscosity. We
plan to report on these issues in a separate work.
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ERRORS AND RATES OF CONVERGENCE FOR THE FULLY-MIXED
RTy — Py — RTy — Py APPROXIMATION
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N e(e)  r(o) e(w) r(w) elp) ) el rlp) iter
867 88.7618 - 40.8532 — 69.5536 — 35.5436 — 11
3267 64.5295 0.4600 24.0418 0.7649 35.0087 0.9904 9.9357 1.8789 11
12675  39.5952 0.7046 12.3771 0.9579 17.5356 0.9974 2.5725 1.9494 11
49923  22.0107 0.8471 6.0483 1.0331 8.7717 0.9994 0.6693 1.9424 10
198147 11.5404 0.9315 2.9650 1.0285 4.3864 0.9998 0.1873 1.8370 9
789507 5.8941 0.9693 1.4720 1.0102 2.1933 1.0000 0.0628 1.5775 9
Postprocessed variables
e(p) rip)  e(Vu) r(Vu) e(ld) (@) ew) 1w eVy) r(Vy)
30.5513 — 63.4570 — 131.57 — 12.8857 — 3.6332 —
18.9784 0.6869 54.3622 0.2232 109.33 0.2670 12.1139 0.0891 1.6242 1.1615
10.9393 0.7948 36,5156 0.5741 72.6503 0.5915 8.7736 0.4654 0.8210 0.9843
5.2620  1.0559 20.0170 0.8038 41.0159 0.8300 5.5490 0.6609 0.4252 0.9242
2.3842  1.1412 11.1138 0.9123 21.5738 0.9629 3.1624 0.8112 0.2173 0.9685
1.1043  1.1110 5.7066 0.9616 11.0152 0.9697 1.6854 0.9080 0.1099 0.9837
ERRORS AND RATES OF CONVERGENCE FOR THE FULLY-MIXED
RT; — Py — RT; — Py APPROXIMATION
N (@) @) ew) rw) e rp) elp) rly) iter
2883 44.3881 — 13.0828 — 6.4122 — 7.7156 — 12
11139  11.7833 1.9134 3.7376 1.8075 1.6421 1.9653 1.0949 2.8170 10
43779 3.0083 1.9697 0.8879 2.0736 0.4139 1.9883 0.1422 2.9448 9
173571 0.7650 1.9754  0.2076  2.0968 0.1038 1.9960 0.0180 2.9833 9
691203 0.1943 1.9774 0.0494 2.0704 0.0260 1.9985 0.0023 2.9889 9
Postprocessed variables
e(p) rip)  e(Vu) r(Vu) e(og) r(o) ew) rw eVe) (Ve
19.4699 — 39.2769 — 82.0895 — 6.8949 - 0.5839 -
3.4853 24819 11.6307 1.7557 22.8368 1.8458 3.3118 1.0579 0.1355 2.1072
0.8027  2.1183 2.8783 2.0147 5.5263 2.0470 0.9857 1.7483 0.0330 2.0385
0.2018 1.9921 0.7615 2.0062 1.3560 2.0270 0.2721 1.8571 0.0083 1.9888
0.0511  1.9814 0.1807 1.9869 0.3391 1.9993 0.0723 1.9129 0.0021 1.9805

Table 2.1: EXAMPLE 1: Degrees of freedom, meshsizes, errors, rates of convergence, and number of
iterations for the fully-mixed RTy — P; — RTy — P; and RT; — Py — RT; — Py approximations of the
Boussinesq equations.
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Figure 2.1: Example 1: Velocity vector field, horizontal and vertical velocity with streamlines (top
left, middle and right, resp), approximate temperature, magnitude of its gradient and pressure (left,
middle and right of center row, resp), components &1, 012 of the shear stress (left and middle
of bottom row, resp) and vorticity component wjp ) obtained with N = 173571 for the fully-mixed
RT; — Py — RT; — Py approximation.
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K1 [ 1/10 /100 p/1000  1/10000
e(o,u,p,p) 451889 451939 45.2195 45.3705 45.5515

K1 I w/10 /100 /1000 /10000
e(o,u,p,p) 3.1672 3.1672 3.1673 4.3676  4.3679

Table 2.2: EXAMPLE 1: k1 vs. e(o,u,p,A) for the fully-mixed RTy — P; — RTy — P; (top) and
RT; — P2 — RTy — Py (bottom) approximations of the Boussinesq equations with A = 0.0968 and

w=1.

ki (i =4,5,6) Ki ki/10  k;/100  £;/1000  k;/10000
e(o,u,p,p) 451225 46.2923 45.6740 51.4876 276.9853

ki (i=4,5,6) kg ki/10 K;/100  k;/1000  r;/10000
e(o,u,p,p) 31670 34082 9.2709 58.6682 584.3266

Table 2.3: EXAMPLE 1: (K4, k5, kg) vs. e(o,u, ¢, \) for the fully-mixed RTy — P; — RTy — P; (top)
and RT; — Py — RT; — Py (bottom) approximations of the Boussinesq equations with 7 = 0.0968 and

w=1.

7 h=10.3536 h=0.1768 h=0.0884 h=0.0442 h =0.0221

1 11 11 11 10 9
0.1 16 18 19 19 19
0.05 37 21 20 20 20
0.01 - - - - -

7 h=0.3536 h=0.1768 h =0.0884 h=0.0442 h =0.0221

1 12 10 9 9 9
0.1 13 13 13 13 14
0.05 14 14 15 15 15
0.01 - - - - -

Table 2.4: EXAMPLE 1: Convergence behaviour of the iterative method for the fully-mixed RTy—P; —
RT, — Py (top) and RTy — Py — RTy — Py (bottom) approximations with respect to the viscosity p
and the meshsize h.
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ERRORS AND RATES OF CONVERGENCE FOR THE FULLY-MIXED
RTy — Py — RTy — P; APPROXIMATION

N efe)  rlo) e(w) r(u) elp) ) elp)  rlp) iter
867 6.3450 — 10.1411 — 69.0946 — 10.8022 — 16
3267 4.4033 0.5266 6.7868 0.5789 34.8084 0.7629 2.8645 19134 18
12675 2.3224 0.8588 3.0072 1.0928 17.4404 0.9278 0.7956 1.7197 19
49923  1.1275 1.1270 1.2277 1.3972 87250 1.0802 0.2600 1.7444 19
198147 0.5610 1.0074 0.5451 1.1716 4.3632 1.0001 0.1058 1.2970 19
789507 0.2819 0.9925 0.2614 1.0601 2.1816  0.9998 0.0494 1.0981 19
Postprocessed variables
e(p) r(p)  e(Vu) r(Vu) e(e) r(o) ew) rw eVe) r(Ve)
2.3577 — 30.7968 — 6.7258 — 9.7708 — 2.1354 —
1.6821 0.4867 27.1240 0.1830 5.6657 0.2472 8.6406 0.1771 1.0835 0.9779
0.8028 0.9930 18.1318 0.5407 3.6455 0.5920 5.3617 0.6406 0.5476 0.8516
0.3348 1.3639 10.1052 0.9118 1.9949 0.9403 2.8681 0.9758 0.2754 1.1467
0.1483 1.1745 5.2489 0.9453 1.0284 0.9561 1.4863 0.9486 0.1382 0.9953
0.0701 1.0801 2.6603 0.9802 0.5196 0.9848 0.7575 0.9722 0.0692 0.9971
ERRORS AND RATES OF CONVERGENCE FOR THE FULLY-MIXED
RT; — Py, — RT; — Py APPROXIMATION

N e(o)  r(o) e(u) r(u) elp) r(p)  elp)  r(p) ter

2883 2.2517 — 4.1172 — 6.1105 — 0.7241 — 13

11139  0.1520 2.1012 0.8838 2.2197 1.1551 2.4031 0.0919 29775 13

43779  0.1231 2.0780 0.1858 2.2493 0.3897 1.5675 0.0120 2.9371 13

173571 0.0305 2.0116 0.0391 2.2476 0.0975 1.9979 0.0017 2.7827 13

691203 0.0076 1.9961 0.0085 2.1993 0.0244 1.9996 0.0003 2.4823 14

Postprocessed variables

e(p) rip)  e(Vu) r(Vu) e(@) r(o) ew) rw) eVe) r(Vy)
0.9512 — 16.5373 - 3.5021 - 3.4788 — 0.1752 —
0.1886 2.3322 4.5901 1.8475 0.9222 1.9234 1.2586 1.4655 0.0417 2.0683
0.0414 2.0336 1.1068 1.9097 0.2174 1.9401 0.3596 1.6817 0.0102 1.8956
0.0098 2.2285 0.2731 2.1823 0.0530 2.1997 0.0957 2.0644 0.0025 2.1752
0.0024 2.0171 0.06839 1.9985 0.0132 2.0062 0.0247 1.9515 0.0006 2.0039

66

Table 2.5: EXAMPLE 1 (with g = 0.1): Degrees of freedom, meshsizes, errors, rates of convergence, and
number of iterations for the fully-mixed RTy—P; —RTy—P; and RT; — P, — RT; — P> approximations
of the Boussinesq equations.
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ERRORS AND RATES OF CONVERGENCE FOR THE FULLY-MIXED
RTy — Py — RTy — P; APPROXIMATION

N e(o) rle) ew) r(w) ep) r) elp) () iter
867 3.5205 — 6.2489 — 69.1952 — 10.8244 — 37
3267 2.0936  0.7997 3.9398 0.6654 34.8516 0.9894 2.8670 1.9166 21
12675  1.0275 1.0268 1.7149 1.1999 17.4614 0.9970 0.7959 1.8487 20
49923  0.4608 1.1569 0.6821 1.3300 8.7355 0.9992 0.2600 1.6136 20
198147 0.2107 1.1285 0.2975 1.1973 4.3684 0.9999 0.1058 1.2971 20
Postprocessed variables
e(p) rip)  e(Vu) r(Vu) e(@) r(o) ew) rw) eVe) r(Vy)
1.0737 — 22.6883 — 2.5974 — 8.4067 — 2.1033 —
0.7028 0.6108 18.7625 0.2738 2.0235 0.3599 6.4302 0.3863 1.0637 0.9832
0.3576  0.9068 12.3117 0.5656 1.2782 0.6167 3.7112 0.7379 0.5371 0.9169
0.1688 1.1712 6.8043 0.9249 0.6958 0.9485 1.8913 1.0513 0.2701 1.0717
0.0815 1.0504 3.5073 0.9563 0.3568 0.9637 0.9464 0.9991 0.1355 0.9954
ERRORS AND RATES OF CONVERGENCE FOR THE FULLY-MIXED
RT; — Py — RT{ — Py APPROXIMATION

N e(o) r(e) e(w) r(w) elp) 1) elp) rlp) iter

2883 0.6945 — 1.8420 — 6.0995 — 0.7230 — 14

11139  0.1761 1.9796 0.4249 2.1161 1.5486 1.9777 0.0918 2.9774 14

43779  0.0390 2.1748 0.0879 2.2732 0.3889 1.9935 0.0120 2.9355 15

173571 0.0095 2.0375 0.0189 2.2175 0.0974 1.9974 0.0017 2.8194 15

691203 0.0024 2.0156 0.0043 2.1364 0.0244 1.9980 0.0030 2.5030 15

Postprocessed variables

e(p) r(p)  e(Vu) r(Vu) e(o) r(o) ew) rw) eVe) r(Ve)
0.2567 — 8.7593 — 0.9255 — 2.0614 — 0.1573 —
0.0724 1.8245 2.6466 1.7253 0.2758 1.7452 0.6678 1.6248 0.0373 2.0746
0.0164 1.9936 0.6318 1.9232 0.0649 1.9425 0.1779 1.7609 0.0091 1.8940
0.0039 2.2403 0.1545 2.1967 0.0158 2.2037 0.0457 2.1373 0.0022 2.2146
0.0009 2.1162 0.0360 2.1022 0.0039 2.0227 0.0112 2.0294 0.0005 2.1382

67

Table 2.6: EXAMPLE 1 (with g = 0.05): Degrees of freedom, meshsizes, errors, rates of convergence,
and number of iterations for the fully-mixed RTy — Py — RTy — P; and RT; — P, — RT; — Py
approximations of the Boussinesq equations.
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ERRORS AND RATES OF CONVERGENCE FOR THE FULLY-MIXED
RTy — Py — RTy — P; APPROXIMATION

588 0.4486 — 0.0667 — 4.6874 — 3.4798 — 5
3956 0.1975 1.1838 0.0288 1.2119 2.3699 0.9842 2.1069 0.7240 5
29028 0.0773 1.3533 0.0115 1.3244 1.1844 1.0007 1.1377 0.8890 4
222404  0.0329 1.2324 0.0045 1.3536 0.5919 1.0007 0.5844 0.9611 4
1741188 0.0153 1.1046 0.0019 1.2439 0.2959 1.0002 0.2948 0.9872 4

Postprocessed variables
e(p) r(p)  e(Vu) r(Vu) e(o) r(o) e(w) rw) e(Vy) r(Ve)

0.1587 — 0.1280 — 0.3478 — 0.0711 — 2.7270 —

0.0808 0.9741 0.0795 0.6873 0.1949 0.8357 0.0416 0.7734 1.4602 0.9013
0.0350 1.2070 0.0448 0.8275 0.0983 0.9875 0.0226 0.8803 0.7318 0.9966
0.0151 1.2128 0.0236 0.9247 0.0486 1.0162 0.0117 0.9498 0.3628 1.0526
0.0070 1.1091 0.0121 0.9638 0.0242 1.0059 0.0060 0.9635 0.1801 0.9701

Table 2.7: EXAMPLE 2: Degrees of freedom, meshsizes, errors, rates of convergence, and number of
iterations for the fully-mixed RTy — Py — RTy — Py approximation of the Boussinesq equations.

Example 2. This example illustrates the performance of our method in 3D by considering a manu-
factured exact solution defined in the cube © := (0,1)3, which is given by

4$1$2$3($3 — 1)(%2 — 1)(:62 — xg)(xl — 1)2
u(zy, w9, 23) = | —dwyadzs(ze — 1) (23 — 1) (21 — 1) (21 — 73) ,
4:6156230%(303 —1)2(zg — 1)(z1 — 1)(z1 — 22)?

and

1
p(x1, T2, 23) = 1 — 3 and p(z1, 12, x3) = "1 T2

We take the viscosity p = 1, the thermal conductivity K = I, and the external force g = (0,0, —1)".
Again, the stabilization parameters are optimally chosen, i.e.,

k1=, Ky =p, kK3=p’/2,

kg =1, ks =1/2, and kg=1/2.

For this example we consider the finite element spaces introduced in Section 2.4.3 with kK = 0 on
a sequence of quasi-uniform triangulations. In Table 2.7 the convergence history is summarized and
it is observed there that the rate of convergence O(h) predicted by Theorem 2.5 is attained by all
the unknowns and postprocessed variables. Next, in Figure 2.2 we display the approximate velocity
magnitude, streamlines, the approximate temperature gradient field and its magnitude as well as
some components of the stress and vorticity tensors of the fluid. All the figures were built using the
RTy — Py — RTy — P; approximation with N = 1741188 degrees of freedom.
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Figure 2.2: Example 2: Magnitude and streamlines of the approximate velocity, temperature magnitude
and vector field (top left, middle and right, resp), approximate components of the shear stress 13,
023 and o33 (left, middle and right of center row, resp), approximate components of the fluid
vorticity wig p, w13 and wag p, (left, middle and right of bottom row, resp) obtained with N = 1741188
for the family RTy — P; — RTy — P;.



CHAPTER 3

Dual-mixed finite element methods for the stationary Boussinesq
problem

3.1 Introduction

In the previous Chapters we developed two augmented mixed finite element schemes for solving
the Boussinesq problem with Dirichlet boundary conditions (see also [24, 25, 26]). The methods
extend the methodology in [17], where a modified pseudostress tensor is introduced as an auxiliary
unknown, and redundant parameterized stabilization terms are included in the variational formulation.
The associated Galerkin schemes are convergent for arbitrary finite element spaces, and in particular,
converge with optimal order if the auxiliary and primitive unknowns are approximated by Raviart—
Thomas and Lagrange spaces, respectively. Additionally, other variables of physical interest can be
computed by simple postprocessing of the discrete solution. However, the existence results are stated
only under small data assumptions and for feasible stabilization parameters; numerically, we have found
that the choice of stabilization parameters has a significant influence on the solvability, the stability,
and the robustness of the numerical approximations (see tables 1.2 and 1.3 in Chapter 1 and tables
2.2 and 2.3 in Chapter 2).

Faced by the above discussion, the key question that motivates this Chapter is whether it can
be possible to derive an alternate quasi—optimally convergent mixed finite element method for the
Boussinesq problem in which the existence of solutions is established with no restrictions on data (e.g.
[5]), and without losing the high—order approximation feature of the augmented schemes constructed
in Chapters 1 and 2 (c.f. [26]), but circumventing any parameters dependence.

In this sense, we propose below two new schemes for the Boussinesq problem based on a dual-mixed
method developed in [52, 53| for the Navier-Stokes equations, in which the stress and the velocity
gradient of the fluid are the primary unknowns of interest. Regarding the heat equation, we employ
both primal and mixed-primal variational formulations. The latter, such as in the scheme constructed in
Chapter 1, incorporates the normal component of the temperature gradient on the Dirichlet boundary
as an additional unknown. Both formulations exhibit the same classical structure of the Navier-Stokes
equations. Using a suitable extension operator of the temperature Dirichlet data, we derive a priori
estimates and establish existence of solutions for the continuous problem without data constraints.

Finite element methods based on the dual-mixed formulations are then described. Here, the velocity
and the trace—free gradient are approximated by discontinuous piecewise polynomials, the stress is

70
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approximated by the Raviart-Thomas finite element space, and the temperature is approximated by
the Lagrange finite element space. These discrete spaces are constructed over triangulations with a
macroelement structure to ensure that an inf-sup condition and a discrete Korn inequality is satisfied.
Similar to the continuous setting, we show that there exists a solution to the discrete problem. In
addition we show that solutions are unique and that the errors converge quasi—optimally provided the
data is sufficiently small.

3.1.1 Outline

Below we introduce first some additional notations to be used in this chapter. Then, in Section
3.2 we state the model problem, the assumptions of the data, and the strong form of the dual-mixed
formulation. We establish the variational formulation of the continuous problem in Section 3.3 and
derive a priori estimates and existence results. In addition we show that if the data is sufficiently small,
then the solutions are unique. Section 3.4 gives the finite element method based on the dual-mixed
approach. Similar to the continuous setting, we show that there exists a solution to the discrete scheme,
and if the data is sufficiently small, solutions are unique. In Section 3.5 we introduce a mixed—primal
formulation for the heat equation and state the convergence results. Finally, numerical experiments
are presented in Section 3.6 which back up the theoretical results.

3.1.2 Notations

In order to handle the mixed boundary conditions we consider in this Chapter, from now on we
assume that the boundary T' of the bounded domain Q C R" (n € {2,3}) is written I' = Tp U Iy,
where I'p,I'y C T are such that I'p N 'y = 0, |Tp| # 0. Also, the pairing (-,-)p denotes the L2
inner product over a subdomain D C € for scalar, vector, and tensor functions; in the case D = ) the
subscript is omitted. A generic, positive constant is denoted by C' which, unless labeled, is independent

of any mesh parameters and data parameters.

3.2 The model problem

We consider the stationary Boussinesq problem for describing the motion of fluid of natural con-
vection which is given by the following system of partial differential equations

—divA(Vu) + (u-V)u +Vp —9g = 0 in Q,
dive = 0 in Q, (3.1a)
—kAp+u-Vo = 0 in Q,

along with the boundary conditions

0
u=0 on I') ¢ =¢p on I'p and 8—SO:O on I'y. (3.1b)
v
Here, A(Vu) := v(Vu + (Vu)') is the symmetric gradient of u, and the unknowns are the velocity
u, the pressure p, and the temperature ¢ of a fluid occupying the region 2. The given data is the
kinematic viscosity v > 0, the external force per unit mass g € L?(f2), the boundary temperature
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op € HY 2(I'p), and the thermal conductivity x > 0. To simplify the presentation, it is assumed that
the viscosity and thermal conductivity are constant.

The formulation we consider introduces as auxiliary unknowns the gradient of the velocity G := Vu
and the Bernoulli stress tensor S given by

1
S = A(G) — pl — 3 (u®@u). (3.2)
From the incompressibility condition, the first equation in (3.1a) becomes
1 .
§Gu —divS — ¢g = 0.

Moreover, by taking the deviatoric part and trace in (3.2) we find that

1 1
Sd:A(G)—§(u®u)d in Q and p:—%tr(25+u®u). (3.3)

In this way, the pressure is eliminated from the formulation and can be recovered later by a simple
postprocessing calculation through the second equation of (3.3). As a result, we consider the following
system of equations with unknowns G, S, u and ¢ :

1
G=Vu in Q, Sd:A(G)—i(uQ{)u)d in Q,
1
§Gu—divS—<pg:O in @, —kAp+u-Vp=0 in Q, (3.4)
dp
u=0 on I', p=¢p on Ip, 8_1/:0 on I'y and tr(2S + u®wu) =0.
Q

Note that the incompressibility condition of the fluid is implicitly present in the new constitutive
equation. The last statement in (3.4) ensures that the pressure has zero mean.

3.3 The continuous formulation

3.3.1 The dual-mixed variational problem

We now proceed to derive a variational formulation for the problem (3.4). Let H(div;2) denote
the space of square integrable matrix-valued functions with divergence (taken row-wise) in L4/3(Q),
and the corresponding norm by || - |30 = || - Hgg + [|div - \\34/3 o - Then set

Ho(div; Q) = {T € H(div; Q) : /Qtr(T) = o},

so that the stress can be written as S = Sy + ¢l where Sy € Hy(div;2) and

¢ = ﬁ/ﬂu(S) :—%’Q‘/ﬂtr(u@)u). (3.5)

Since S = S§ and div S = div Sy, we rename Sy by S € Hy(div; Q) from now on and observe that
the second and third equations of (3.4) remain unchanged. The incompressibility condition leads us
to look for the unknown G in the space

LZ(Q) = {H € L*() : tr(H) =0}.
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Multiplying the first equation of (3.4) by a test function T' € Hy(div;(2), integrating by parts and
using the Dirichlet condition for u, we obtain

(G, T) + (u,divT) = 0 VT € Hy(div; Q).

Additionally, since L2(Q) = L2,(Q) @ RI (see, e.g., [40]), we observe that the constitutive equation

can be written in the weak form as

(AG),H) — %(u@u,H) —(S,H) =0 VH cL2(Q). (3.6)

In turn, the equilibrium relation given by the third equation in (3.4) is
%(Gu,v) — (divS,v) — (pg,v) = 0 VYo € LYQ). (3.7)
For the temperature equation, we consider the closed subspace of H'(Q2) defined as
Hh,(©) = {v € H(Q) : I, =0}

Multiplying the fourth equation of (3.4) by a function 1) € H%D (€2), integrating by parts, and applying
the Neumann boundary condition on I'y we get

k(Vp, Vi) + (u-Ve,9) =0 Yy e Hp ().

The underlying formulation is then: Find ((G,u,),S) € (LZ.(2) x LY(Q) x HY(Q)) x Hy(div; Q)
such that ¢|r, = ¢p and

(A(G), H) ~ S(weuH) ~ (SH) = 0
1 .
§(Gu,'v) — (divS,v) — (¢g,v) = 0 (3.8)
(G, T) + (u,divT) = 0
£ (Ve, Vi) + (u-Ve,9p) = 0
for all ((H,v,v),T) € (L.(Q) x L*(Q) x Hf_(€2)) x Ho(div; Q).

Similar to [52|, we now introduce the following forms to illustrate that the problem (3.8) exhibits

the same structure as the usual formulation of the Navier-Stokes equations.

Definition 3.3.1.
1. a: (L2,(Q) x LY(Q) x HY(Q))? — R,
a((G,u,¢),(H,v,¢)) = (A(G), H) + £(Vp,Vi). (3.9)
2. b : Ho(div;Q) x (LZ,(Q) x LY(Q)) — R,
b(T, (G, u)) = (G,T) + (u,divT). (3.10)
3. ¢ (L2.(Q) x L(Q) x H(Q))? — R,

c((F,'w,¢),(G,u,ap),(H,'v,w)) = [(Gwvv) - (vau)] + (wv%w)

DO | —
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The variational problem (3.8) can be written in the dual-mixed form: Find ((G,u,¢),S) €
(L2,(Q) x LY(Q) x HY(Q)) x Hy(div; Q) such that with ¢|r, = ¢p and

a((G,u,p), (H,v,9)) + c((G,u, ), (G, u,p),(H,v,9)) — b(S,(H,v)) = (¢g,v),

(3.11)
b(T,(G,u)) = 0,
for all ((H,v,v),T) € (L.(Q) x L*(Q) x Hy_(2)) x Ho(div; Q).
To simplify the presentation we define H := Z x H%D (Q), where Z is the kernel of b(-,):
7= {(H,v) eL2() xLYQ): (H,T)+ (v, divI) =0 Te¢ Ho(div;Q)}. (3.12)
Since the solution (G,u) to (3.11) belongs to Z, we deduce that
(Gu)€Z = wecH)NQ), G=Vu and divu = 0. (3.13)

We summarize some key properties of the forms in the next lemma.

Lemma 3.1. Let a(-,-), b(-,), c(-,-,-) be the forms given in Definition 3.3.1.

1. a(-,-) and b(-,-) are continuous and a(-,-) is coercive on H, i.e., there exists Cyq > 0, such that

a((G,u,9), (G, u,9) > Call(Gu,9)|* V(G,u,p) € H.

2. There exists > 0, such that

b(S, (G
Sup M > 6“SHdiv,ﬂ VS e HO(diV;Q)’
(Gu)elZ (Q)xL4(Q) (G, u)]
(G,u)#0

3. c(+,+,) 1 Hx H— (LE(Q) x LY(Q) x H%D (Q)), is weakly continuous.

Proof. The continuity of the bilinear forms a(-,-) and b(-,-) follows from Cauchy-Schwarz inequality.
The coercivity of a(,-) follows from the Korn inequality, the Poincare inequality, and the definition of
H, and the inf-sup condition is proven in [52, Lemma 2.4].

To show the weak continuity of c(-,-,-), let (G,u,p) € H and {(G,,un,¥n)}n>1 C H such that
(GnyUn, ©n) = (G,u, ) in H. Then, it follows from (3.13) that

w,u, € HY(Q), G,=Vu, G=Vu and div(u,) = div(u) = 0, for each n,

and therefore u,, — w (and ¢, — ) strongly in L*(Q2) due to the Rellich-Kondrachov Theorem. Using
the definition of c(-,-,-), we find for all (H,v,v) € H that

C((Gna Unp, Qpn)v (GTL7 Unp, Qpn)v (Hv v, w)) - C((Gv u, 90)7 (Gv u, (P)v (Hv v, ¢)) (3'14)
= 2 [(Gutin, ) — (Hun )] + (- Vi 0) = 3 [ (Gu,0) — (Hu,w)] — (u- Vi, )
— %[((Gn — Gy, v) + (Glup —u),v) + (H(u — uy), uy) + (Hu,u — uy)]

- ((un - u) : Viﬁ’%) + (u Vi, — @n)

[(Gn = G v @ un) + [un — ulloge(IGlocllvloas + IH[oo(lullosn + [uallose))]

IN
N | —

+ llun = ulloaolVéloallenllose + lluloselViloalle = ¢nllose — 0as n = oo,

which follows from the fact that {w,},>1 and {¢;},>1 are bounded sequences in their corresponding

spaces. Thus, c(-, -, ) is weakly continuous. O
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3.3.2 Well-posedness

Observe that the problem (3.11) can be equivalently written as: Find ((G,u),p) € Z x HY(Q)
with ¢|r, = ¢p and such that

a((G7u7 80)7(H7,U7w)) + c((G,u,(P),(G,u,(ﬁ),(H,’U,w)) - (8097,0) v(H7v7w) e H’ (315)

which follows straightforwardly from the properties of the forms stated in Lemma 3.1. In this way,
the solvability of our dual-mixed formulation is studied as follows. In Section 3.3.2 below, we derive a
priori estimates for continuous solutions G, u and ¢ to the restricted problem (3.15). Next, in Section
3.3.2, we employ a fixed point approach to establish existence and uniqueness results. Then, the inf-sup
condition of the bilinear form b(-, ) stated in the previous lemma will be applied to show the existence
of the tensor S.

A priori estimates

To derive estimates for solutions of (3.15), we require the following technical result.

Lemma 3.2. Let Q be a bounded domain in R™, n = 2 or n = 3, with Lipschitz continuous bound-
ary. Then for any & € (0,1), there exists an extension operator Es : HY/?(I'p) — HY(Q) such that

IEstlloge < Collvlh o, and ||Estllia < CS bl oy, for all v € HY2(Ip).

Proof. We employ arguments similar to in |9, Lemma 2.8| and [59, Lemma 4.1].

Define the subdomain
Qs = {XER o dist(x, ) < 56},

and let Bs € Wh*°(Q) such that
0<B<1in Q, Bs=0in R\ Q, and |VBsllecn < CI°.

Let E : HY/2(T'p) — H(Q) be an extension operator satisfying || Ey||1.0 < Cllll /2, Yo € H'/2(T'p),
and set By := B5E (see Figure 3.1). We then have, by Holder’s inequality and a Sobolev embedding,

IEs (I3 5.0 < IBLIG 5000, < 162 1EG(F 60 < CPIEYI] o < C810I o r, -
This is the first inequality. By similar arguments we find

IVEstllo.o < Co~°lE¢llo.ane, + VEY|og
< 0510 | Ellos.e + IV EYllo.0 < OO ¢l oy, »

which gives the desired result.

Theorem 3.1. Any solution (G,u,p) to (3.15) satisfies the a priori estimates

I(G,u)|| < Ci(¢p,g)  and  [lo|lo < Ca(vp,g), (3.16)

where C1(¢p, g) = Cv =k~ [epll? o 1, 9115 0- and Ca(ep.g) = Cv™x~wpll} 5 1, llgll5 0-
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5
=1

=

Figure 3.1: Illustration of the extension operator FEs constructed in Lemma 3.2 applied to ¢p €
H'/2(I'p).

Proof. Let o1 = Esop € HY(Q) be an extension of pp with § > 0 to be determined (cf. Lemma 3.2),
and set g = — @1 € H%D (©). Replacing ¢ = @o + ¢ into (3.15) yields

a((G’u’SOO)’(H"U’¢)) +C((Gvuvwo)’(G’uaSoO)a(H7vvw)) = (QO()g,’U) + (901 g,’U)
—H(V%,VW - (U'V<P17¢) V(H/an) € H.

Decoupling the equations, taking (H,v,v) = (G, u,¥g), and using the skew-symmetric property of

c(+,-,-), we obtain

(A(G),G) = (vog,u) + (¢19,u)
(3.17)
kIVeolia = —#(Ver, Vo) — (w- Vi) = =k (Ver, Vo) + (w- Vo, 1),

where an integration—by—parts formula was used to derive the last equality. Next, applying Hoélder’s
inequality in the first equation of (3.17) and two Sobolev embeddings, we find that

(AG),G) < lglloq (llvollose + lleillosa) lulose < Clgllog (llvollie + leillie) IGloe-

Therefore by Korn’s inequality and the estimate ||u||o4,.0 < C|Glo.a;

vI[(Gu)ll < Cliglog (llvolle + lleillie)- (3.18)

Likewise, from the second equation in (3.17), we bound the L2—norm of Vg by applying Hélder’s
inequality and a Sobolev embedding:

IValsa < #lIVetlloe Vol + ClGlloa [Veolog lleilose- (3.19)

Therefore, simplifying and applying the Poincaré inequality and Lemma 3.2, we obtain

leolle < C(lleille + w718 leplh/er, (G w)ll). (3.20)
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Thus, applying this estimate in (3.18), we have

v (G, w)] < Cliglos (Ieillie + 7" 8 lepllijzr, (G w)l) .

Taking ¢ > 0 such that
_ _ 1
Cr v leplliarllglloe = 5 (3.21)

then yields
(G w)l < Cvlgloglleilie. (3.22)

Finally, we obtain the a priori estimate for ¢ by combining (3.21)—-(3.22) with (3.20):
lelle < llvollia + lleillie (3.23)
< C(lerlia + 57 8 lepllarpr ™ llgloalerllie) < Cleile.

The desired estimate (3.16) now follows from (3.21)—(3.23) and Lemma 3.2. O

Existence of solutions

In this section we establish an existence result to the problem (3.15) by using the standard Leray-
Schauder principle (cf. [49, Theorem 11.3|, [75, Theorem 6.A], [57],[62]). To this end, for (G, u, o) €
H, we define the linear functionals F; (g u,z0) : H — H' by

F1 G o) (Hy0,0)) = —c((G,u, go), (G, u, p0), (H,v,¢))
Fo(Gaupo) (0, 4)) = —(u-Vei,9) + (v g,v), (3.24)
Fs((H,v,¥) = (p19,v) — £(Ve1, V),
for all (H,v,v) € H, where ¢1 = Espp € HY(Q) with § > 0 given by (3.21).

Lemma 3.3. The functionals F; (G u,po) Satisfy

11 Gagn i < Co(@) (G w0)l 1P Gl < Calon.9) (G, 00)|
and ||.F3||H’ < C5(@D)g)a

(3.25)

with C3(u) = Clluflose, Cilep,g) = Cmax{llglloa. v~ *Iepll} /o r, lglo0}: and Cs(ep.g) =
Cv='senll} oy llglle.e (5 + lglloge)-

Proof. From the definition of c(+,-,-), Holder’s inequality, Sobolev embeddings and the Poincaré and
Cauchy-Schwarz inequalities we have that

Fr G (H0,8)) = 3[(Go@w) — (wow H)] + (u- Vo, v)
< Jullose(1Gloa [wlose + lulosa Hlon + [Veolloe s )
< Cllullosa (G, 0) | I(H,v, ).
Similarly, we find that
o Gaupo)(H,0,0)) < C (Julosa IVeiloa llose + lglloe leolloaelvlose)
< Cmax{ligloa, ler .0} (G, w,90) I (H, v, )],
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then applying Lemma 3.2 to bound the H!-norm of the extension ¢; with § given by (3.21), and
defining Ci(pp. 9) = Cmax{ |gloa v ol .y 9] 0}, we get

| Fo (G o) (H,0,9)| < Calop, 9) (G w, po)lI(H, 0, )]

Likewise, with C5(¢p, g) := CI/_4I€_4||QODH51)/27FD ||g||é’Q(l<& + |lgllo,2 ), we observe that

F((Hv,0)] < € (lglhalerlallvlose + £ 1Veilon [V¥loa ) < Colen.a) | Hov. ) .

O

We consider the sequence of fixed point problems: Find (G, u, o) € H such that
(G,u,p9) = TA(G,u,ypp)) foreach 7€][0,1], (3.26)

where the operator 7A : H — H is defined for all (G,u,pg) € H as TA((G,u, ) = (@,ﬁ, 20)
and (@, u, o) € H satisfies

a((é\viL(ﬁO)’ (Hv'vvw)) = T(‘Fl,(G,u,po) + FQ,(G,U,QDQ) +f3) (H7’U7w) V(H7’U7w) € H. (327)

In this way, we realize that the problems (3.15) and (3.26) (with 7 = 1) are equivalent.

We observe that 74 is well-defined by virtue of Lax-Milgram Theorem (see e.g. |40, Theorem 1.1]),
since a(-, ) is continuous and coercive on H (see Lemma 3.1), and Fy (G u,40) + F2,(Gup) +F3 € H'.

Lemma 3.4. The operator A given by (3.26) is compact. Moreover, the operator is locally Lipschitz
continuous, that is, for all (G,u, ), (G, v, ;) € H, there holds

[A((G,u, o)) — A((G", v, )|l < Cipl|(G — G, u — o/, o — ], (3.28)
with
Crip = CrLip(G,u, v/, @), ¢p, g) = Cafl{C<HGHo,Q + ulloao + [ lloa0 + H%HOA,Q) + C4(<PD,9)},

and Co = Cmin{v, k} is the coercivity constant of the bilinear form a(-,-).

Proof. To prove the compactness property, consider (G, u, o) € H and {(Gyn, un, n)}n>1 C H such
that (Gpn,un, pn) — (G,u, o) in H. For clarity, we set ¥,, = (G, un, ) € H, ¥ = (G, u, o) € H,
and

A(Y,) = U, = (G, in, Pn) and  A(W) — (G, 4,3).

=
Using the coercivity and linearity of a(-,-) and the definition (3.27) of A, we find that

IA(T,) = AW)? = ¥, - ¥|?

< C, lal, — 0,0, — ) = c—l{a(@n, T, —0)—al, ¥, - @)} (3.29)

a

~

= C, ! {(fl,q/n - ]:1,\11)(@71 - V) + (Fow, — .7:2,\1;)((1\/” — \T!)} )

Using the definition of F; and the weak continuity of c(-,-,-) (see Lemma 3.1)), we have that

(]:1,\1;” —fl,q,)(\fln — \Tl) — 0 as n — . (3.30)
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On the other hand, using the definition of F» from (3.24), it follows that
(Fow, = Fo0) (Un = 0) = Fogoa(¥n = ¥) = ((un — u) - Vo1, 6n = &) — ((¢n — ¢0)g, tn — W)

< Jlun = ulloaa [Verloe 1€n = @lloae + llgllog lvn = wollose [[un —ulloan — 0.
(3.31)
and thus, according to (3.30) and (3.31) we deduce from (3.29) that

[A(Gn, un, on)) — A((Gyu, 90))| — 0 as n— oo,
and therefore {A((Gp, un, ¥n))}n>1 converges strongly to A((G,u, o)) in H; hence, A is compact.
To show Lipschitz continuity, we take ¥ = (G, u, o) € H, V' = (G, v, ¢}) € H and denote
AW) = U = (G, a,3) and A(W) =V = (G a,3)).
Proceeding similarly as in (3.29) we get
JA() = A2 = [F -T2 < ¢ { (Fo - Fra )@ - 8) + Fowa(@ -89}, (3.32)
From the estimate (3.14), we find
(Fio — Fro ) (W —0) = —c(¥, 0,0 — V) 4 c(V, ¥, ¥ — V) (3.33)
< o(IClog + lu o+ Ihloaa) 10 — W - T

040 + |lu

Next, applying the estimate (3.25) we obtain
Foww(@ = 8] < Cilp,g) |9 - W[I|F — . (3:3)
The Lipschitz condition (3.28) now follows from (3.32) and the estimates (3.33)—(3.34). O

Next, we show that the solutions to (3.27) are uniformly bounded with respect to 7 € [0, 1].
Lemma 3.5. Any solution to (3.26), with 7 € [0, 1], satisfies the a priori estimate

G w)ll < CCilgp,g) and lpolio < CCa(¢p,9), (3.35)

where C > 0 is independent of T, and the constants C1(¢p,g) and Co(¢p,g) are given in Theorem
3.1.

Proof. We proceed similarly as in Section 3.3.2. Suppose (G,u,po) = (Gr,ur, ;) € H satisfies
(3.27) for a fixed 7 € [0,1]. Taking (H,v,v) = (G,u, ), using the skew-symmetric property of
c(+,+,-) and decoupling, we find that

(AG),G) = —7(pog,u) + T(¢19,u)
KIVeollso = —7r(Ve1, Vo) + 7(u- Vo, e1).
Following the same arguments used in Theorem 3.1, we obtain
V(G uwll < 7Clgllogq (llvollie + lleille) < Clgllog (llvolle + lleile) (3.36)
as well as

A

leollie < 7C(IVerllog + w7 HIGlog leillose) < C(leilhe + & élleplhyzr, (G W),
(3.37)
where § satisfies (3.21). Estimates (3.36)—(3.37) are the same as (3.18)—(3.20) in the proof of Theorem
3.1. Therefore by applying the arguments in the proof verbatim, we obtain the estimates (3.35). O
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Since solutions to (3.26) are uniformly bounded with respect to 7, and since the operator A is
compact, the existence of solutions follows from a direct application of the Leray-Schauder Principle.

Theorem 3.2. There exists a solution (G,u,p) to (3.15).

Here, we emphasize that, in contrast to [24, 25, 26|, the previous result establishes existence of a
solution without a restriction on the data. Additionally, we are further able to establish conditions
under which the solution is unique. Indeed, if (G, u, o), (G, ', ¢f) € H are both solutions to (3.15)
(equivalently, fixed points of A), then we have by Lemma 3.4 and Theorem 3.1,

IA((G,u, 90)) = A((G',w', 0))|| = (G = G'su — w00 — @) || < Cripl|(G = G, u — w00 — woll,
with
CLp < C’C’a_l{Cl(goD,g) + Co(¢p,g) + C’4(§0D,g)}. (3.38)
Therefore if the data is sufficiently small, we immediately deduce the following uniqueness result.

Theorem 3.3. Suppose that the data is small enough such that Crip < 1 (c¢f. (3.38)). Then there
erists a unique solution (G,u,p) to (3.15).

Note also that no additional regularity of the solution is required to establish our uniqueness result
(e.g. Theorem 2.3 in [64] and [65]).

We close the section stating the existence of the tensor S solution to problem (3.11). To this end,
given a solution (G, u, ) to (3.15), it follows from the inf-sup conditions (2) and the continuity of the
forms (see Lemma 3.1) that there exists a unique S € Hy(div;$2) satisfying

b(S,(H,v)) = a((G,u, ¢), (H,v,9)) + c((G,u,9), (G, u,p),(H,v,9)) = (¢g,v)

for all (H,v,1) € L,(Q) x L*(Q) x Hf_(©2) . Moreover,

ISllaiv.o < C(llall + el 1(Gw @)l + lgloe ) (G, w. )]

3.4 The Galerkin scheme

In this section we describe the discrete setting of the formulation (3.11). We present a family of
spaces developed in [52] for the fluid unknowns satisfying a inf-sup/LBB compatibility condition as
well as the Korn/Poincaré inequality in two and three dimensions

3.4.1 The discrete setting and finite element spaces

Let Ty be a shape-regular triangulation of 2, made up of simplices K of diameter hx, and meshsize
h := maxge7;, hx. For simplicity we assume that if 0K N IQ # 0, then either 0K NT'p| = 0 or
|0K NT'x| = 0. We denote by 7, the corresponding barycentric refinement of a triangulation 7y, of Q,
for each h > 0, and for a given integer k > 0, we set

Pk(m) = {ph c C(Q) : ph‘K - Pk(K) VK 67;:},
pdise(Tr) {pn € L) : pulk € Pr(K) VK €T/},
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as the spaces of continuous (Lagrange) and discontinuous piecewise polynomials of degree k on 7,
respectively. Similar to the notations described in the Section 3.1, the analogous vector spaces (resp.,
tensor spaces) with components in these spaces are denoted by Py (7)) and P#s¢(T;") (vesp., Pi(T}")
and Pzi“(ﬁ{)). The finite element subspaces approximating the unknowns G and w are given by

HY = L3(2) N PE(Ty)  and  Hj = PE(Ty), (3.39)

and the finite element space approximating the tensor S is the global Raviart—Thomas space of order
k:

Hy = {T), € Ho(div;Q) : " Ty|, € RTy(K) Ve e R" VK € 77}, (3.40)

|k
where RT((K) is the local Raviart—Thomas space of order k, i.e.,

and P (K) stands for the homogeneous space of piecewise polynomials of degree k.

For the temperature, we let Hf C H'(Q) denote the Lagrange space of degree < k 4 1 with respect
to T, and set
HY = {¢n € HY : zph\FD =0} (3.41)
to be the analogous space with homogeneous Dirichlet boundary conditions. We define ¢pj :=
ISZoplr, to be the approximate Dirichlet boundary data, where I9% : H'(Q) — HY denotes the
Scott-Zhang interpolant of degree k + 1 [70]. Hence, ¢p j belongs to the discrete trace space on I'p
given by
Hy/*(Tp) == {¢psn € C(Tp) : ¥pal, € Prpale) forall ee &l },

where £[ stands for the set of edges/faces on I'p.

The discrete problem is: Find ((Gp,up, @), Sn) € (]H[g x Hp x HY) x ]H[f such that ¢u|r, = ¢pn
and

a((Gh’uh)@h)a(Hhavh)wh)) + CSkw((Gh)uhaSOh);(Gh;uh,@h),(Hh,’Uh,¢h))
—b(Sh, (Hp,vn)) = (png,vn) Y (Hpon ) € HY x Hy x HY L (3.42)
b(Th,(Gh,Uh)) =0 VTh € HE’

where a(-,-) and b(-,-) are the bilinear forms defined by (3.9) and (3.10), and the trilinear form

¢Sk (..., +) is given by

S ((Fr, wh, ¢n), (Ghy wn, on), (Hpy v, 9n)) = ! [(Grhwn,vp) — (Hywp, up,) |
2 (3.43)

+% [(wn - Veon, 1) — (wh - Vibn, on)]

which comes from the discrete skew-symmetrization of the form c(-,-,-). More precisely, note that
the property (u - Vp,v) = —(u - Vb, p) follows from integration by parts and the fact that w is
divergence-free in ). Nevertheless, elements in the discrete kernel

Zn = {(Gh,un) € H < H + b(Th, (Groun)) = (G, Th) + (wn, divTy) = 0, VT, € H |, (3.44)

do not necessarily satisfy this property and hence c(-,-,-) is not skew-symmetric at discrete level (c.f.
(3.12)—(3.13)). We circumvent this issue by observing that the nonlinear convective term associated
to the heat equation can also be written as
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for all w € H{(Q) with dive = 0 and for all p,¢ € H!(Q). In particular, if we set ¢ = ¢, then the

term at the right-hand side of the latter equality vanishes (regardless if w is divergence-free or not).

This explains why we employ ¢¥¥(-, -, ) in our formulation (3.42).

We end this section by stating the following useful compatibility properties of the subspaces Hg,
H}' and HE defined above. The proofs are found in [52, Lemma 3.3, Lemma 4.12].

Lemma 3.6. Let {(Hg, H?h‘,Hf)}IDO be the family of finite element subspaces defined by (3.39)—(3.40),
and let Zy, be the discrete kernel defined by (3.44).

1. If (Gp,up) € Zy and G, — G in L%(Q), then up, — uw in L2().

2. There exists a constant C > 0 independent of h such that ||lupllogo < CIGY " |lon for all
(Gh,uh) S Zh

8. If k> (n—1) (n=2,3), then the finite element triple H{ x HY x Hy satisfies

b(Sh; (G, un))

sup > ,8* HSthiv,Q VS}L c Hg, (3.45)
(Gh,uh)EfoH}f ”(Gh7uh)H
(Ghmuh)?éo
(GF un)ll < CNG o0 ¥ (Ghyun) € Zn, (3.46)

with constants B*,C* > 0 depending only upon the aspect ratio of Tp.

Remark 3.4.1. Set Hy, := Z, x Hf 1 (c¢f. (3.41) and (3.44)) and observe from Lemma 3.6 and the
Poincaré inequality that a(-,-) is coercive on Hy,. In particular, there exists C¥ = Cmin{v,k} > 0,
independent of h, such that

a((Gh,un, n), (Groun,on)) = Call(Groun,on)|* ¥ (Gh,up, on) € Hiy.

Remark 3.4.2. In reference [52], the estimate ||up|log0 < C||G;" |lo,q is proven provided the trian-
gulation is quasi—uniform. However, Lemma 3.9 below and a discrete Sobolev inequality show that this
mesh restriction is not needed.

3.4.2 Preliminary results

Similar to the continuous case, we consider problem (3.42) restricted to the kernel Zj. In particular,
we first study the problem: Find ((Gp,un), ¢n) € Zp, x Hi with ¢p|r, = ¢p s such that

a((Gh,un, on), (Hp,vn, ) + ¢ (Gh, un, 1), (G, uny n), (Hp, vn,n)) = (eng,vn)  (3.47)

for all (Hp,vp,vn) € Hy.

In advance, we point out that, due to the skew—symmetrization of the convective term, the solvability
analysis of the discrete problem does not immediately follow from the continuous one. For example,
it is easy to see that when proceeding as in Section 3.3.2, the discrete counterpart of the estimation
(3.19) becomes

5| Veonrllsa < &lIVernlloalVeoloe
+ CGulloa(IVeorlloq lennllose + IVernlloa lvonllosea)
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where 1 3, is any discrete extension of ¢p 3, i.e., p1p € HZ and @1 p|r, = ¢p,n. Hence, it is observed
that the factor multiplying the L2—norm of G}, depends on the H'-norm of the discrete extension O1,hs
not its L3—mnorm (as in the continuous case). This bound is due to estimating the term

(un - Vorn, von) — (wn - Voo, 1) (3.48)

which involves the gradient of ¢ 5. Proceeding as in the continuous case would therefore lead us to
data constraints in order to derive a priori estimates and existence results for the discrete solution (e.g.
[64, 65]). Thus, in order to overcome this restriction and to establish results at discrete level similar
to the continuous one, we focus on the following goals:

1. To extend an analogous version of Lemma 3.2 providing some stability properties of discrete
extensions.

2. To derive a suitable bound for (3.48) in terms of some LP—norm of ¢ 5.

A Discrete Extension Operator

To define an appropriate discrete extension operator, we first state a well-known property of the
Scott—Zhang interpolant.

Lemma 3.7 ([70],Theorem 3.1 [32],Lemma 1.130). Let p and ¢ satisfy 1 <p < oo and £ >1 if p=1,
and £ > 1/p otherwise. Then for all K € T}, for any non—negative integer m and 1 < q < oo,

n
q

S [3

V4
k—m-+
1520 mg i < CY hy [lkpore Vv € WP(wic) .
k=0

Here, wi stands for the set of elements in T, sharing at least one vertexr with K.

With Lemma 3.7 we obtain a discrete version of Lemma 3.2 that guarantees the existence of a
discrete extension operator with similar properties found in the continuous setting.

Lemma 3.8. For any 6 € (0,1) there exists an hs > 0 and an extension operator Esp, : HY/2(I'p) — HY
such that, for h < hsg,

IEsnypllose < Céllvnllijary, and [Esptplie < C6 plli/2ry, - (3.49)

where C' > 0 is independent of h. In particular,
IEsneppllose < Collgpllijar,, and [Esaepnllie < C6 *lepllyary, - (3.50)

Proof. Let Esp, := I,‘fZE(;, where FEj is the extension operator constructed in Lemma 3.2. Then the
second estimate in (3.49) follows from Lemmas 3.7 and 3.2:

1Esptlle < CllEs¢lhig < CO ¢l ry,-

Likewise Lemmas 3.7 and Holder’s inequality gives us

_n 1-z 1—-n
| Esntpllos,x < C(hk® | Estpllows + i CI1EsYDlwi) < CI1EsYD 03wk + hi © 1 Es¥Dl1wy) -
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Therefore by Lemma 3.2,

I1Esnpllose < C(6+h"55~") [unll o,

Hence for h sufficiently small we have || Es b llos.q < C6llvplli/2,ry,-

To prove (3.50) it suffices to show HI;?ZwDHl/QI‘D < Cll¥pllij2,rp, for all ¥p € H'/2(Tp). To this

end, for a fixed ¥p € HY/2(T'p), let v, b, € H'(Q) satisfy
[Uplhy2r, = nf {l¢llie : ¢ € H(Q), ¢, = ¥} = [¥uli0,
152 ¢n 1 jary = nf {[6lia : ¢ € HY(Q), ¢l = I§%¢p} = [[dulia-
By the stability properties stated in Lemma 3.7 we have
175400 < Clieslhe-
Since J*’FD = I;fzw*]pD, it follows from the definition of 1;* that
[:lhe < CIIEZ ¢l

Thus,

2% ¢plijer, = I¥slie < ClILZddie < Cllvslie = Cllplhyory, -

A weak continuity property of the discrete kernel

Recall that in the continuous setting, an element in the kernel (G, ) € Z satisfies u € H}(Q2). A
piecewise discrete analogue of this property is now shown in the following lemma.

Lemma 3.9. There exists a positive constant C, independent of h, such that

S IVl + 3 h Nl e < ClIGARg Y (Choun) € Za. (351)
KeT, ec&y

where & denotes the set of edges/faces of T, . Here, [-] is the jump operator given by

[v]le = vﬂe —v~
+

e? 6:6K+ﬂ8K_,
€ = 8K+ N OQ,

[[’U]He =V |

+

where v*= = v|g., and K4 has a global labeling number smaller than K_.

Proof. Recall that any function T}, in the global Raviart-Thomas space is uniquely determined on each
K € T, by the conditions

/ Tp: S VS € Pr_1(K) and /Thn-v Vv € Prle), e CIOK .
K

e

Moreover, a simple scaling argument shows that

IThll5 e < CUIMe-rx (TWllox + D hellThrvells.) VK eTy,
eCOK
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where II;_1  is the L2—projection onto Py_1(K). Now, recall from (3.44) that (Gp,us) € Zy, if and
only if
(Gh,Th) + (uh,divTh) =0 VTI,e€ Hﬁ,

or after integrating by parts,

(Gh,Th) — Z (V’u,h,Th)(),K + Z Twn - [[uh]] = 0. (3.52)
KeTy, ecgr V¢

Letting T}, satisfy
T I/e|e = hgl [[uh]]|e € Pk(e) Ve € 5;2 and Hk—l,K(Th) =0 VK € 77:,

we find from (3.52) and Cauchy-Schwarz inequality that
-1 2 -1 g \1/2
> N unllge = (GhTh) < [Gallog [ Thlloq < CllGhllo,ﬂ( > kg ||[[uh]”|0,e> :
ec&y ec&y

Thus,
> bt Iunlllfe < C GG (3.53)

ec&y

Likewise, taking now T} such that
Th Ve‘e =0 Vec 5; and kal,K(Th) = Hk,LK(Vuh]K) VK € 7;:,

yields

9 9 1/2
> IVurlg x = (G Th) < IGhlloe IThlloq < CllGhllo,ﬂ( > HV’uhHo,K) ,
KeTy KeT,;

and therefore

Y IVullix < ClGhlFq- (3.54)
KeTy
The estimate (3.51) follows by combining (3.53) and (3.54). O

With the help of Lemma 3.9, we now provide a suitable upper bound for the nonlinear convective
expression (3.48) in terms of the L®—norm of ¢y .

Lemma 3.10. Set ¢, = @op + ©1,h, where ¢g ) € HZFD and 1 15 a discrete extension of ¢p -
Then for any (G, up) € Zy, there exists a positive constant C, independent of h, such that

| (un - Vorn,eon) — (wn-Veor ein) | < ClGulloellvonlie lleinlose- (3.55)
Proof. Integrating by parts we find

(wn - Vo von) = — > (diviponun), Vorn)k + > ([un - vIvon o1h)e
KeTy, e€&y

= —(un - Voo ern) — > (div(un)eon o1k + Y (Tun - vleon, ©1.n)e
KeT,;, e€sy
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and therefore,

(un - Vornpon) — (un - Voo 1,n)
= =2(up Voor o) — > (div(wn) gon e1n)x + Y ([tn - v]gon, ©1.0)e
KeTy ec&y
= J1 + Jo +Js3.

Next, we proceed to estimate each term J; by applying Holder’s inequality, Sobolev embeddings, and
the Lemmas 3.6-3.9. Thus,

| J1| < 2[lunllosallVeorlloolleinllose < ClGulloallvorlie lleirlosa,

and likewise

5 \1/2
Bl < C (Y IVula) Ivonlbsa leinllose < CliGaloglivonliallounlosa-
KeTy

Finally, we further use an inverse inequality to get

B 1/2 1/6 1/3
sl < (0 h M enllBe) ™ (D Rellvonloe) " (X hellonnlise)
e€sy eely e€sy
< ClGrlloelleonlia lleinllose -
Combining these upper bounds yields the estimate (3.55). O

3.4.3 A priori estimates

We now derive a priori estimates of solutions of (3.47).

Theorem 3.4. There exists an hs > 0 such that for h < hgs, any solution (Gp,up,pp) to (3.47)

satisfies

[(Gh,un)|l < Ci(¢p,g) and |enllie < C3(ep,9),
where C}(¢p,g) = CCi(¢p,g) > 0, C5(¢p,g) = CCs(¢p,g), C > 0 is independent of h, and
Ci(¢p,g) and Ca(pp,g) are given in Theorem 3.1.

Proof. Let o1, = Espep,n € Hf be the discrete extension of ¢p ;, satisfying (3.49), and let ¢gp =
on—p1,n € HY r,- Then problem (3.47) takes the equivalent form: Find (G, up, ¢o ) € Hy, such that

a((Gh,un,on), (Hn,vn, ¥n)) + S (Gh,un, wo,n)s (Ghy wny 9o.n), (Hp, vn, ¥n) = (¢o,h 9, 0n)

1
+ (@10 g,v0) + £ (Vorn, Viop) — 5[(Uh'V901,h,¢h) — (up - Vbn,o1.0)] Y (Hp,vp,9n) € Hy, .

Similarly to the continuous case, to derive a priori estimates, we take (Hp,vp, ¥p) = (Gp, wn, ©o.n)
decouple the equations and use the skew-symmetric property of the trilinear form to obtain

(A(Gr),Gr) = (wong,un) + (P1,h g, un)
(3.56)

1
kIVeonrllsa = —k(Vern Voonr) — 3 [(wn - Vornpon) — (un - Voon e1n)] -
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In light of the discrete Korn inequality stated in Lemma 3.6, we can apply the same arguments in
the proof of Theorem 3.1 to obtain

V[(Ghyun)|l < Cligloa(lleonllie + lenlie) - (3.57)

For the second equation in (3.56), we employ the estimate (3.55) for the nonlinear convective term
provided by the Lemma 3.10 to get

£IVeorlta < wlleinllie leonllne + ClGhllog llvonlie lleinllose -

Applying Poincaré inequality on the left—hand side and Lemma 3.8 on the right—hand side and simpli-
fying, we obtain
leonllie < C(llernllie + 57 dllepllijars [(Ghyun)ll) - (3.58)

Note that the estimates (3.57)—(3.58) are the same as (3.18)—(3.20) in Theorem 3.1 (up to an h—
independent multiplicative factor). Therefore by applying the same arguments in the proof of Theorem
3.1 we obtain the desired estimates. O

3.4.4 Well-posedness

Analogous to the continuous analysis, we observe that a solution (G, up, po) € Hj, to the problem
(3.47) equivalently satisfies the discrete fixed point equation

(Ghsun, pon) = Ap((Gh,wh, 0o.0))

where ¢, = @on + @14, ©1,n = Espep,n is the discrete extension of p satisfying the conditions in
Theorem 3.4, and Ay ((Gh,un,vor)) = (Gh,Un, @o,pn) is uniquely defined by the variational problem

a((Gn, un, Pon), (Hpyvn,¥n)) = (}—ﬁ(gh,uh,%,h) + féf((;h,uhm,h) + F3) (Hp, v, tn)

for all (Hp,vp,¥n) € Hy. Here, }"ﬁ(G’u#O), }"g’(G’u#O) and ]-"é’ are the linear functionals defined by

]:f(gh7uh,¢07h)((ﬂh, vn,Yn)) = (G un, vo.1n)s (Ghy Wns Po.n)s (Hiy Vhy Y1)
1 1
T3 G an o) (Hhs Vs ton)) - = —5(@h - Vornvn) + 5 (un - Vi o1p) + (Pong:vn),
F3((Hp,vn,ton)) = (p1hg,00) — & (Veorn, V),

for all (Hp,vp,vp) € Hy. From the Holder Cauchy-Schwarz inequalities and Lemma 3.6 there holds

2 oy i o) < i) [ Growns o) | (Hosone )]
"FQ(Gmuh,g@o,h)(Hh’vh’wh)’ < CZ(QOD7Q) H(Ghauhv‘PO,h)H H(Hhvvhvwh)u )

\Fo(Hp,ontn)] < Ci(ep, g) |(Hp,vn, vn)ll,

where C5(up,) = Cllunllos,0, Ci(¢p,g) = CCa(ep,g), and C(¢p,g) = Cs5(¢p,g). Since the bilinear
form a(-,-) is uniformly continuous and coercive in Hy,, Aj, is well-defined thanks to the Lax-Milgram
Theorem. Since Aj, is a compact operator, we trivially have the following existence result. Its proof is
identical to the proof of Theorem 3.2.

Theorem 3.5. There exists a solution (Gp,up, pp) satisfying (3.47) provided h < hs.
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Next, to establish a uniqueness result we study the continuity of A, by proceeding as in the con-
tinuous case. Take Uy, := (Gh,un, pon), ¥}, = (G}, u},¢p,,) € Hp, and denote

~

A((Ghyunspon)) = (Ghyn, @on) = Uy and  An(Gh, uhy,000)) = (G, @y $op) = .
It follows, similarly to (3.32), by employing the definition of Ay, and the coercivity of a(-,-) that

14 (2n) — A(TL)? = [Ty — WP
1

< o L (Fly = Fl )@ =) + Fly, g (B -0}
a

Applying the same arguments to derive (3.33) and (3.34) we then obtain

AR (W) — A2 = [|P), — T} |
1

< Z{ 0(IGnlon + llurllosa + uilloaa + b loan) + Cilen. @) e — 4 1 F = .
a

Therefore

14 (%) = AW < Cipp | (Zn = T3)I,

with Cip = Cip(Ghyns ), ¢, ¢0,9) = d{ C(IGhllog + lunlloss + luhloas + liehuloss) +
C’jf(goD,g)}. Now if (G, up, ), (G}, u),, ¢},) € Hj, are two solutions to (3.47) then
(Gh — Ghoun — up, pon — o)l < Clip(Gh — Gl un — wh, o0 — €0.1)

and by Theorem 3.4

* C * * *
Crip < @{qﬁpmg) + C5(¢p, g) + C4(<PD79)} . (3.59)

Thus, we arrive at the following uniqueness result.

Theorem 3.6. If the data is sufficiently small so that the constant Cip satisfies Cip < 1, then
solutions to (3.47) are unique.

Finally, such as in the continuous case, the existence of the discrete tensor S follows from the
inf-sup condition given in Lemma 3.6. Furthermore, we have that

IShllaiv < C(llall + e | 1(Gry w00l + llglloe ) 1(Gnrwn, on)] - (3.60)

3.4.5 A priori error analysis

In this section we proceed to derive error estimates for our numerical scheme. To this end, we recall
from Theorems 3.1 and 3.4 that the following a priori estimates hold

(G u)] < Cilep,g)  and  lgllio < Colep,9),
(Gh,un)ll < Ci(ep,g)  and  lgnlle < Ci(ep,9),

IN
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Moreover, from the Theorems 3.3 and 3.6, we have that if the data is sufficiently small so that if
Crip < 1 and Cfp <1 (cf. (3.38) and (3.59)), then the solutions are unique. Therefore by setting

R := max {Ci(¢p,9),Cal¢p,g) }, and  R*:= max{C{(¢p,g9),C5(¢p,9)},  (3.61)

it follows that
(Gl <R, and  [|(Ghyun,on)]| < B (3.62)

We state the convergence of our Galerkin scheme through the next result.

Theorem 3.7. Assume that the hypotheses of the Theorems 3.3 and 3.6 hold, and the data is sufficiently

small so that 1

(lgloa + B e1l) < 3. (3.63)

1

Ci

where C is the coercivity constant of the bilinear form a(-,-) on Hy x Hy, and R* is defined as in

(3.61). Suppose further that the solution satisfies ((G,u, ), S) € (H*(Q) x H*(Q) x H*T1(Q)) x H*(Q)
with div S € H*(Q) for some s € (0,k + 1]. Then, the errors satisfy

||((G’u’90)’s) — ((Gh,’uh,@h),sh)” < Chs, (3.64)

where the constant C > 0 depends on the data and high-order norms of the solution, but is independent
of h.

Proof. We extend in detail the proof of the a priori error estimate result for the dual-mixed formulation
of the Navier-Stokes equations given in |52, Theorem 3.4|, where a Strang-type estimate is used. In
this way, by subtracting (3.42) from (3.11) we obtain the following nonlinear error equation:

a((G — Gpyu — up, ¢ — n), (Hp, vn, ¥n)) — B(S — Shy (Hp, vh,¥n)) = (¢ — n) g, vn)

(3.65)
(G, un, 1), (Gh, un, 1), (Hp, vp,01)) — ¢((G,u, 9), (G, w, @), (Hp, vp, Y1) -
Let (Gp,up, ¢p) € Z x H} be arbitrary, where ¢p|r, = ¢p , and write
(E,e,e) I:(G—Gh,U—Uh,SO_QOh) = (G_Gpau_upa@_sop)+(Gp_Ghaup_uhaSOp_Soh)
=: (Ep,ep,ep) + (En,en,ep).
(3.66)

Note that e, = ¢, — ) € HZ Iy and so (Ep,ep,ep) € H. Hence, using the coercivity of a(-,-) in H
and the equation (3.65) with (Hp,vp,¥n) = (En,en,en), we find that

Ci |(En,en,en)|* < a((En,en,en), (En,en,en))
= a((Ep,ep,ep), (En,en,en)) + a((E,e,e), (Ep,en,ep))

(3.67)
= a((Ep,ep, ¢p), (En,en en)) + b(S — Sh, (En,en)) + ((¢ — ¢n) g, en)
+ (G, un, 01), (Ghy n, 1), (En, en,en)) — (G u, @), (G, u, ), (En, en,ep)) -
Now, we proceed to bound each term of the right-hand side in (3.67).
First, since (Ep,ep) € Zy, we have for any Tj, € Hﬁ that
b(S — Sh, (Ep,en)) = b(S =Ty, (Ep,en)) + b(T) — Sy, (Ex,ep)) (3.68)

< bIS = Thllaiv.e [ (En, en)ll -
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For the trilinear forms, observe that by adding and subtracting (G, up, ¢p) in the second component
of ¢(,+,-) and that this form is consistent with ¢¥¥¥(-,-,-) on Z; thus,

M ((Gh,un, o), (Ghyun, @n), (En,ensen)) — (G, u, ), (G,u, @), (Ep, en, en))
= SkW((G u, ()O) (G - Gh7 U — Up, Y — @h), (Eh7 €h, eh)) (369)

Skw((G Ghau Up, P — SOh) (Gh’uhasoh)a(Ehaeh’eh))-

Therefore by adding and subtracting (G, up, ¢p) in the second component of the first term at the right
of the latter expression, and employing the skew-symmetric property of the trilinear form we deduce
that

c((Ghy uns on)s (G un, on), (Enyensen)) — (G, 9), (G, u,¢), (Ep, epen))
= (G, u, ), (Ep, ey, ), (Ep, en,ep)) + = ((Ep, ep, ), (Gh, un, 1), (En,en,ep))  (3.70)
+ ¢ ((Ep, en, en), (Gh, un, 1), (En, en,en)) -
Thus, applying (3.68)—(3.70) to (3.67), bounding the resulting terms and simplifying yields
Call(Ensen,en)ll < llall [(Ep, ep, ep)ll + IbI[[S = Thllaiv.e + llgllocllepla + llerllio)

e (G w2+ G o)) I(Eps e el + 1 G, n)ll | (B ensen)l)

Hence, by manipulating terms, and using the bounds (3.62) we get
|Bnrenen)ll < O (lall + llgllon + (B + B 1 [) [(Ep. 5. ep)ll + O o]l 1S~ Tillaiw,e

+C (liglos + B 1e211) [(Ensens en)l-

In this way, if the data is sufficiently small so that the hypothesis (3.63) holds, then the last term on
the right can be absorbed into the left:

2 * SKW
IEnsensen)ll < Z{ (Iall + lgloa + (B + B []) I(Epsepep)| + IBI1IS = Thllaiva } -

It then follows from (3.66) that
1B e.e)ll < C(I(Epepen)ll + IS = Thllaw.o)

C{ inf G-G , U — Up, + 1nf S =1, iv, }
. S Ii¢ p = o)l | hlaiv.e

c{ it IG = Halloa + inf, 1w~ vnloas + nf ||so—wh||m+ inf S = Thllawo }
HpeH nEHY YpeHY TpeHy
(3.71)

IN

IN

where the last statement follows from the inf-sup condition.

Finally, we estimate the error for the stress tensor. To this end we have by the discrete inf-sup
condition (3.45), for arbitrary T}, € HY,

b(T), — Sy, (Hp,v))

B Th — Shllaiv.e < sup
(Hp,vp,) EHS x HY | (Hp,vn)l|
b(T; - 8.t b(S — S, (H.
< sup (T — 5, (Hn, vn) sup (S — S, (Hp,vp))
(ocrgxay ol (oomecicxay o) (3.72)
(Hp,vn)7#0 . S(H,gvh)?
< |bIlIS ~ Tallao +  sup (5 — Sh, (Hn, vn))

(Hp,,vp)€HS x HY |(Hp,v4)|
(Hhavh)?éo
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Using the error equation (3.65) and the identity (3.69) we have
b(S — Sp, (Hp,vp)) = a((G — Gp,u — un, ¢ — ¢p), (Hp, v, ¥n)) — (0 — ¢1) g,v8)
- cSkw((wa Up, @h), (Gh7 Up, (ph)7 (Hh7 Vh, wh)) + C((G7 u, (P)’ (G7 u, (p)7 (Hh7 Vh, wh))

< lall (G = Gh,w = wn, o — o) || |(Hp, vn, ¥n)l| + [l = enllne lglloe valloo
+(R+R*) (G = Gpyw —wn, 0 — on) | ]| || (Hp, vn)]| -

(3.73)

Applying (3.73) to bound the last term in (3.72) and then using the triangle inequality yields

15 = Sullaiv.o < C (18~ Tullaive + [(B.e,e)l) < C{ inf _[[S=Tilaie + [(E.e,e)l} . (3.74)

TheH;

Hence, by combining (3.71) with (3.74), assuming that there exists s > 0 such that G € H*(Q),
u € H%(Q), S € H¥(Q) with div(S) € H*(Q) and ¢ € H*"1(Q), it follows from the approximation
properties of the finite element subspaces (see [40], for instance) that there exists C' > 0, independent
of h such that

1((G,w,9),S) — (Gh, wn, ), Sl

o) . (3.75)
< CrmmtH L Gloq + flullse + lellsria + IS0 + Idiv(S)llse },

which immediately gives (3.64) for some s € (0, k + 1].

3.5 An alternative formulation

In this section we introduce and analyze an alternative formulation for the problem (3.4) which
differs from (3.8) on the treatment of the mixed boundary conditions for the temperature. More
precisely, along with the set of equations (3.6) and (3.7) associated to the fluid, we consider a primal-
mixed formulation for the heat equation 24, 25].

3.5.1 The continuous problem and its well-posedness

Multiplying the fourth equation of (3.4) by a function ) € H'(£2), and after integrating by parts and
employing the Neumann boundary condition, we introduce the normal derivative of the temperature
\:= —kVy -n € H/2(I'p) as a new unknown on I'p, namely,

K (Vo, Vi) + (A )r, + (u-Ve,¢) =0 Vo € H(Q),

where (-, )rp = (-,7%(")|Irp)rp stands for the dual product between H='/2(I'p) and HY/2(I'p), and
Yolry, : HY(Q) — HY2(I'p) is the trace operator 4o in H'(Q) restricted to I'p. The Dirichlet condition
is then weakly imposed as

<§a$0>FD = <5590D>FD V{ € H_1/2(FD) . (376)
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Hence, the underlying formulation is: Find ((G,u), S, (p,A)) € (L4 () x L4Y(Q)) x Hp(div; Q) x
(HY(Q) x H™'/3(T'p)) such that

(AG), H) — %(u@u,H) ~(SH) = 0

%(Gu,v) — (divS,v) — (pg,v) = 0

(G, T) + (u,divT) = 0 (3.77)
£(Ve, Vi) + A, + (- Ve, ) = 0
& eirp = (€ vp)rp -

for all ((H,v),T, (1,€)) € (L2,(Q) x L)) x Hy(div;Q) x (H'(Q) x H Y2(I'p)).
Define the bilinear form b : (Ho(div;Q) x H-Y/2(T'p)) x (L2.(Q) x L*(Q) x HY(Q)) — R,

B((Tvg)v(vavw)) = (HvT) + (’U,diVT) - <§7¢>FD7 (378)

whose kernel is H = Z x H%D (©), where Z is given by (3.12). With the same forms a(-,-) and
c(+,-,-) from Definition 3.3.1, we see that problem (3.77) is equivalent to: Find ((G,u,p),(S,N)) €
(L2,(Q) x L4(Q) x HY(Q)) x (Ho(div; ) x H /%(T'p)) such that:

a(Gu,9), (H,v,9)) + ¢((Gyu,9), (G, u,0),(H,v,4)) = b((S, ), (H,v,9)) = (pg,v)

b((T,€), (G, u,9)) = (& ¢p)rp
(3.79)
for all ((H,v,v),(T,£)) € (L2,(Q) x LYQ) x H'(Q)) x (Hy(div; Q) x H-Y2(I'p)).

Observe that the properties relative to the forms a(-,-) and c(-,-,-) stated in Lemma 3.1 hold.
Regarding the bilinear form b(-, -), note that it involves additionally the term (£,)r, associated to
the Lagrange multiplier. Denote by R_y /o1y, : H-Y2(I'p) — H'Y2(I'p) the usual Riesz operator and
by Ril/ZFD its adjoint (which are bijective). Since

<§a¢>FD = (fv’YO(w)‘FD>FD = (¢, (Ril/zFD o VO‘FD)(¢)>—1/2,FD7

*

and since the operator R*, , . o Yolr, @ HY(Q) — H-Y2(I'p) is surjective, Lemma 3.1 implies

that B(, -) satisfies the inf-sup condition. Thus, there exists a positive constant 5 such that

s b((T.€), (H,v,9))

(Hopel2, @xti@xm @  H P
(H,v,9)#0

> BT, Y(T,€) € Ho(div;Q) x H™Y2(I'p) .

(3.80)

Note that the variational problem (3.79) restricted to the kernel H reduces to problem (3.15). Hence
the corresponding solvability analysis follows from Section 3.3.2. In particular, from the Theorem 3.1
we have the same a priori estimates stated there for G, u and ¢, and from Theorems 3.2 and 3.3,
existence of continuous solution is guaranteed with no constraint on data and the uniqueness follows
for small data assumption. In turn, the existence of the stress tensor S and the Lagrange multiplier A
is a consequence of the inf-sup condition (3.80), and

iS00 < c(llall + el (G, w, @Il + lgloe ) (G, w9
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3.5.2 The discrete scheme

To discretize the primal-mixed formulation, we adopt the notations introduced in Section 3.4.1,

and in addition, consider an independent triangulation {fl, Ty, ,fm} of I'p (consisting of straight
segments in R? or triangles in R3) and define h := {max }|Fj|. Then, with the same integer £k > 0
Jje{l,...m

employed in the definitions (3.39)—(3.40), we introduce the finite element subspace

H = {,5% €LXp): & € PL(T,) Vi€ {1,2 ,m}}. (3.81)

The discrete problem based on (3.79) is then: Find ((Gh,wn,¢n), (S, A;)) € (HY x HY x Hf) x
(Hy x H%) such that:
a((Gh, un, @), (Hp,vn,vn)) + ¢((Gh,wn, 1), (Gh, wn, 1), (Hp, vn, ¥n))
~b((S, A7), (Hy,vn,¥n)) = (pngovn) Y (Hp,op,p) € HY x HY x HY

B((Thvfﬁ)v (Ghauhvgph)) = <§E7¢D>FD V(Tfhgﬁ) = HE X H%v
(3.82)
where a(-,-) and c*¥¥(-,-) are the forms defined by (3.9) and (3.43), and b(-,-) is defined by (3.78).

The first step to show that problem (3.82) is well-posed is to verify that the finite element spaces
are compatible. This issue is addressed in the next result. The proof essentially follows from [40,
Lemma 4.7] and the inf-sup property (3.45) in Lemma 3.6.

Lemma 3.11. There exist Cy > 0 and B* > 0, independent of h and TL, such that for all h < Cy TL,

there holds
(& Ynirp

sup S S B o, Ve € B -
YpeHY 1m0 rll=1/2,'p 7 :
Yp7#0
Consequently,
g Ta 7 ) H, , _
sup ((Th, &): (Hp, vi, Y1) > B (Th: &)l Y (Hp, &) € Hy x H2 . (3.84)

(Hp v ,n) EHE x HYE x HY |(Hp, vn,n)||
(Hh7vh7¢h)§éo

with E* = min{ﬁ*,ﬁ*},
We introduce the discrete kernel Zj given by
T = {zph €HS: (&, =0 V& € H%}

Such as in [40, Section 4.3|, observe that & = 1 belongs to H% and then

7, C{veH®): (L, =0} = {yecr(@): i v =0}

Therefore, from the Poincaré inequality, we have that || - ||1,o and | - |1 o are equivalent in Zj,. In this
way, setting Hy, = Z;, x Zy, it is easy to see that this property along with Lemma 3.6 implies that the
bilinear form a(-,-) is coercive, that is,

a((Ghyun, o), (Gryun,on)) > Coi(Gryun, on)|? ¥ (Ghyun, 1) € Hy. (3.85)
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Remark 3.5.1. The formulation (3.42) involves an approximation of the boundary temperature whereas
problem (3.82) incorporates it via the discrete form of the corresponding weak imposition (3.76). Be-
cause of this difference, the analogous extension ¢1p, to be used in the discrete analysis must be defined
differently (cf. Sections 3.4.3-3.4.4). To this end, denote by Hzﬁ the orthogonal projection from Hf
onto the kernel complement Zﬁ, and observe that the inf-sup condition (3.83) is equivalent to (see [40,
Lemma 2.1])

sup ———

£E€H% HfﬁH—l/Q,FD
§; 70

> B Tz nllie Vin € HY and Vh < Coh.

In particular, since <fﬁaﬂzﬁ80h>1“p = (&, ep)rp < G =120 Dl /20 V&5 € H%, there holds

Tz enlle < (1/89)lepllyzr, Vh < Coh

As a result, applying Lemma 3.8 to Hzﬁ onlr, € H1/2(FD), and a trace inequality, we conclude that for
any § € (0,1) there exists an hs > 0 such that

1Esn Tz onlrp)llose < Colepllijar, and | Bsp(zienlry)lie < CO leplhyzr, . (3.86)

for all h < {hs, C’OE}. The discrete extension is then defined as ¢1,, = Esp, (Hzﬁ wh‘FD)'

We are in position to state the main result of this section.

Theorem 3.8. Let the discrete spaces HS H}, Hﬁ, and Hf be defined as in Section 3.4.1, and H%
be defined by (3.81). Then, there exist an hs > 0 and at least one solution ((Gn,un, ¢n), (Sh, A;)) to
(3.82) for all h < {hs,Coh}, satisfying

1(Ghyun)|| < Ci(¢p,9)s  llenllia < Ci(ep,g), and

(3.87)
1Sk AN < € (llall + 1631 wns o)l + llgloo ) (G, )]l

where Ct(¢p,g) = CCi(¢p,g) > 0, Ci(¢p,g) = CCs(¢p,g), C > 0 is independent of h and h, and
Ci(pp,g) and Co(ep,g) are given in Theorem 3.1. Moreover, provided the data is small enough (cf.
(3.89)~(3.90) below) and ((G,u, ), (S,)\) € (H*(Q) x H¥(Q) x HTL(Q)) x (H*(Q) x H~/23(I'p))
with div S € H*(Q) for some s € (0,k + 1], the errors satisfy

H((G,’u,(p),(s, )‘)) - ((Ghauhv@h)v(shv)‘ﬁ))“ < Ch® + Cﬁs (3'88)

where C' > 0 depends on the data and high-order norms of the solution, but is independent of h and h.

Proof. Observe that, thanks to the inf-sup condition (3.84), the coercivity result (3.85) and Remark
3.5.1, the same arguments used in Sections 3.4.2-3.4.5 hold by replacing Hf rp: Hp and b(-,-) by Zp,

ﬂh, and B(, -), respectively, and defining ¢y, = Es, (Hzi @h]pD) which satisfies the estimates (3.86).

Next, the same fixed-point approach in Section 3.4.4 shows the existence of solutions. The arguments
in this section (cf. (3.59) and Theorem 3.6) also show the uniqueness of solutions provided the data is

sufficiently small so that the resulting Lipschitz continuity constant, denoted by Cfp, satisfies

Yk C Yk Yk Yk
Crip < E{Cl(@Dag) + C3(¢p,g) + C4(SOD,Q)} < 1. (3.89)

a
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Likewise, the a priori estimate (3.87) for the tensor and the Lagrange multiplier as well as the corre-
sponding existence result are a consequence of the inf-sup condition (3.84) (cf. (3.60)). Finally, the
error estimate (3.88) is obtained by slightly modifying the proof of Theorem (3.7), with E(, -) in place
of b(+,-), and noting that the small data constraint (3.63) takes the form

(3.90)

1( ~ 1 sk 1
—(llgllo,a + R Cs"’>§—
o gl =] 5

with B* = max{C} (¢p,g). C5(¢p,9)}. =

3.6 Numerical results

In this section we present two examples to support the theoretical results and to illustrate the
performance of our dual-mixed finite element schemes. The computations are performed on a set of
meshes 7, created as a barycenter refinement of uniform triangular meshes 73, (cf. Figure 3.2) which
satisfy the macro—element structure required for the inf-sup/LBB compatibility condition at discrete
level (see Section 3.4.1). We consider n = 2 and order of approximation & = 1, and thus the finite
element spaces for the fluid unknowns in both formulations are given explicitly as

Hy = L () N PP(Ty), W= P{TY),  Hi = Ho(div;2) n RTy(Ty).
For the heat equation unknowns, we consider the subspaces
HY = Pyo(T7), and  H2 = P{*(T'NTp),

where H% is only employed for the formulation involving the Lagrange multiplier. Similar to [24], we

take h as two times h, which comes from the restriction on the mesh sizes h < Ch when considering
the constant C' = 1/2. The numeric results confirm that this choice is suitable.

N

)

}\vﬂ{

}\vﬂ{

Tﬂ{

)

ﬂ{

7
D\
|
A\
}\ﬂ
VAN
|
A\
|
D\
|
A\

N

Figure 3.2: Uniform mesh and its barycenter refinement with meshsize h = 1/3 of the square [—1,1]2.

The individual errors are denoted by:
e(G) = G =Ghuloga, e(u):= lu—unlon, e(S):=[S—Shllaiv.e,

e(p) = v =wnlla, o) = [A=Anllor, and  elp) = [p=prloa,
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where || - [|Z;y.0 = | - 5.0 + 1div - [§ o, p is the exact pressure of the fluid, and pj, is the recovered
discrete pressure suggested by the formulas given in the second equation of (3.3) and (3.5), namely,

1

1
on = —%tr{25h + enll + (’uh®Uh)}a with = ¢p = “ 20 /Qtr(Uh®Uh)-

Moreover, it is easy to see that there exists C' > 0, independents of h, such that

Ip=palloe < € LIS = Sulloe + u - walloo }

which says that the rate of convergence of the postprocessed discrete pressure is the same of S and w.
In turn, we let r(-) be the experimental rate of convergence given by

o) i B/ )
log (/)

where h and h' (resp. hand I for A) denote two consecutive mesh sizes with errors e and ¢’. Example
1. In our first example we illustrate the accuracy of our methods considering manufactured non-
homogeneous exact solutions. For the dual-mixed formulation we set 2 = (0,1)2, and

S . .
w(zy,xy) = sin(me) sin(mag)etite2 < msin(mxy) cos(mra) + sin(mzy ) sin(mwag) )

—2m sin(mway) cos(mry) — 221 sin(mzy ) sin(mzs)

p(x1,me) = :Cgﬂ:‘ll —0.1 and o(r1,22) = (1 — 1)2 sin2(7r(x2 -1)),

and for testing the alternative scheme we take 2 = (—1,1)? and

w(a1,x3) = 21 cos(my) sin? (w1 ) sin ()
bl —2m cos(ma1) sin (w1 sin? ()

p(z1,x2) = by sin(z) and o(z1,22) = esin(@1)+sin(z2)

In both cases, the Dirichlet data for the temperature ¢p, and the right-hand sides are constructed
with the corresponding manufactured exact solutions on the respective domains, and consider v = 1,
k=1, g=(1,0)%. In Table 3.1 we present the convergence history of the computed solutions for both
schemes, and observe that the convergence rates are quadratic with respect to h and E; these results
are in agreement with Theorems 3.7 and 3.8 with k = 1.

Example 2. The natural convection problem in a differentially heated cavity. In this
example we study the robustness of our dual-mixed method by solving a benchmark problem in natural
convection flows (see [31] and [36]). We consider 2 = (0,1)? and boundary conditions corresponding to
internal flow (no slip for the velocity) with the top and bottom insulated, and heating/cooling applied
to the left and right side. The external force field corresponding to the buoyancy term is given as
Rapg, where Ra is the Rayleigh number and the gravity g is assumed to act upward vertically, and
we take the physical parameters v =k = 1.

In figure 3.3, we display the approximations of the velocity (its magnitude and streamlines), the
temperature and pressure for several values of Ra € [1000,1000000], and in Figure 3.4 we present
the velocity vector field, streamlines and components for the highest values of Ra. It is observed that
the flow substantially changes as a result of the convective effects when Ra increases. In particular,
the fluid rises along the hot side and comes down along the cold wall, a secondary flow arises at a
Rayleigh number between 10* and 10°, and boundary layers appears near the vertical walls due to the
isothermal deformation.
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Figure 3.3: Example 2: Velocity streamlines (left), temperature (center) and pressure (right) profiles
of the natural convection problem with Ra = 100 x 10" (n-th row).



3.6. Numerical results 98

Dual-mixed scheme

0.5000 4.8642 - 0.3243 -~ 12.872 - 2438 - 0.0973 - - -
0.2500 1.9831 1.2944 0.1134 1.5166 4.9201 1.3875 0.8999 1.4380 0.0357 1.4449  — -
0.1250 0.7171 1.4675 0.0342 1.7294 1.6859 1.5452 0.3210 1.4870 0.0112 1.6762  — -
0.0625 0.2173 1.7224 0.0094 1.8585 0.4934 1.7726 0.0965 1.7337 0.0032 1.8263  — -
0.03125 0.0598 1.8625 0.0025 1.9232 0.1328 1.8938 0.0264 1.8685 0.0008 1.9109  — -

Scheme with Lagrange multiplier

0.5000 2.6116 - 0.6632 - 44.1841 - 2.143r - 03007 - 0.7252 -

0.2500 1.8680 0.4834 0.1325 2.3239 9.0464 2.2881 1.1550 0.8921 0.0577 2.3818 0.1093 2.7304
0.1250 0.5302 1.8168 0.0326 2.0238 2.3195 1.9635 0.3414 1.7583 0.0139 2.0504 0.0279 1.9708
0.0833 0.2406 1.9487 0.0144 2.0152 1.0367 1.9862 0.1575 1.9085 0.0061 2.0288 0.0127 1.9341
0.0625 0.1363 1.9752 0.0081 2.0084 0.5843 1.9929 0.0898 1.9509 0.0034 2.0066 0.0073 1.9823
0.0417 0.0609 1.9866 0.0036 2.0037 0.2601 1.9955 0.0404 1.9732 0.0015 2.0057 0.0033 1.9934

Table 3.1: EXAMPLE 1: mesh sizes, errors and rates of convergence for the dual-mixed approximations
of the Boussinesq equations.

-6.471e401 =25 0 i 25 6.475e+01

-6.471e401 - 0 6.475e401
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Figure 3.4: Example 2: Velocity vector field, streamlines and components for Ra = 10° and Ra = 108
(top and bottom, respectively).



CHAPTER 4

A posteriori error analysis of an augmented mixed—primal
formulation for the stationary Boussinesq model

4.1 Introduction

In this Chapter we develop an a posteriori error analysis and propose an adaptive algorithm for
improving the accuracy, the stability and the robustness of our augmented mixed—primal method
introduced in Chapter 1 when being applied to problems in which the overall approximation quality
can be deteriorated by the presence of boundary layers, singularities, or complex geometries.

Proceeding similarly to a previous work for a viscous flow—transport problem [7], we then begin
exploiting the fixed—point strategy in which our scheme is based [25| to obtain preliminary upper
bounds for the approximation error associated to the fluid and heat variables, separately, and show
that deriving an a posteriori error indicator is reduced then to estimating dual-norms of residual-type
expressions relative to the numerical approximation driven by our mixed—primal method. Some ideas
from previous a posteriori analyses of mixed formulations for Stokes, Brinkman, and Navier—Stokes
equations [48, 43, 46, 47|, relying on Helmholtz decompositions and classical approximation properties
of the usual Raviart—-Thomas and Clement interpolant, are then extended to our setting to derive,
define and state a reliable, residual-based a posteriori error estimator. The corresponding efficiency
property is also shown at global level with respect to the natural norm and it essentially follows from
previous results, and via usual localization techniques of bubble functions. In this latter, the nonlinear
convective terms are controlled by Sobolev embeddings. Although all the analysis is carried out in two
dimensions, we further point out how to extend it to the spatial case. Finally, we propose an adaptive
algorithm based on a reliable, fully—local and fully—-computable a posteriori error estimator induced by
the aforementioned one and illustrate its performance and effectiveness through a few examples.

4.1.1 Outline

This Chapter is organized as follows. At the end of this section we set some standard notations,
definitions and general assumptions. In Section 5.2, the mixed strong form of the Boussinesq problem
considered here is recalled, and the continuous and discrete schemes are briefly described. The a pos-
teriori error analysis of our method, which constitutes the main contribution of this work, is presented
in details in Section 4.3. Finally, we propose an adaptive algorithm and test its effectiveness with some
numerical examples in Section 4.4.
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By C we denote any positive constant independent of mesh parameters, but might depend of data
and/or stabilization parameters, and take different values in each occurrence. As for the data, we
consider that the viscosity p is a positive constant, K is a uniformly positive definite tensor in L°°(2),
and g € L*°(Q). Finally, we complete the system (1) with non-homogeneous boundary conditions
for the velocity and the temperature, so we denote by up € HY/2(T') and ¢p € HY/?(I') as the given
velocity and the temperature on I'. In particular, we suppose that up satisfies the usual compatibility

/FuD-V:(). (4.1)

4.2 The stationary Boussinesq model: Our approach

condition

This section briefly describes the augmented mixed formulation considered in this work for the
Boussinesq model. Firstly, in Section 4.2.1 we recall the strong form of the problem, and then the
corresponding continuous and discrete variational formulations are discussed in Sections 4.2.2 and
4.2.3.

4.2.1 The equivalent strong problem

We consider from Section 1.2 in Chapter 1, the strong form of the Boussinesq problem: Find
(o, u, ) such that

pVu — (u@u) =0, —div(e) —pg=0 and — div(KVy) +u-Vo=0 in Q,

(4.2)
u=up and ¢ = ¢p on I', and /tr(a—i—u@u):O,
Q
where o is the modified pseudostress tensor defined as
o :=pVu — (u®u) —pl in Q. (4.3)

Note that the original system (1) is recovered by eliminating o from the system (4.2), using that
div(u ® u) = (Vu)u when u is divergence—free in €2, and employing the definition of the deviatoric
operator, and the fact that the pressure is given in terms of w and o in accordance to (4.3) by

1
p=—tr(lc+u®u) in Q, (4.4)
n

which along with the last statement in (4.2) imply that p has zero mean—value in 2.

4.2.2 The augmented mixed-primal formulation

The weak form considered here for problem (4.2) essentially relies on three main aspects; details on
its derivation are found in Section 1.3 from Chapter 1:

1. From (1.7)—(1.9), problem (4.2) is firstly rewritten in a equivalent setting for approximating
the Hy(div; Q)—component, still denoted by o, of the pseudostress tensor, and for which the
respective constant ¢ (see e eq. (1.8)) is explicitly defined by

1 /t(u@u)
c=——=— [ tr .
nlQf Jo
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2. The normal derivative of the temperature is introduced as an additional unknown on the bound-
ary through the Lagrange multiplier A := —KVy - v € H-/2(I"), yielding the weak imposition

of the Dirichlet condition for the temperature.

3. Redundant Galerkin terms weighted by parameters x;, i € {1,2,3}, and which are defined from
the constitutive and the equilibrium relations of the fluid equations and the Dirichlet boundary
condition for the velocity (see equations 1.17 in Chapter 1), are incorporated into the resulting

variational problem.

Consequently, the underlying augmented mixed-primal formulation for (4.2) then reads as: Find
(o, u, o, \) € Hy(div; Q) x H'(Q) x H'(Q) x H~Y2(I') such that

A( (O',U), (T,’U)) + Bu((a,u), (T”v)) = F@(Ta’v) + FD(T,’U),
a((pv ¢) +b('¢7)‘) = Fu,cp(w)v (45)
b(p,§) = G(&),

for all (7, v, v, &) € Hy(div;Q) x HY(Q) x H(Q) x H Y2(I), where A, B, (with a given
w € HY(Q)), a, and b are the bilinear forms

A((o,u),(T,v)) = /Qad: (79 — k1 Vo) + /(uu + kadiv(e)) - div(T)

¥ (4.6)
—,u/ﬂ'v-div(a) +u/<;1/QVu:V'v+mg/Fu-'v,
By((o,u), (t,v)) = —/Q(u®w)d: (k1 Vv — 79), (4.7)

for all (o, u), (T,v) € Ho(div; Q) x H(), and
) == [ KVe-T0 and be) = (&), (19

for all p,1 € H'(Q) and for all (¥,€) € H'(Q) x HV/2(T). In turn, F, (with a given ¢ € H(Q)) ,
Fp, Fy, (with a given (u,¢) € H'(Q) x H(Q)), and G are the bounded linear functionals

Fy(T,v) == /ngg- (pv — Kodiv(T)), Fp(T,v)) := K3 /FuD-'v + p{Tv,up)r, (4.9)

Fuy®) = — /Q (u-Vo)w, and G(€) = (& pp)r (4.10)

for all (7,v) € Hy(div; Q) x H(Q), for all ¢» € HY(Q), and for all ¢ € H~Y/2(T"), where &1, ro and
k3 are positive parameters to be chosen conveniently (see (4.11) below).

The analysis of problem (4.5) is carried out through Sections (1.3.2)—(1.3.4) in Chapter 1, and its
well-posedness is developed through a fixed-point strategy based on decoupling the fluid and heat
equations and then combining the classical Banach Theorem with the Lax-Milgram Theorem and the
Babtiska-Brezzi Theory. Theorem 1.1 particularly states that, under small data assumptions and a
suitable choice of stabilization parameters r; , for instance (see equations (1.43) in Chapter 1),

_ _ _
K1 =4, ko =1, and K3 = 5, (4.11)
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there exists an 79 > 0 such that for each r € (0,rg) there exists a unique solution (o, u, p, A) to (4.5)
with (u, ) € W(r) := {('w,¢) € HY(Q) x HY(Q) :  |(w,9)] < r}, and satisfying further the a
priori estimates

(o, u)ll < es{rlgllocn + lunllor + [uplizr, }
(4.12)

I, VIl < eg{rllullie + llepllyzr )
where cg and cg are positive constants.

4.2.3 The augmented mixed-primal finite element method

Given a regular family of triangularizations {7 }r~0 of 2, each one of them made of triangles/tetra-
hedras T' of diameter hy and meshsize h := max { hr: T €T, } , we let

HY := RT4(7:) N Ho(div;Q), HY = [Per(Th)]", and HY = Py (Th) (4.13)

be the tensorial Raviart-Thomas space of order k for approximating o, and the usual Lagrange finite
element spaces of order k 4+ 1 for the velocity components and the temperature, respectively. More
precisely, denoting from now on by Px(S) the space of polynomials of degree < k on any subset S of

R™, we set Pr1(Tn) = {v €eC(): vr € Pppt(T) VT € 771} In turn, as for the unknown on

the boundary, an independent triangulation {fl, fQ, e ,fm} of ' (made of triangles in R3 or straight

segments in R?) is also considered. Thus, with h := fnax ) |fj|, the space approximating the
JE{L,...m
Lagrange multiplier is defined as
H = {g,; € LX) : & ¢ €Pu(Ty) Vi€ {12, ,m}}. (4.14)

The discrete problem based on (4.5) then reads: Find ( oy, us, wn, Aj) satisfying
A((on,up), (Th,vh)) + Buy,((on,un), (Th,vn)) = Fu, (Th,vn) + Fp(Th,vp)
a(pn, ¥n) +bWn, A;) = Fuy g, (Vn) (4.15)

b(en,&§) = G(&),
for all (Th, va, Yn, &) € Hf x H x Hy x H%

The solvability analysis of problem (4.15) follows by adapting the same arguments from the contin-
uous case (see Section 1.4 from Chapter 1, for details). In particular, it is showed there the existence
of a positive constant Cp and a unique solution (@, up, ¢n, A; ) to (4.15) with (us, ¢p) in a discrete

ball Wy(r) C H} x HY, for all r € (0,79) and for all h < Cp h, which satisfies

l(on,un)| < es{rllgllec + lupllor + llunllijzry } w1
16

1(on, AN < S {7 lunllie + lepllijr )
where cg is the same constant appearing in (4.12) and ¢g > 0 is independent of h and h.

We also point out that the scheme (4.15) is convergent for any family of finite element spaces
whenever the corresponding ones for approximating the temperature and the Lagrange multiplier are
inf-sup compatible (cf. Theorem 5.5 and hypotheses (H.1)—(H.2) in Section 1.4.2 and Theorem 1.5).
Moreover, optimal—error a priori estimates are achieved when the specific subspaces defined through
(4.13)—(4.14) are used (cf. Theorem 1.6).
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4.3 A posteriori error estimation

This section provides the main contribution of this work, for which we first confine our analysis to
the case where Q C R2. In Section 4.3.1 we introduce some preliminary notations and define a global
a posteriori error estimator for the augmented primal-mixed scheme (4.15). Next, through Sections
4.3.1-4.3.2 we derive this estimator and prove its reliability, whereas in Section 4.3.3 we establish the
corresponding efficiency estimate. Finally, in Section 4.3.4 we discuss the main aspects yielding the
extension of our a posteriori analysis to the three-dimensional case.

4.3.1 The global a posteriori error estimator

We begin by introducing a few useful notations for describing local information on elements and
edges. Let &, be the set of edges e of Tj,, whose corresponding diameters are denoted h,., and define

En(Q) ={ecé& : eCQ}, and &) :={ec& : eCT}.
For each T € Ty, we similarly denote
Enr(Q) ={eCoT: ec&(Q)} and &) = {eCoT : ec&((I)}.
We also define unit normal and tangential vectors v and s, respectively, on each edge e € &, by
v = (v,1n)" and s := (—vp,11)".

Thus, the usual jump operator [-] across an internal edge e € () is defined for piecewise continuous
matrix, vector, or scalar-valued functions ¢ as

[<] = C|T+ = C‘T_ where e = 0T, NOT- .

In addition, if ¢ = (¢1,%2) and ¢ = ((ij)i<ij<2 are vector-valued and matrix-valued functions,
respectively, we set the differential operators
o on o O
0xo o0x1 O0xy O
curl(y) = and curl(¢) :=
T N
0o ory Oz 0z
We now introduce the global a posteriori error estimator
0° == Y 07 + lep —enlijor (4.17)
TeT,

where @7 is the local indicator defined for each T € T}, by

67 == |uVu, — of — (wp @ up)?|[§ 7 + divos + ¢ngll§ 7

+ B3 ||div(KVer) — un - Voulldr + bt lleurl{(on + up @ up) G ¢

+ Y ke {H[[(ah Fun@un)s]3, + |[KVn- u]]uae}

€& 1 () (4.18)
LY { lup — unlZe + he A, + KVipy - uuae}
ee£h,T(F)
dun |2
+ Z he|l(oh, + up ®uh)ds — Md—sD 00

ee£h,T(F)
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From the strong form of the model (cf. (4.2)) and the regularity of the continuous weak solution, the
residual character of each term defining @7 becomes clear. In particular, observe in advance that the
last term in the expression (4.18) requires the trace up to be more regular. This assumption will
be stated and clarified below in Lemmas 4.1 and 4.9. Note further that 6 is not fully local due to
the last term in (4.17). However, we show in Section 4.4 that 6 induces another fully computable
estimator more useful for practical purposes since it particularly enables us to define an associate
adaptive algorithm.

4.3.2 Reliability

We aim in this Section to show that 0 is a reliable a posteriori error estimator (cf. Theorem 4.1
below), for which we follow a similar procedure to the one employed in |7, Section 3.2]. More precisely,
in Section 4.3.2 below we derive preliminary estimates for the approximation errors ||(o,u) — (o, up)||
and [[(¢,A) — (4n, A7)[l, separately, and combine them with a small data assumption to provide a first
upper bound for the total error in terms of the dual norms of residual-type expressions that arise in
our analysis. These latter will be subsequently estimated in Section 4.3.2, and we will have shown then
the following result (see the end of this section).

Theorem 4.1. Let (o, u,p, \) and (n, Un, pn, Aj) be the unique solutions to (4.5) and (4.15), respec-
tively. Then, there exists a positive constant Cie, depending on physical and stabilization parameters,
but independent of h and h, such that

H(U,u,ap, )‘) B (Uhvuhv@hv)"fl)u < Ca 8, (4.19)

provided up € HY(T') and the data are small enough (cf. Lemma 4.3).

Preliminary error estimates
Lemma 4.1. There exists a positive constant C > 0, independent of h, such that

[(o,u) = (o un)| < C{H/NUh — (up @ up)® — oo + [ldiv(er) + engllos
(4.20)

+ flup —wsllor + gl lle —enllie + lunlliellu—unlie + HRfH}
where RE : Ho(div; Q) — R is the linear and bounded functional defined for each T € Hy(div; Q) by
RY (1) := F,,(1,0) + Fp(1,0) — A((op,up), (7,0)) — By, (o, up), (7,0)), (4.21)

and A, By, , F,, and Fp are the forms defined according to (4.6)-(4.7) and (4.9).

Proof. Since (u,0) € W(r), it follows from Lemma 1.3 in Chapter 1 that the bilinear form (A + By,)
is uniformly coercive on Ho(div;2) x H!(Q) with a positive constant a(£2)/2 that depends on physical
and stabilization parameters but is independent of w. As a consequence of it, the following global
inf-sup condition holds

(A + Bu)( (C’ w) ) (T’ v) ) > OZ(Q)

(. v)] 51wl

sup
(7,v)€Hp(div;Q)x HY(Q)

(7,v)#0
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for all (¢, w) € Hy(div; Q) x HY(Q). In particular, taking ({,w) = (o,u) — (o, up,) in the foregoing
inequality, using the first equation of (4.5), and adding and subtracting ¢, and uy, in the forms F,
and By, respectively, we find that

f f £
@H(g,u) — (op,up)| < sup O (t,v) + R (1) + S*(v) ’
(rv) €Ho (div;Q) x H! () (T, )]l
(7,v)#0
which yields
(o w) — (nun)l < © {17 + IRF] + (57}, (122

where Rf € Hy(div; Q) is already given by (4.21), whereas Qf € (Hy(div;Q) x Hl(Q))/ and ST €
H'(Q) are defined, respectively, as

Qf(Tav) = F<,0*<Ph(7-"v) - Bu,uh((ah,uh),(T,’v)),

and
St(v) = F,,(0,v) + Fp(0,v) — A((oh,up),(0,v)) — By, ((oh,un), (0,v)).

Next, according to the definitions of all the forms involved, and applying Cauchy-Schwarz’s inequality,
we readily obtain

1Q°] < (u+r2) lglloglle — enllie + 1+ k1) lunllig lu — w0 (4.23)
and
IS¥ < w1l Vun, — (up @ up)® = aflloq + wlldivien) + engllon + w3 llup —upllor. (4.24)

In this way, replacing (4.23) and (4.24) back into (4.22), we arrive at the required estimate (4.20). O

We remark here that the right-hand side of (4.20) depends on the expression ||u — /|10, which
is part of the total error that is being estimated. This evident vicious circle will be solved later on by
assuming sufficiently small data.

We now derive an analogous preliminary bound for the error associated to the heat variables.

Lemma 4.2. There exists a positive constant C' > 0, independent of h and TL, such that

12, A) = (on, APl < C{ Ilellnallu = unllio + llurllielle = enlio

(4.25)
+ llep = enllijzr + HRhH}
where R® : HY(Q) — R is the linear and bounded functional defined as
RYY) = Fuyp,(¥) — alen,¥) — b(e, ;) (4.26)

with a, b and Fy, o, given by (4.8) and (4.10).

Proof. We proceed similarly to the proof of Lemma 4.1. Indeed, we first observe that the well-posedness
of the heat uncoupled problem (second and third equations in (4.5)) and the corresponding continuous
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dependence result (cf. Lemma 1.4) imply the existence of a positive constant C' such that the following
global inf-sup condition holds

sup a(¢, ) + b, n) + b(¢,§)
(1,€)€HL (@) x H-1/2(T) | (0, &)
(¥,£)#0

> Cl(¢m ¥ (,m) € HY(2) x HTVA(I).

Then, applying the foregoing inequality to the error (¢,7) = (p,A) — (¢n, Aj;), using the second and
third equations of (4.5), and adding and subtracting u;, and ¢, within the definition of the functional
Fy.p, we deduce that

Q") + RM(¥) + S™(§)

Clile,A) = (en, M)l < sup

(1,6)€H! () xH~1/2(T) (0, )l ’
(1,6)#0
which gives
12,2 = (en )l < {1 + IR+ 118*] (4.2

where R® € H'(Q)’ has already been defined (cf. (4.26)), and Q* € H'(Q)" and S* € H-V2(I') are
given, respectively, by
Qh(q/)) = Fu*uh7¢(¢) + Fuhﬂf’*ﬁoh(w))
and
S™(€) = G(&) — b(pn,€) = (&,¢D — pu)r-
Then, applying Holder’s inequality, the continuity of the injection H!(Q) — L*(Q) and its vector
version, and the duality pairing between H~/2(I") and H'/?(T"), we obtain

Q% < C{ lelle lu —unllue + llunllie lle — enllie } (4.28)

and
IS*I < llep = ¢nllijzr - (4.29)
Finally, replacing (4.28) and (4.29) back into (4.27), we get (4.25) and end the proof. O

With the help of the previous Lemmas we derive now a preliminary upper bound for the total error.
Indeed, from (4.20) and (4.25), we easily find

(o, u, 0, A) = (on,un, on, Xp)[| < C{ | Vup = (up @ up)® = afllon
+|diven + engllog + llup —unlor + llep —enllijzr + ||RY| + [|RY]

+ (gl + 2lunllie + lelia ) I(o,we,A) = (nun on Al -

Then, using the a priori bounds for w; and ¢ in accordance to (4.12) and (4.16), respectively, we
deduce that the factor multiplying the total error at the right—hand side of the latter expression can
be bounded by data as

gl + 2llunllie + [lelle
(4.30)
< (r+1)(24res + cg){ glloo.2 + lwpllor + lupllij2,r + H‘PDH} :=C(g,up,¥p).

In light of this, we immediately state the following result.
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Lemma 4.3. Assume that the data is sufficiently small so that the constant C(g,up,¢p) given by
(4.30) is such that C(g,up,pp) < 1/2. Then, the total error satisfies

[(o,u,0,A) = (ah, un, ¢n: Xj) | < C{ luVup — (up @ up)® = afllon
+lldiven + engllog + up —unlor + lon —¢pllijer +||RE| + HRhH}

where C' depends on p and k;, i € {1,2,3}, but is independent of h and h (cf. Lemmas 4.1 and 4.2),
and RE and R® are the linear and bounded functionals defined by (4.21) and (4.26), respectively.

According to this result, and in order to complete the derivation of our a posteriori error estimator
0, we now need to obtain suitable upper bounds for the norms of the functionals Rf and R® (note
here that the choice of the superscripts £ and h has been motivated by the words fluid and heat).
Incidentally, from the discrete problem (4.15) we first observe that

Rf(Th) =0 V1 € HU, and Rh(wh) =0 V'Lﬂh S Hc'o7

which essentially says that these functionals are the corresponding residuals in the spaces Hy(div; ()
and H'(Q), respectively, relative to the numerical approximation driven by our augmented mixed—

primal scheme. As a result, we certainly can write

£~ R W R
HRfH = sup Rir=74) (r=7) , and HRhH = sup M, (4.31)
refydivio) I ldiv.e vem ¥le
T#0 »#0

where Tzf € Hf and wzf € HZ are going to be suitably chosen later on.

Estimation of |Rf| and ||R?||

This section is devoted to the estimation of || R¥|| and ||R®|| by using some techniques from previous
works |7, 48, 45, 43, 46, 47]. In particular, a stable Helmholtz decomposition of the space Hy(div;2),
the classical properties of the usual Raviart—Thomas interpolator, and the approximation properties
of the Clément interpolation operator will be employed for this purpose. We begin recalling some of
the required properties.

Lemma 4.4 (|12| Section II1.3.3, [40] Section 3.4.4, [69] Lemma 1.130). Given an integer k > 0, we
let IIF : HY(Q) — RTy(T) be the usual Raviart-Thomas interpolation operator. Then,

i) for each ¢ € H™(Q), with 1 <m < k+ 1, there holds
I¢ = W Ollor < CHF Klmr YT €T (4.32a)
ii) for each ¢ € HY(Q) such that div(¢) € H™(Q), with 0 < m < k + 1, there holds
ldiv(¢ — () lor < CHFIivEmr VT € Th. (4.32b)

i) for each ¢ € HY(Y) there holds
Igv — () vloe < Che* (¢l (4.32¢)

where T, is the element of T, having e as an edge.
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Lemma 4.5 (|22]). Let X; = {vh € C(Q): Uh‘T eP(T) VT €T, }, and let Iy, : HY(Q2) — X}, be
the usual Clément interpolation operator. Then, there holds

lv — Lwlor < Chrlvliagy YT E€Th, and |lv — Iwloe < ChY? vliae Ve€&n,

where A(T') and A(e) are the unions of all elements intersecting with T' and e, respectively.

The following result provides a stable Helmholtz decomposition of the space Hy(div; ). Its proof
can be found in [48, Lemma 3.7].

Lemma 4.6. For each T € Hy(div; ) there exists z € H2(Q)) and ¢ € HY(Q) such that
T =Vz +curl(¢p) in Q, and |zl20 + ¢l < C|7ldiva- (4.33)

As a consequence of Lemma 4.6, we can rewrite RY as follows.

Lemma 4.7. Given T € Ho(div;Q), let (z,¢) € H?(Q) x H () be the components of its associated
Helmholtz decomposition (cf. Lemma 4.6). Then there holds

Ri(r) = RE(Vz) + Ri(curl()), (4.34)
where
RE(Vz) = /Q(uVuh—a}il—(uhQJuh)d) V2
(4.35)
— /Q (div(@s) + png) - div(Vz) + p(Vzv,up — wr,
and
Ri(eurl(@)) = ~ [ (o + (wn @ w)* s eurl(@) + u(curl(@) v up)r. (436)

Proof. Replacing 7 = Vz + curl(¢) in the definition of R* (cf. (4.21)), using there that div curl = 0,
and then integrating by parts the first two terms on the right hand side below, we get

RE(T) = p((Vz)v,up)r — M/Q up, - div(Vz) — /Q(Uh + (up @ up)): Vz

—’iz/(div(ah) + ¢ng)-div(Vz) — / (o + (un ®up))® s curl(¢) + p{curl(¢p) v, up)r
Q Q

= / (nVu, —of — (up, @up)?) 1 Vz — ko / (div(ep) + ¢ng) - div(Vz)
Q Q

+ u(Vzv,up — up)r — /Q(O'h + (uh®uh))di%ﬂ(¢) + p(curl(¢)v,up)r,

which gives (4.34) with Rf(Vz) and RE(curl(¢)) defined by (4.35) and (4.36). O

As pointed out at the end of the previous section, (4.31) suggests that estimating ||R?|| requires to
use a suitable discrete element T;’f. In turn, the foregoing lemma further says that this estimation can
be performed by bounding the functionals Rf, i € {1,2}. These facts and the Helmholtz decomposition
provided by Lemma 4.6 clearly induce then to define, for each 7 € Hy(div; ),

TR = II¥(Vz) 4 curl(I¢) + cl, where ¢ € R is such that / tr(mp) = 0, (4.37)
Q
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Hi is the Raviart-Thomas interpolant operator (cf. Lemma 4.4), and ¢ is the componentwise
Clément interpolant of ¢ (cf. Lemma 4.5). Observe also from the definition of R* in (4.21), and the
compatibility condition (4.1) that R*(cI) = 0, so that according to the identity (4.34), it follows

Ri(r —7F) = Ri(Vz —1I}(Vz)) + Ri(curl(¢ — I,¢)), (4.38)

which shows that the estimation of |[Rf|| (cf. (4.31)) relies now on the well-known approximation
properties of the Raviart-Thomas and Clément interpolants, and this in turn justifies why we propose
to use the Helmholtz decomposition (4.33) and its so-called discrete version (4.37).

Thus, we focus next on estimating Rf given by (4.35)—(4.36), separately. Regarding the expression

RE we have the following result.

Lemma 4.8. There exists a positive constant C, independent of h, such that

|RI(Vz —II;(V2))| < C{ Y W llnVun — of = (un ©un)?5 s

b - (4.39)

1/2
+ > diven + engllir + D hellup _uhHg,e} 7 lldiv,e -
T€7-h eEEh(F)

Proof. From the Cauchy-Schwarz inequality and the approximation property (4.32a) with m = 1, we
have on one hand that

/ (uVu, — af — (up, ®up)?) : (Vz — HlfL(Vz))'
T
< Chr HuVuh = O'% = (uh®uh)dH0’T\Vz]17T.

and from (4.32b) with ¢ = Vz and m = 0, and recalling that divVz = div T we also find that
‘@/(divah + png)-div(Vz - H(V2))| < Cralldivon + ¢ gllor divrlor.
T

In turn, thanks to (4.32c) we readily obtain

1/2
| W(Vzr — 5 (Vz)v,up — up)r | < C{ Z he |lup — uhH%’e} Vzlia.
ecEn(T)

In this way, combining these upper bounds in the definition of Rf along with the Cauchy-Schwarz

(4.33)), yields (4.39) and finishes the proof. O

inequality, the regularity of the mesh 7, and the fact that ||Vz|i0 < [2]20 < C|7|aiv.o (cf.

Now we use similar arguments to those in [48, Lemma 3.9]|, [45, Lemma 6|, [46, Lemma 4.3| and
[47, Lemma 4.3] for estimating RE, which requires an additional regularity of the trace wp.
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Lemma 4.9. Assume that up € HY(T'). Then, there exists a positive constant C > 0, independent of
h, such that

[R5 (curl(¢p — I,¢))| < C{ Z Wi [leurl (o), + wp @ up)?) |I5 7

TeT,

+ Y hell(on + un @ up)? S5, (4.40)
e€&L(Q)

+

duD
2s - 2| Hﬂhwr
665h

Proof. Performing a local integration by parts on each element, and applying an integration—by—parts
formula on the boundary (see [48, Lemma 3.8]), which makes use of the fact that Vup € L3(T), we
obtain

R (curl(¢p — 1)) = Z/ (on +up ®up)® : curl(¢ — I¢) + p(curl(¢p — Ig) v, up)r

TeT
= Z{ /Curl((o'h+uh®uh)) (¢ — Ing) + Z/O'h+uh®uh) 3'(¢—Ih¢)}
TET J eCoT ¥ €
up
- | G20 no)
. /curl (on + wmow)) @ =59) + 3 [lon+ mou)sl (@ 5o
TET;, e€&n ()
+ > / (on + up @up)s - Mdg—sD}'@—Ihfﬁ)
665h
< Z hr |lewrl((on + wp @ up)?) o [|@ll,am) + { Z W2 | on + up ® up) S]]Hoﬁ
TeT, e€&R(Q)
d
Z h1/2 H (oh + up @up)ts — M%H }||¢H1,A(e),
665h )

where the last statement follows by applying the Cauchy—Schwarz inequality, and using the local
approximation properties of the Clément interpolant from Lemma 4.5. Finally, the estimate (4.40) is
a consequence of the Cauchy-Schwarz inequality, the shape-regularity of the mesh and the fact that
l@ll1,0 < C|7|laiv,o in accordance to (4.33). O

We are in position to state the corresponding estimate for |RE|.

Lemma 4.10. There exists a positive constant C > 0, independent of h, such that

IR < C{ > i llpVuy — of — (wn @up)? 5 + 53 divern + ongldr
TET,
+ hgllewrl((on + wn@un))§r + D helllon + un@un)?s)]|3,

(4.41)
c€n(Q) /
1/2
+Wm—UN&}} .
0,e

duD
=+ Z h{” ah+uh®uh) S—uds
ec&p ()
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Proof. 1t suffices to replace (4.38) into the first expression of (4.31), and then use there the estimates
(4.39) and (4.40). We omit further details. O

At this point it is noteworthy to mention that differently from previous works (see, e.g. |7, 45,
43, 46, 47]), an integration—by—parts formula is employed in Lemma 4.7 to derive the residual term
corresponding to the constitutive relation. The reason for this alternative procedure is elaborated next.
Without integrating by parts, observe that the Vz—dependent expression involved in (4.38) becomes

RE(Vz—1IF(Vz) = p((Vz — II§(Vz))v,up)r — “/Q uy, - div(Vz — 1§ (Vz))
_ /Q("h +(up @up)?: (Va2 — IE(V2)) (4.42)
- ng/(div(ah) + ong)-div(Vz — I} (Vz)).
Q

From the commuting property of the Raviart—Thomas spaces we have that div o Hﬁ = 73,];; o div,
where 73;‘; is the orthogonal projection from L?(£2) onto the polynomials of degree < k (see [40, Lemma
3.7] for instance), thus since div(Vz) = div(7) € L%(), we get on the one hand that

/Quh-div(Vz ~i(Vz)) = Y /Tuh-(div(r) — Pk(div(1))), (4.43)

TET,

and so the second term at the right—hand side of (4.42) would vanish if, and only if, uh‘ 7 € Pp(T) for
all T € 7. In turn, under this condition Vuh‘T € Pp_1(T) for all T € T}, and uh‘e € Px(e) on each
e € &, and from the characterization of the Raviart—Thomas projector we also would have

/uh (Vz —f(Vz)) =0 Vec&, and /Vuh (Vz —f(Vz)) =0 VT ET,. (444)
e T

We then could suitably combine these latter expressions with the first and third terms at the right—
hand side of (4.42) so as to get the residuals up — up on I'" and puVuy, — 0'2 — (up @ up)? in Q.
However, recall that we approximate the velocity components by Lagrange elements of degree k + 1
(cf. (4.13)) in order to achieve optimal-order a priori error estimates (cf. Section 4.2.3). Consequently,
this leads us to preserve piecewise polynomials of degree k 4+ 1 for u and to increase the order for the
Raviart-Thomas space instead from k to k + 1 (cf. (4.13)), so that (4.43) and (4.44) hold, with Hﬁ“
and P}Ifrl in place of HlfL and 73;‘; , respectively. Nevertheless, Lemma 4.7 shows that this additional
requirement is unnecessary.

We finally focus on estimating ||R"||.

Lemma 4.11. There exists a positive constant C > 0, independent of h and E, such that

IR < C{ > hEIdiv(KVen) — un- Vel r

T (4.45)

1/2
+ Y he|[KVen-vlllf. + > heHAg+KWh~VH3,e}
ec&r () e€&p(T)

Proof. 1t basically follows by defining wzf = TIpt in the second expression of (4.31), that is, as the
respective Clemént interpolant of 1 in HY(Q). Indeed, we first observe from (4.26) and the definitions
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of the forms involved, that
R = o) = = [ (un-Ven) 6 =) — [ KVen- V= o) = O = o0
which, after performing an clement—wise integration by parts, becomes
R = o) = [ (dv(KVen) = wn- Vi) (6 = oF)
1 Z /KVWL v] (p — ) — Z /)\~+KV<Ph v) (=),

e€£h e€ly (F

Next, applying Cauchy-Schwarz’s inequality and the approximation properties of the Clemént inter-
polator (cf. Lemma 4.5), we readily deduce the existence of a constant C' > 0, such that

|R™(p — yf%)| < C{ Z hi || div(KVen) — wp - Voo r

TeTy
1/2
+ Y hellKVen VlllRe + Y helldz + KVin- V||(2),e} [¥lla,
e€EL () ec&p(I)
which, replaced back into (4.31), leads to (4.45) and completes the proof. O

The reliability of the estimator € (cf. Lemma 4.1) essentially follows from Lemmas 4.3, 4.10 and 4.11.
In this regard, we remark that the terms hZ ||u Vuy, — o — (uh®uh)d||(2)’T and he [[lup — uhHg,e from
the estimate (4.41) are not included in the definition of 82 since they are dominated by the expressions
|1 Vu, — o — (up@up)?o,r and [up — uh||(2)7e, respectively, which already appear in the preliminary
upper bound (4.3). Hence, an application of the Cauchy-Schwarz inequality immediately gives (4.19),
with Cpe > 0, independent of h and E, according to the aforementioned lemmas.

4.3.3 Efficiency

The core of this section is to show the following result.

Theorem 4.2. Let (o,u,p,\) and (on, un, n, Aj;) be the unique solutions to problems (4.5) and
(4.15), respectively, and assume that K and up are piecewise polynomials, up € HY(T'), the partition
on T inherited from Ty is quasi-uniform, and each edge of E,(T') is contained in one of the elements
of the independent partition of T defining H% (cf. (4.14)). Then, there exists a positive constant Ceg,

depending on physical and stabilization parameters, but independent of h and TL, such that

Cer 0 < H(O'aua% )‘) - (O'hauh,@h,)\ﬁ)u . (446)

We first notice that if our problem were linear, establishing (4.46) would basically reduce to pre-
viously deriving upper bounds, depending on the local exact errors, for each one of the local terms
defining 6 (cf. (4.17)-(4.18)) separately. In the present case, however, and because of the nonlinear
character of our model, the above is only partially achieved (as we show later one), so that we mainly
concentrate on obtaining the global efficiency estimates, as indeed is required by the inequality (4.46).
Whenever some kind of local efficiency estimate is also possible, we make the corresponding remark
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below. In this regard, we mention in advance that only one of the local efficiency estimates to be
specified in what follows is expressed in terms of the natural norms for the unknowns involved (cf.
(4.53)). The rest of them arises by using local L*-norms of the error w — uy, instead of the expected
local H'-norm.

We begin with the corresponding estimates for
len —epllijars llup —wilor, lpVuy—of — (up@up)foq and [|dives +englog-
Lemma 4.12. There exists C' > 0, independent of h and E, such that
lep = @nllijor + lup —unllsr < Cll(w,9) = (un, o), (4.47)
and

IV, — of, = (wn, @ wp) o + lldiven + englia < Cli(o,u,¢) — (Fnun,en)l®. (4.48)

Proof. Since ¢|r = ¢p and u|r = wup, the trace inequality immediately gives

lep = ¢nlijpr = le—¢nlipr < Cle—enlia,

and

lup —unllgr = lu—wl5r < Cllu—wunlio.

which proves (4.47). In turn, using that uVu — 6¢ — (u ® u)® = 0 in §, we find by manipulating
terms that

I Vuy —oh — (up @ up)?l§ o = luViup —w) + (6 — o) + (u 4 up)* @ (u —up)F
(4.49)
< a{p? fu—wnl}g + o —onldg + llwtun) © (u—unlq |-

Then, by applying Hélder’s inequality, using the continuous injection H'(Q) — L*(£2), and bounding
|lull1,0 and ||upll1,0 by 7 (see at the end of Sections 4.2.2 and 4.2.3), we find
[(w+up) ® (w—wup)lloe < flutupllLyo) v —urllLie) < Cllu—unlie, (4.50)

which, replaced back into (4.49), yields
iV = ot~ (un @ )3 < C{llo— anldne + lu—unlo}. (4.51)
Likewise, since dive + ¢ g = 0 in €2, we readily deduce that

Idiven + englfg = Idiv (e —on) + (9 —vn) glif o
(4.52)
<21+ lglZq) { o = onllZia + I — enlial,

and hence, the estimate (4.48) follows straightforwardly from (4.51) and (4.52). O
At this point we observe that, proceeding as in (4.49) and (4.50) with T' € 7}, instead of €2, and

bounding |[u|[ga(ry and [[upl[Lacry by [[ullns) and [lupl|s(q), respectively, and then both by a constant
times r, we arrive at the local estimate

|nVuy — of, — (up @ uh)dHaT < C(p,r) {HU - uhH%,T + |lo — ffh||?11v,T + |lu — uhH%‘l(T)} ;
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where C'(u,r) is a positive constant depending on p and r. In turn, we readily obtain, analogously to
(4.52), but with T' € T}, instead of €, that

ldivon + englir < 201+ lglZr) { o = ouldr + o = enlir}- (4.53)

Throughout the rest of this section, for each e € £,(Q2) we let w, be the union of the two elements
of T, having e as an edge. The following lemma deals with the remaining terms associated only to the

fluid variables.

Lemma 4.13. There exists C > 0, independent of h, such that
> b llewl((on +wn @un)) 5 + D he|ll(on +un @ un)s]|3,
TETs e€ER () (4.54)
< Cll(o,u) = (onun)l?.
Additionally, if uwp is piecewise polynomial, there holds

duDH

S—Mﬂ [

C|(o,u) — (oh,up) (4.55)

ec&L (D)

Proof. From [46, Lemmas 4.9 and 4.10], we know that for each piecewise polynomial ¢, € L2(f2), and
for each ¢ € L?(Q) with curl(¢) = 0 in £, there hold

[[eurl(¢,) ¢ = Cullor YT ET

and
11¢h sllloe < CRIY2(C —Crllow. Ve € En(Q).

Hence, applying the foregoing inequalities with {;, := % + (u,®up)? and ¢ = 0%+ (u®u)? = pVu
(whose curl clearly vanishes), we readily obtain

lewrl((on +un @ wn)) 3 < Chy? (0 — o) + (u+un)® @ (u—up)fg 7
(4.56)
< ong*{llo —ould s + Iw+w) @ (w-w)lds ),

and also
1on+un@un) sl < O o~ onlB, + It w) e @—w)E, }. (457)
Then, adding on T' € Ty, and e € &,(12), respectively, we find

> B llewl((on +wn @ u)) 5 + D hell[(on +un @ un) s]|5,
TET;, e€ER(Q)

< c{llo-onlfva + lw+uw)®@-u)ia},

which, together with the estimate (4.50), yields (4.54). Likewise, (4.55) follows from a straightforward

1
application of [46, Lemma 4.15] with 0§ + (uj, @ uy)? instead of 2—0‘%, and using that :;D =Vus=
,u S
o} + (up @up)®s on T, which gives for each e in &,(T)
d 2 2
H(Uh + up @ up)ls — H% i Ch.t H(U +ueu) — (o) + uh®uh)dH0T : (4.58)
,€ sle

where T¢ is the triangle in 7T, having e as an edge. The rest of the proof is reduced simply to add on
e € &(T), to manipulate terms, and to apply again the bound (4.50). O
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We point out here that, for simplicity, the derivation of (4.55) in Lemma 4.13 has assumed up to be
piecewise polynomial. If this is not the case, but up is sufficiently smooth, then we still could derive
an analogous estimate by using a suitable polynomial approximation of this datum, so that as a result
of it, higher order terms would appear.

Furthermore, from (4.56), (4.57), and (4.58), together with the local version of the first inequality
in (4.50), using again that [|u[lps(7) and [[up||pe(r) are dominated by a constant times r, we deduce
the local efficiency estimates

W Jewl((on +w @ w)Y) B < C0) {lo = aulds + lu-wliur } VYT ET,

he ll(on +un ©w)* s, < C0) {lo —onlle, + lu—wilfae,}  Vee&®),
and

duD 2
he (O'h + Uh®Uh)dS — Mﬂ

<0 {lo—anlin + lu—wiliig, ) Yee&,

with a constant C(r) depending on 7.

Before proceeding with the residual terms related to the heat equation, we first recall the usual
triangle-bubble and edge-bubble functions ¢ and 1. defined for each T' € T}, and e C 9T, respectively,
satisfying the properties:

(b.1) Y7 € P3(T), supp(yor) C T, =0o0n 9T, and 0 < ¢ < 1.

(b.2) e € Po(T), supp(te) C we, e =0 0n 9T \ e, and 0 < 1p, < 1.

We then recall the following useful and standard results.

Lemma 4.14. Given an integer k > 0, for each T € Tj, and e C 0T, there exists an extension
operator L : C(e) — C(T') such that L(p) € Pr(T) for all p € Pr(e). Moreover, there exist positive
constants c1,co and c3, depending only on k and the shape regularity of the triangulation (minimum
angle condition), such that

lgl3r < ellvr?al3 s VaePy(T) (4.59a)
Ipl3e < cllvl?plE. Vpe Prle) (4.59b)
e L2 7 < 162 L)Rr < cshellpll3. Vp € Pile) (4.59¢)

Lemma 4.15. Let k,l,m € NU{0}, such that I < m. Then, there exists ¢ > 0, depending only on k,
I and m and the shape regularity of the triangulation, such that for each T € Ty, there holds

glmr < chl™|ghir Vg € Pr(T)

We are now ready to derive the final estimates required for stating the efficiency of 6.
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Lemma 4.16. Assume that K is piecewise polynomial. Then there exists C > 0, independent of h and
h, such that

> B2 lldiv(RVen) — w - Ve g < Cll(w,0) = (wn,n)|- (4.60)
TeTh
Proof. Given T € Ty, we define the local polynomial

xr = div(KVepy) — up - V|,

Thus, applying the upper bound (4.59a), and then integrating by parts, using that supp(¢)r) C T
according to (b.1) above, we find that

IxrlBr < e [62 xrlBr = @ /T (div(KVn) — un - Ven ) dr xr
(4.61)

= 01{ _/TKV%'V(WXT) - /T(“h'vﬂoh) YT XT |-

Next, from the second equation of (4.5) we have that a(¢, ¥) +b(1,\) = Fy ,(¢) for all ¢ € H' (),
so that taking in particular ¥ = Y7 x7, we get

/Kv@'V(TﬂT Dz iz / (w- Vo) prxr = 0, (4.62)
T T

which, combined with (4.61), and applying Holder’s inequality, yields

Ixrli3r < 01{ /Kv(w—wh)'VWTXT)
T

+ /T{(u—uh)-V<P + Uh'v(¢—¢h)}¢TXT}

< ¢ { IKllco, | = @l 1% XT|1,T (4.63)
+ (Hu = upllLay IVellor + llunllaqy V(e - <Ph)H0,T> 47 xrllLacr) }

< ch{ IK|lco,7 |0 — @nl1,T

+ = wnllaeny lehr + Il I = ealir } o xrhor,
where the last inequality makes use of the estimate
[T xrllvary < Yr xrllvie < Cllvrxrlie < Clyrxrho = Clérxrhr, (4.64)

which follows from the continuous injection H'(Q) < L*(Q), the fact that supp(:r) C T, and the
usual Poincaré inequality in 2. Next, using the inverse inequality provided by Lemma 4.15 with m =1
and [ = 0, we have that

[Wrxrhr < chy' e xrlor < bz lIxrllor

which, replaced back in (4.63), gives

el < Chpt{ (IRlser + lunllony ) e = onlr + 10hr e — walliay }lxrlor
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and therefore
2 2 2 2 2 2
B lxrldr < € { (IKlsor + lunllooen ) 1o = enlier + ol lu—wnlfay . (4.65)

Now, bounding [|K|s,7 and [|usllgsr) by [[Klleo,o and [Jup||gs(q), respectively, using the continuous
injection H!(Q2) — L*(Q), and recalling from the discrete analysis that ||us|/1.0 < r, we deduce that

2
> (Klloe,r + llunlluan) le—wnlr < C(KIZg + ) lo— oo, (466)
T€ETh

In turn, bounding one factor || 7 by |¢[1,0, applying the Cauchy-Schwarz inequality to the remaining
two factors, employing again the aforementioned continuous injection, and recalling from the continuous

analysis that |||/, < r, we obtain

1/2 1/2

> lelirllu—unlfa < lelia $ Y lelir D Ml —wnllfa L6
TeT TeT TeT ( )

= leliq lu—unllfag) < Cr?llu—wunllfg-

In this way, bearing in mind the early definition of y7, summing up over all 7' € Tj in (4.65), and
utilizing the estimates (4.66) and (4.67), we arrive at (4.60), which ends the proof. O

It is straightforward to see from (4.65) that the local efficiency estimate associated to the previous
lemma becomes

W div(KVon) — - Venle < COK) {lo = @ufir + lu—wlfag |, (468)

where C(r,K) is a positive constant depending on r and [|K|| o.

Lemma 4.17. Assume that K is piecewise polynomial. Then there exists C > 0, independent of h and
h, such that

> el KV - V][5 < Cll(w,0) — (un,en)l- (4.69)
e€ln ()

Proof. Given e € &,(Q2), we first define the polynomial
Xe = [KVepp-v] on e,

and then apply (4.59b) and integrate by parts, to find

el < e2 |62 xel3, = e / [KVin - o] Yexe
e

= o /[[KV@h . u]] YeL(Xxe) = ¢ Z /3T KV - vipe L(xe) (4.70)

TCwe

=) {/TKV%~V(¢@L(X€)) + /TdiV(KVsOh)@DeL(xe)}-

TCwe

Now, because of the same arguments yielding (4.62), but using 1. L(x.) and we in place of p x7 and
T € Ty, respectively, we obtain

Z {/TKVSO’V(¢5L(X5)) + /T(UVSO) ¢€L(X€)} = 0. (4'71)

T C we
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Thus, replacing u - Vg in the foregoing null equation by the identity
u-Vo = wup Vo, — (up —u) - Vo — up - V(pr — @), (4.72)
and incorporating the resulting expression into (4.70) , we arrive at

HXGHg,e < e Z {/TKV(SO/% —¢) - V(¢eL(xe))

TCwe
+ /T {(uh —u)- Vo + up - V(en — so)} YeL(Xe) (4.73)

+ /T{diV(KVQOh) - uh-th}weL(xe)}-

Next, similarly as for the derivation of (4.63), straightforward applications of the Cauchy-Schwarz and
Holder inequalities yield

Ixelle < e Y {HKHoo,TW—@h\l,TWeL(Xe)h,T

TCwe

(Il = wnlhuacry kel + lunlay ke — @nhr) Lo ey

+  [[div(KVen) — un - Vnllor H%L(Xe)\lo,T}-

In this way, utilizing the inverse estimate from Lemma 4.15, the upper bound (4.59¢c), and the fact
that [[veL(xe)llLary < ¢ltbeL(Xe)|1,w., whose proof follows similarly to (4.64), we deduce

Ixellge < C {th Koo, ¢ = nl1,7
TCwe

+ hpt ( [l lw —unllLaery + [lunllvaery le — sOhll,T) (4.74)
+ | div(KVen) — wp - Venllor } he? xelloe »

from which, simple algebraic manipulations give

2
he Ixellge < € { (Koo, + llwnllam)” le = enliz + lolirllv —wnllfa

TCwe (4.75)

+ W7 || div(KVer) — uy - Veorllgr }

Finally, summing up over all e € £,(€2) in (4.75), noting that

> Y ssy

e€&(Q) TCwe TETh

and using the previous estimates (4.66), (4.67), and (4.60), we obtain (4.69), which completes the
proof. O
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Here we observe from (4.68) and (4.75) that the local efficiency estimate associated to Lemma 4.17
is given by

he | [KVn -1 B < CnK) S {lo—@nlfir + lu—wilda ) Vee&i(@)
TCwe

where C(r,K) is another positive constant depending on 7 and 1K 00,02-

The remaining term defining € and involving the Lagrange multiplier is addressed next.

Lemma 4.18. Assume for simplicity that K is piecewise polynomial, that the partition on I' inherited
from Ty, is quasi-uniform, and that each edge of Ex(T) is contained in one of the elements of the
independent partition of T' defining H% (cf. (4.14)). Then, there exists C > 0, independent of h and h,
such that
> el + KV - vl5. < Cll(u,0,0) — (un, on, A7)
ec&L(T)

Proof. We begin by defining, for each e € &,(I'), the polynomial x. := A; + KV, -v on e. Note
here that the assumption on the edges of &,(I") insures that y. is indeed a polynomial (and not a
piecewise polynomial). Then, applying (4.59b), denoting by T, the element of 7; whose boundary
edge is e, recalling that the edge-bubble function 1), vanishes on 97T, \ e, and integrating by parts, we

obtain

el < e2 2 xel3, = e / O + KV - ) feXe

e

= C2{<)‘ﬁ"¢e Xe>e + /8T Kv@h : VweL(Xe) } (4'76)
= af0g v + [ KV Vi) + [ av®pnLix) ),

where (-, ). stands for the duality pairing between Ho_ol/ 2(e) and Hé(/)2(e). Next, similarly as in the

proof of the two previous lemmas (cf. (4.62) and (4.71)), we deduce from the second equation of the
continuous formulation (4.5), by taking now ¢ = 1. L(x.), that

KV V(e L(xe)) + (M e Xe)e + / (w- V) deL(xe) = 0,

Te Te

which, subtracted from the right hand side of (4.76), and using again the identity (4.72) (as we did for
obtaining (4.73)), yields

HXeH%ye < ¢ {O‘ﬁ - )‘ﬂpe Xe>e + /T Kv(@h - ‘P) : v(weL(Xe))
+ [ {n-w- e+ w Ve -0} wLin) (@77
+ / {div(RVen) — wy - Vion bt L(xe) }
Te
In this way, since the three integrals on the right hand side of the foregoing equation look exactly

as those on the right hand side of (4.73), the rest of the analysis aiming to obtain its corresponding
efficiency estimate follows verbatim as we did for (4.73), thus yielding a bound depending on the error
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|(w, ) — (upn, @n)||, in accordance to (4.74) and (4.69). Hence, it only remains now to get the respective
upper bound for the expression defined in terms of <)\% — A\, Pe Xe)e- To this end, and proceeding as in
the proof of |37, Lemma 5.7], we first notice that

> he (N = Atexe)e = (A — A,

ec& ()

where 1; e HY 2(T) is the piecewise polynomial defined as {bv]e = hetoexe for each e € &, (T).
Therefore, applying an inverse inequality to 1 (which makes use of the quasi-uniformity assumption

on I'), and noting that
1/2

llor < 228 3" helixeld, ;
ec&p(T)

we deduce that

Z he (N7 — A e Xede| < A=Az ll—1/2,0 ||1Z||1/2,F < ch7VEIA - N ll—1/2,0 ||%ZHO,F

e€&y(T)

1/2

< eld=Mlleier DD Rellxelld. ;
ec&p(T)

from which the corresponding component of the efficiency estimate becomes [|[A — Azl _1/2p, thus
finishing the proof. O

We end this section by remarking that the efficiency of 8 (cf. eq. (4.46) in Theorem 4.2) is now a
straightforward consequence of Lemmas 4.12, 4.13, 4.16, 4.17, and 4.18. In turn, we emphasize that
the resulting positive multiplicative constant, denoted by Cess, is independent of h and h.

4.3.4 Extension to the three—-dimensional setting

In this section we explain how to adapt the a posteriori error analysis carried out so far for n = 2
to the three-dimensional case. In this way, we assume now that the partition 7} is a tetrahedral mesh
of €, and we still denote by & (resp. &,(Q), En(T), Enr () and &, 1(T)) the set of all the associated
faces (resp. internal faces, and on the boundary), like in the preliminaries introduced at the beginning
of Section 5.3.

Additionally, we define the i-th row of the curl operator and the tangential component of matrix—

valued functions ¢ = ({; j)1<i,j<3, respectively as

[CUTI(C) ]Z = Curl(Ci,la CZ',Z) Ci,3)a and [C X V]i = (Cl',l) Ci,?a CZ',3) XV, for each i = 15 2)35

where as usual

(0P OYa O Oy OYp Oy _
curl(yp) = (8932 e B~ B e T a@) Vb = (b1, 2, )
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Then, the local indicator @7 defining * := Z 0% + |lon — ‘PD”%/ZF , now reads
TeTy

07 = |luVup — o, — (wn ©un)|5 7 + lldiven + en gl s

+ W7 div(KVer) — up - Veoull§r + b7 [lcarl((o) + wp @ up)?)|I§ 7

2 {he Il(en +wn @ up)? x V]|[ e + he | KV, V]]H%,e}

e€&y () (4.78)
£ % o wle + nlg+ xR, )
ec&,r(T)
2
+ Z he‘(dh-l-uh@uh)dxu—,uVquu‘
0,e
eEgh’T(F)

The reliability and efficiency of 6 follows by slightly adapting the arguments employed for the 2d—case.
For instance, the Helmholtz decomposition of the space Hy(div;{2) required in Section 4.3.2 is guar-
anteed in this case by [41, Theorem 3.1], regardless the domain is convex or not, and all the arguments
remain unchanged except the proof of Lemma 4.9. Here, such as in [44, Lemma 4.4], one needs to
use the identity curl(¢)v = div(¢ x v) for all ¢ € H(Q), and an integration by parts formula on the
boundary to obtain

wl{curl(¢p — Ind) v ,up)r = /(MVUD xv): (¢p—Iro). (4.79)

T

Also, integrating by parts on each element easily gives
/ (O'h + up ® uh)d :curl(ep — I0)
Q
= — Z / curl((o, + up @ up)?) : (¢ — In@)
T

TeTh

4.80
- > /[[(ah+uh®uh)dXS]]:(¢—Ih¢) .
e€EL(Q) 7 °
N R T )
ecEp(I) 7 ©

Therefore, combining (4.79)-(4.80) in the expression RE(-), and using next the Cauchy-Schwarz in-
equality and the approximation properties of the Clement interpolant (cf. (4.5)), one arrives at the
analogous estimate (4.40), with the terms (o, +u, @up)? x v and (o), + up @up)® x v — pNVup x v
appearing in (4.78).

Finally, the efficiency property also follows from the fact that all the Sobolev embeddings used in
Section 5.3.3 hold for n = 3 as well, and using now in the proof of Lemma 5.10 the corresponding
results from Lemmas 4.8, 4.9 and 4.10 in [44] instead of Lemmas 4.9, 4.10 and 4.15 in [46], respectively.

4.4 Numerical Results

Our objective here is to illustrate the properties of the a posteriori error indicator 8 (cf. (4.17))
studied in the previous sections via an associated adaptive algorithm. The experiments we report below
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are all implemented in the two-dimensional setting using the public domain finite element software
FreeFem++ which provides the automatic adaptation procedure tool adaptmesh [50].

According to the discussion at the end of section 4.3.1, instead of 8, we consider the indicator 0
defined as
0" =3 6y where 87 =62+ > lon—wnlie. (4.81)
TeTh ec&y, ()
where @7 is given by (4.18). Observe from its own definition that, although it is required the additional
assumption ¢p € HY(T'), 6 is a fully local and computable estimator (in contrast with 8) and, such as
in |7, Section 4|, an interpolation argument shows that

len — enlljor < Clion — enlir = C D llen — @nlli,  for some C >0,
e€&y(T)

which says that 0 is in fact induced by 0 (cf. (4.17)). Moreover, by proceeding as in section 4.3.2, we
can also deduce that 6 is a reliable estimator, that is, it satisfies the estimation (4.19) with the same
Crel > 0 up to another h,ﬁ—independent multiplicative constant C. In turn, up to the last term in
(4.81), we find that 0 is efficient. However, numerical results below allow us to conjecture that this
indicator actually satisfies both properties.

As usual, the errors and the experimental convergence rates will be computed as

e(0) = [lo = anldaivia, e(u) = |u—unlia,

e(p) = llg = ¢nlla, eA) = A= Anllor

and
r(o) = —2log(e(a)/e'(a)) AwY. —2log(e(u)/e'(u))
. log(N/N") ’ ' log(N/N")
_ —2log(e(p)/e'(¥)) _ —2log(e(N)/e'(N)
M@= gy N Ty

where N and N’ denote the total degrees of freedom associated to two consecutive triangulations with
errors e and e’. In turn, the total error and the effectivity index associated to the global estimator 0
are denoted and defined, respectively, as

e = {e(0)® +e(u)’ + e(p)? +e(N)? }1/2 , and eff(f) = %.

Test 1: accuracy assessment.

In our first example we illustrate the performance of the adaptive algorithm by considering a bench-
mark test for the Navier-Stokes equations in the domain Q := (—1/2,3/2) x (0,2) obtained by Ko-
vasznay [55], which we also tested in Chapter 1 without adaptivity. The solution (u,p) is given by

1 — "1 cos(27mas)
(o ) = o) — 3,
2 V21 sin(27w2)

where ¥ := and the constant p is such that fQ p = 0. Note that the pressure p has a

—8r?
H—1+ /H—2+16ﬂ-2

boundary layer at {—1/2} x (0,2), and the terms at the right-hand sides of the Boussinesq problem
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10°

- +- e with quasi-uniform refinement for k =0

-4 e with adaptive refinement by ffor k=0

—v—e with quasi-uniform refinement for £ = 1
10-! | & e with adaptive refinement by ffor k=1
10° 10* 10°
N

Figure 4.1: Test 1: Decay of the total error with respect to the number of degrees of freedom using

quasi-uniform and adaptive refinement strategies for both k = 0 and k£ = 1.

(1) are defined so that (u,p,¢) is the corresponding exact solution, with o(z1,79) = 22(23 + 1), and
the data y =1, K = ®1%2] V (21, 22) € , and g = (0, —1)%.

In Table 4.1 we present the numerical results reported in |24, Table I, Section VI| by using our
augmented mixed-primal method via quasi—uniform refinements, and the corresponding results we
have obtained now by adaptivity, both for the finite element families RTy — P; — Py — Py (kK = 0) and
RT; — Py — Py — Py (k =1). We notice that in each case the effective indexes eff(g) remains always
bounded and that the errors of the adaptive procedures decrease much faster than those obtained by
the quasi—uniform ones. Particularly, the reduction of the computational cost by adaptivity can be
much better observed in Figure 4.1 where we plot the total error e versus the degrees of freedom N
for both refinement strategies. In figure 4.2, we display a refined mesh obtained in the sixth iterative
adaptive procedure with £ = 0 when N = 20762, and observe there how the adaptive method is also
able to recognize the region where the pressure has the aforementioned boundary layer.

Finally, in order to study the performance of the adaptive technique with respect to the stabilization
parameters, we now take k1 = /2" (n =1,--- ,4), chose k2 and k3 optimally (cf. (4.11)), compute the
total errors with a quasi—uniform mesh with N = 44313 and present the corresponding results in Table
4.2 (see also |24, Table II]). We observe there that the errors remain bounded around e ~ 17. Using
adaptive procedures, we now examine, on the one hand, the number of degrees of freedom required
to obtain an approximate total error to 17, summarize them in Table 4.3 (second row) and realize
that no more than N = 4000 degrees of freedom are needed. On the other hand, we further compute
the corresponding errors obtained with an adapted mesh with N = 33873 (the closer from below to
N = 44313 degrees of freedom), display them in table 4.3 (third row) and find out in each case that the
error is always lower than e & 6. These results illustrate that the proposed adaptive algorithm has also
improved the accuracy and the robustness of the numerical approximation driven by our augmented
mixed-primal technique with regard to the stabilization parameters.
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N e(o) r(o) euw) ru) elp) r(e) e(N) r(A) e 0 eff(0)

Mixed—primal RTy — P; — P; — P scheme with quasi-uniform refinement

806 73.0680 -  39.1463 -  1.3109 88.1781 - 121.0308 200.7144 0.6030
2934 44.1852 0.7786 21.5882 0.9213 0.5472 1.3524 45.3437 1.0295 66.8934 120.3119 0.5560
11321 24.3903 0.8801 11.3580 0.9512 0.2581 1.1130 22.1691 1.0599 34.8630 64.0981 0.5439
44313 11.6299 1.0854 5.2548 1.1297 0.1305 0.9995 10.8290 1.0501 16.7377 30.9900 0.5401

177320 5.7070 1.0268 2.5486 1.0436 0.0639 1.0299 5.3797 1.0090 8.2468 15.2465 0.5409
700032 2.8348 1.0191 1.2442 1.0444 0.0318 1.0164 2.6694 1.0297 4.0879  7.5547 0.5411

Mixed—primal RTy — P; — P; — Py scheme with adaptive refinement according to 0

744 754832 -~ 385758 -~ 2.0214 4.1769 - 84.8960 168.1490 0.5049
1739 33.7108 1.8989 15.3418 2.1720 0.9529 1.7716 2.1230 1.5942 37.1107 119.6710 0.3101
4058 14.8804 1.9301 8.5433 1.3818 0.9929 -0.1091 2.6746 -0.5451 17.3943 70.3655 0.2472
7279 10.7673 1.1074 6.7981 0.7821 0.9877 0.0353 2.1344 0.7722 12.9491 52.3409 0.2474
12724 7.8346 1.1386 4.7949 1.2501 0.8924 0.3634 1.3313 1.6902 9.3243 37.7500 0.2470
20762 6.1931 0.9604 3.7492 1.0049 0.6927 1.0345 0.8424 1.8695 7.3212 29.6167 0.2472
33873 4.8417 1.0058 3.0095 0.8980 0.5960 0.6149 0.6218 1.2408 5.7655 23.3614 0.2468
53405 3.8966 0.9540 2.4360 0.9287 0.4569 1.1671 0.4782 1.1532 4.6428 18.7966 0.2470
87163 3.0914 0.9450 1.8660 1.0883 0.3499 1.0898 0.3313 1.4985 3.6430 14.7548 0.2469

Mixed—primal RT; — Py — Py — P scheme with quasi-uniform refinement

2686 28.7886 - 9.9080 - 0.1358 10.0095 - 32.0493 54.5149 0.5879
10078 9.0869 1.7441 3.2510 1.6855 0.0240 2.6214 2.5666 2.0585 9.9864 17.5231 0.5699
39550 2.5644 1.8506 0.8685 1.9309 0.0045 2.4487 0.6438 2.0230 2.7830  4.8849 0.5697
156158 0.5872 2.1468 0.1913 2.2033 0.0009 2.3439 0.1609 2.0194 0.6382  1.1200 0.5698
627578 0.1429 2.0319 0.0442 2.1066 0.0002 2.1626 0.0402 1.9941 0.1549  0.2717 0.5699

Mixed—primal RT; — Py — Py — Py scheme with adaptive refinement according to 0

2493 32.4117 - 10.9303 —  1.0840 0.5708 - 34.2270 166.4739 0.2056

5428 5.4016 4.6057 1.9844 4.3857 1.0020 0.2022 0.1402 3.6084 5.8428 30.9143 0.1890
12039 1.6132 3.0342 1.0296 1.6474 0.6655 1.0293 0.1302 0.1869 2.0302  9.8028 0.2071
21884 0.9283 1.8494 0.6120 1.7412 0.4530 1.2848 0.0979 0.9548 1.2046  4.6925 0.2567
36867 0.5456 1.9385 0.3582 1.9539 0.2700 1.8875 0.0602 1.7720 0.7089  1.9685 0.3601
69946 0.2780 2.1976 0.2098 1.7434 0.1503 1.9092 0.0297 2.2985 0.3805 1.0516 0.3618
118901 0.1690 1.8762 0.1278 1.8682 0.0876 2.0350 0.0172 2.0641 0.2299 0.6349 0.3621
202131 0.1002 1.9702 0.0730 2.1107 0.0471 2.3388 0.0098 2.1202 0.1330 0.3671 0.3622

Table 4.1: TEST 1: Convergence history and effectivity indexes for the mixed—primal approximation
of the Boussinesq problem under quasi-uniform, and adaptive refinement according to the indicator 6.



4.4. Numerical Results 125

A
VAYEY:
e
<
A
EK

4 .

|uh | 62836_“02‘“% | 12 1.916e+01 ph -1.581e+02 -120J -80 H\_\L}? 7.121e+00

Figure 4.2: Test 1: Snapshots of an adapted mesh in the sixth iteration refinement (left), and over this
triangulation the approximate velocity magnitude (center) and the postprocessed pressure (left) with
the proposed lowest order mixed-primal method.

K1 0 p/2 /4 1/8 (/16
e 167371 16.7381 16.7390 16.7392 16.77391

Table 4.2: TEST 1: k1 vs. e(o,u,p,\) for the mixed RTy — P; — P; — Py approximation of the
Boussinesq equations with a quasi-uniform mesh with N = 44313 and p = 1.

K1 7 p/2  p/4 w8 p/16
Required N by adapted procedures with e ~ 17 4058 3936 3882 3830 3803
Associated e to an adapted mesh with N = 33873 5.7655 5.6291 5.6321 5.6352 5.6251

Table 4.3: TEST 1: k1 vs. required number of degrees of freedom N via adaptive procedures for an
error around e ~ 17 (2nd. row) and k; vs. total error obtained via an adapted mesh with N = 33873
(3rd. row) using the RTy — P; — P; — Py approximation of the Boussinesq equations and p = 1.
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-+-e with quasi-uniform refinement for k = 0

——e with adaptive refinement by ffor k=0

10!

10* 10°

Figure 4.3: Test 2: Decay of the total error with respect to the number of degrees of freedom using
quasi-uniform and adaptive refinement strategies for k = 0.

Test 2: adaptivity in a non-convex domain

Our second example focuses on the case where, under uniform mesh refinement, the convergence
rates are affected by the loss of regularity of the exact solution. We set the problem on the L—shaped

domain Q = [-1,1)2\ [0, 1]?, with the exact solutions given by
— cos(mxy) sin(mxe) 1 1
_ , g) = —— — —In(231
u(@1,22) ( cos(mxy) sin(ray) p(z1,®2) xo+11 3 n(231)

€2
(21 — 0.15)% + (25 — 0.15)2

and  p(z1,22) =

the considered data is given by v = 0.5, K = 0.75I and g = (0, —1)*, and the stabilization parameters
optimally chosen according to (4.11). Observe that the pressure and the temperature are singular
along zo = —1.1 and in the point (0.15,0.15), respectively. In Table 4.4 we present the convergence
history by quasi—uniform refinements and by adapted meshes according to the indicator 5, and using
the lowest family of finite element spaces RTg — P; — P; — Pg. As expected, we observe that the
errors decrease faster through the adaptive procedure (see also Figure 4.3), and that in each case the
effectivity indexes remain bounded. In Figure 4.4 we display some adapted meshes obtained during
the adaptive refinement and observe that these are concentrated around (0,0) and the line g = —1.1,
which illustrate again how the method is able to identify the regions in which the accuracy of the
numerical approximation is deteriorated. To visualize better the latter statement, we have displayed in
Figure 4.5 the approximate pressure and the approximate temperature obtained in the 10th. adaptive
iteration.
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N e(o) r(o) elu) r(u) elp) 7r(p) e rN) e 7] eff(0)

Mixed—primal RTy — P; — P; — P scheme with quasi-uniform refinement

723 148755 - 1.8533 - 679954 - 84392 - 70.1378 76.2146 0.9203
1671 11.8135 0.5502 1.2108 1.0162 57.0961 0.4171 6.0269 0.8037 58.6286 63.3184 0.9255
4287 8.7667 0.6332 0.7247 1.0897 41.6790 0.6681 4.2077 0.7627 42.8045 46.3784 0.9225
13455 6.4965 0.5240 0.4005 1.0371 26.3907 0.7991 2.4929 0.7154 27.2916 28.6658 0.9522
48027 5.1180 0.3749 0.2091 1.0215 14.8104 0.9080 1.4370 0.8659 15.7369 16.5554 0.9517

177459 3.8766 0.4251 0.1071 1.240 7.9018 0.9614 0.7141 1.0701 8.8311 9.2683 0.9528
686823 2.5643 0.6107 0.0541 1.0086 4.0438 0.9900 0.3780 0.9401 4.8035 5.0883 0.9553
2741390 1.5678 0.7109 0.0273 0.9905 2.0174 1.0047 0.1862 1.0233 2.5619 2.6910 0.9520

Mixed—primal RTy — Py — P; — Py scheme with adaptive refinement according to 0

831 13.899 - 16294 - 595034 - 7.2295 —  61.5531 65.8293 0.9351
1482 12.7555 0.2970 1.4798 0.3329 29.6098 2.4128 3.2038 2.8135 32.4330 35.6381 0.9101
2718 9.9315 0.8252 1.3452 0.3145 12.7939 2.7671 1.5892 2.3120 16.3296 18.3478 0.8900
4164 8.9724 0.4762 1.2689 0.2739 9.3464 1.4721 1.3453 0.7811 13.0873 15.5884 0.8971
6831 6.9905 1.0085 0.8927 1.7165 7.9239 0.6671 0.9929 1.2271 10.6456 11.7306 0.9075
10743 5.9708 0.6907 0.7359 0.5300 5.8156 1.3664 0.8512 1.6803 8.4161 9.2616 0.9087
17763 5.0023 0.7090 0.5847 0.9148 4.6198 0.9156 0.6170 1.2800 6.8620 7.5482 0.9091
27888 4.2234 0.7505 0.4219 1.4471 3.8638 0.7923 0.5160 0.7923 5.7629 6.3419 0.9087
45930 3.0992 1.2407 0.3568 0.6712 2.8701 1.1918 0.3883 1.1395 4.2568 4.7103 0.9037
75408 2.9371 1.0363 0.2737 1.0699 2.31245 0.8715 0.3108 0.8978 3.3563 3.6888 0.9099

Table 4.4: TEST 2: Convergence history and effectivity indexes for the mixed—primal approximation
of the Boussinesq problem under quasi-uniform, and adaptive refinement according to the indicator 6.
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CHAPTER 9

A posteriori error analysis of an augmented fully-mixed formulation
for the stationary Boussinesq model

5.1 Introduction

In this Chapter we propose a reliable and efficient residual-based a posteriori error estimator for
the method proposed and studied in Chapter 2 (see also [25]). Estimators of this kind are typically
used to guide adaptive mesh refinement in order to guarantee an adequate convergence behavior of
the Galerkin approximations, even under the eventual presence of singularities. The global estimator
0 depends on local estimators O defined on each element 1" of a given mesh 7;. Then, 0 is said to be
efficient (resp. reliable) if there exists a constant Cegs > 0 (resp. Crey > 0), independent of meshsizes,
such that

Cet£0 + hoot < |lerror| < Cre10 + h.o.t,

where h.o.t. is a generic expression denoting one or several terms of higher order. In particular, the a
posteriori error analysis of mixed variational formulations has already been widely investigated by many
authors (see, e.g. [2, 3, 5, 7, 18, 44, 47, 48, 45|, and the references therein). These contributions refer
mainly to reliable and efficient a posteriori error estimators based on local and global residuals, local
problems, postprocessing, and functional-type error estimates. In addition, the applications include
the Stokes and Navier-Stokes equations, Poisson problem, linear elasticity, and general elliptic partial
differential equations of second order.

In the literature there has been proposed only a couple of adaptive numerical techniques, based
on a posteriori error estimators, for the Boussinesq problem, and essentially for primal schemes (see
[4, 76]). The only previous contribution dealing with mixed formulations and adaptive refinements is
[34], where the authors introduce appropriate refinement rules to recover the quasi-optimality of the
method proposed in [33] under the presence of singular behaviours near non-convex corner points. Up
to our knowledge, the analysis presented in Chapter 4 is the first a posteriori error analysis for the
Boussinesq problem using a mixed approach for the Navier-Stokes equations. There, a reliable and
efficient residual-based a posteriori error estimator for the method analyzed in 4 is derived, which turn
to be non-local due to the presence of the H'/2-norm of a residual term involving the temperature on
the boundary. Partially following known approaches, the proof of reliability makes use of continuous
inf-sup conditions, a stable Helmholtz decomposition and the local approximation properties of the
Clément and Raviart-Thomas operators. On the other hand, inverse inequalities, and the localization
technique based on element-bubble and edge-bubble functions, are the main tools for proving the

129
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efficiency of the estimator.

Motivated by the discussion above, our purpose now is to additionally contribute in the direction
of the study presented in Chapter 4 and provide the a posteriori error analysis of the augmented fully-
mixed variational approach introduced in Chapter 2. More precisely, here we introduce a residual-based
a posteriori error indicator for the method proposed in [26] which differently to the estimator provided
in [27], is fully-local and fully-computable.

5.1.1 Outline

This Chapter is organized as follows. In Section 5.2, we first recall from Chapter 2 the model
problem and the corresponding augmented fully-mixed formulation as well as the associated Galerkin
scheme. In Section 5.3, we derive the reliable and efficient residual-based a posteriori error estimator
for our Galerkin scheme in two dimensions and its three-dimensional counterpart is provided in Section
5.4.

5.2 The stationary Boussinesq problem

5.2.1 The model problem
Let Q € R™, with n € {2, 3}, be a bounded domain with Lipschitz-boundary I". Then the Boussinesq
problem is given by the nonlinear, coupled system of partial differential equations
—puAu + (Vu)u + Vp — ¢g = 0, divu =0 in Q,
—div(KVy) + u-Vo =0 in Q, o)

where the unknowns are the velocity u, the pressure p and the temperature ¢ of a fluid occupying the
region 2. We prescribe the Dirichlet boundary conditions

u=wup, and ¢ = ¢p on I, (5.2)

with up € HY2(') and ¢p € HY2(I'). The rest of data we consider are the gravitational force
g € L*°(Q), the fluid viscosity p > 0, and the uniformly positive definite tensor K € L.°°(£2), describing
the thermal conductivity and satisfying

Ktec ¢ > rgle* Ve e R,

where kg is some positive constant. As usual, the Dirichlet datum wp must satisfy the compatibility

/uD-V:O.
r

In addition, it is well known that the uniqueness of a pressure solution of (5.1) is ensured in the space
L2(Q) = {q e L2(Q) : /Qq - o}.

Now to derive our mixed approach we include as auxiliary variables the pseudostress tensor o and

condition

the vector p defined, respectively, by

o :=uVu — (u®u) — pl, and p:=KVy —pu in Q,
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and rewrite (5.1)—(5.2) equivalently as the first order set of equations (see Section 2 in Chapter 2):
pVu — (u@u)? = in Q —div(e) —pg =0 in Q,
K'i'p+K'lpoyu=Vy in Q div(p)=0 in Q, (5.3)
u=up on Iy ¢ =¢p on I' and /tr(o-—l—u@u):O.
Q

Note from the definition of o and the incompressibility condition of the fluid, that the pressure p can
be recovered in terms of o and u as follows

1
p=——tr(c+u®u) in Q.
n

5.2.2 The augmented fully—mixed variational formulation

Proceeding as in Chapter 2, that is, multiplying equations (5.3) by suitable test functions, integrat-
ing by parts, utilizing the Dirichlet boundary conditions, and adding the Galerkin type terms

m/ (uVu - o - (u®u)d> Vo = 0 Vv € HY(Q),

Q

/-@2/ diveo -divrT + Iiz/ng-diV’T =0 V1 € Hp(div; ),
Q Q

mg/u-v = mg/uD-v Vo € HY(Q),
Iy [

and
m/ (K_lp — Vg + K_lgou) VY = 0 Ve e HY(Q),
Q

/-@5/ divpdivg = 0 Vq € H(div;Q),
Q

f%/Fw — KG/FW Vi e HY(Q),

where (K1, ..., Kkg) is a vector of positive parameters to be specified next in Theorem 5.1, we arrive at
the variational problem: Find (o, u, p, ¢ ) € Hp(div;Q) x HY() x H(div; ) x H(), such that

A((o,u),(T,v)) + Bu((o,u), (T,v)) = (F@ + FD)(T,v) V (1,v) € Ho(div; Q) x HY(Q), 6.0
A((p.9). (@) + Bul(p.¢).(a.¥) = Fp(a.v) V(qv) € HdivQ) x H'(Q),
where the forms A, B,,, A, and ]§w are defined, respectively, as

A((o,u), (T,v)) = /O'd: (19 — k1 Vo) + /(,uu + krodiv(o)) - div(T)
@ @ (5.5)

—M/Q’U-le(O') + uml/QVu:V'v+n3/Fu-'v,
Bu((ou), (7,0)) = /(u®w)d (7 = Vo), (5.6)

Q
A((p,9), (@,¥)) = /Klp-(q — Ky Vi) + /(@ + r5 div(p) ) div(q)

& @ (5.7)

—/Q¢diV(P) +n4/ﬂw-v¢+ FLG/FSO¢,
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and

Bu((pP¢), (a,9)) = /QKlww-(q — k4V), (5.8)

for all (o,u), (7,v) € Hy(div;Q) x HY(Q), for all (p, ), (q,v) € H(div;Q) x H(Q), and for all
w € HY(Q). Note that A and A are bilinear as well as By, and By, (for a fixed w € H'(Q)). In
addition, given ¢ € H(Q), F,, Fp, and Fp are the bounded linear functionals given by

Fy(T,v) = /ngg~(u'v — ko div(T)) V(1,v) € Hy(div;Q) x H'(Q), (5.9)

Fp(T,v) = K3 /FuD-'v + p(Tv,up)r V(r,v) € Hy(div;Q) x H(Q), (5.10)
and

Fp(a,¢) = rg /prw + (a-v,ep)r V(a¥) € H(div;Q) x H'(Q). (5.11)

As explained in Chapters 1 and 2, it is possible to prove that the forms above are continuous:

[A((o,u), (1,0))] <[|All][(e,w)l[](,v)] (5.12)
A((P.¢), (a.9)] <|Alll@. )l )l (5.13)
Bu((o,u), (7,0))] <er(@)(x1 + 1) |wlligllullell(r,v)], (5.14)
Bu((p,9), (a,9))] <k + 1)K |occ2(Q) llwlla lelle ll(a ), (5.15)

for all (o,u), (1,v) € Ho(div;Q) x HYQ), (p,p), (q,%) € H(div;Q) x H(Q), and for all w €
H!(Q). In (5.14) and (5.15) the constants ¢1(Q) and c2(£2) depend only on 2, whereas in (5.12) and
(5.13) the constants ||A|| and ||A]| depend on €2, the physical parameters p and K, and the constants
ki, 1 € {1,...,6}. Furthermore, it can be also proved that A and A are strongly elliptic. In fact, for
A we have that for each k1 € (0, 29), with 6 € (0, 2u), and ka,k3 > 0, there exists a positive
constant «(2), depending only on u, K1, K2, k3, and €2, such that (see Lemma 1.3, for details)

A((T), (1,0) = (@) [|(r,0)|> ¥ (r,0) € H(div;Q) x H'(Q),

2 R0 ) 2 )
K™ oo, 1K~ H|oo,2 /
there exists a(€2) > 0, depending only on K, k4, k5, kg and 2, such that (see Lemma 2.3 for details)

whereas if k4 € (O, ), with & € (0, and ks, kg > 0, for A we deduce that

A((q,9), (a,%)) > a@) (q, )P V(q,v) € H(div;Q) x H'(Q).

The following result taken from Chapter 2 establishes the well-posedness of (5.4)

2500 - 2
Theorem 5.1. Let w1 € (0, 20), withd € (0, 2p), k4 € ( L) with & € (0,7>,

Koo, K™ |oo,0
and Ko, K3, k5, kg > 0. Given r € (O,min{ 7“0,?‘0}), with o and Ty given by
9) a()
ro = (&) and Ty = a(®) (5.16)

2(ki + D2 er(Q) 2(kj + 1)V K oo 0 c2()
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respectively, let W, := {('w,gb) eH: |(wo)l <r }, and assume that the data g, up, and pp
satisfy
¢s {7llglloog + lunllor + lunlor} + cs {Iepllor + lleplior} < v (5.17)
and
Cr (gl +cs {7 lgllooe + lupllor + lupljzr}) <1, (5.18)

where cs, cg and C are the positive constants in Lemma 2.1, Lemma 2.5 and Lemma 2.8, respectively.
Then, there ezists a unique (o, u,p,¢) € Ho(div; Q) x HY(Q) x H(div; Q) x HY(Q) solution to (5.4),
with (u,p) € W, . Moreover, there holds

le,wll < s {rlglea + lunlior + lunllyzr -

and
1.0l < g { lenlor + leplliyar}-

5.2.3 The augmented fully—mixed finite element method

Here, for clarity of exposition of the a posteriori error estimator to be defined next in Section 5.3 |
we restrict ourselves to the particular case provided in Section 2.4.3 and introduce a Galerkin scheme
of (5.4). To that end we let T be regular triangulation of €, consisting of triangles/tetrahedra of
diameter hp, and meshsize h := max{ hr: T €7, } , and for each T' € T;, we denote by

RT(T) := Py(T) + Px(1) x,

the local Raviart-Thomas space of order k, where Py (T) := [Py(T)]", and x is the generic vector in

R™. Similarly, C(Q2) = [C(Q)]". Then, we introduce the finite element subspaces approximating the

unknowns o and u as
HY = {Th € Hy(div; Q) : CtTh‘T € RT(T) VeeR" VT € 771},
and
Hy = {v, € C@): vh(T € Pp(T) VT € Ty ).

In turn, we define the approximating spaces for p and the temperature ¢ as

HY = {a, € H{div;©) ; qh‘T € RTW(T) VT €Ty}

and
HY = {q,z)h e C@): MT € Pr(T) VT € n}

Then, with the forms defined through (5.5)-(5.11), the Galerkin scheme of (5.4) reads: Find
(ohs Up, Phy op) € HY x H x HY x HY such that

A((on,un), (Th,vn)) + By, ((on,un), (Th,vn)) = Fu ((Th,vn)) + Fp((Th,v8))
(5.19)

A((Pryen)s (@ ¥n)) + Buy ((Prson) s (an,¥n)) = Fp((antn)),

for all (Th, Vh, Ah, wh) S Hg X H};’ X Hg X HZ

The following theorems, also taken from Chapter 2, provide the well-posedness of (5.19), the asso-
ciated Céa estimate, and the corresponding theoretical rate of convergence.



5.3. A posteriori error estimation: the 2D—case 134

2,%05~ 2 >
IR o2 K oo, /7
and Ko, K3, k5, kg > 0. Given r € (O,min{ TO,FO}), with ro and 1o given by (5.16), let W, =

Theorem 5.2. Let k1 € (0, 20), with§ € (0, 2p), k4 € (0 ) with & € (0

{('wh,¢h) € Hy, : |[(wn,op)] < 7“}, and assume that the data g, up, and ¢p satisfy (5.17) and

(5.18). Then, the Galerkin scheme (5.19) has a unique solution (op, un, Pn, @) € Hf x H} XHZ xHy,
with (wp, pn) € Wiy, and there hold

l@nun)ll < es{rllgles + lunlor + lunlar} - (5.20)

and
Inen)ll < s { lenllor + lepllijor - (5.21)

Theorem 5.3. Assume that the data g, up and ¢p satisfy:

1

2
with C1 and Co be the positive constants, independent of h, provided in Theorem 2.4. Then, there

exists a positive constant C1, independent of h, such that

(o, u) = (on, wn)ll + [[(P, ) — (Pn.wn)ll
e {dist((a,u),Hg X H’,;) + dist((p,go),Hg X Hf) }

Moreover, if there exists s > 0 such that ¢ € H*()), dive € H*(Q), v € H**(Q), p € H*(Q),
divp € H*(Q), and ¢ € H**L(Q), then there exists Co > 0, independent of h, such that there holds

[(o,u) = (on,un)ll + (P, 0) — (Pr,en)ll

< G H Yo o+ ldivallyo + [ulssie + [Pl + ldivple + el

5.3 A posteriori error estimation: the 2D—case

5.3.1 The residual-based error estimator

We start by introducing a few useful notations for describing local information on elements and
edges. Let &, be the set of edges of Tj, and define

En(Q) ={ec& : eCQ} and &) :={ecé& : eCTl}.
For each T € T}, we similarly denote
Enr(Q) ={eCol: ec&(Q)} and () ={eCoT : ec&((I)}.
We also define unit normal and tangential vectors v, and s, respectively, on each edge by
ve = (v1,10)" and s. := (—uv9,11)" Vee&,.

However, when no confusion arises, we will simply write s and v instead of s, and v, respectively.
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The usual jump operator [-] across internal edges are defined for piecewise continuous matrix,
vector, or scalar-valued functions ¢ by

[[C]] = (C|T+)|€’_(C|T_)|e with e = aTJr ﬂaT,,

where T and T_ are the triangles of 7; having e as an edge. In addition, given scalar, vector and
matrix valued fields ¢, ¥ = (¢1,12) and ¢ = ((;,j)1<i,j<2, respectively, we set

(;9_¢> o o 88<12 N %CH

T2 2 1 1 2

curl = , rot = — — —/— and curl =

(¢) s (¥) 9, o (€) ben oo
o1 oxr1 O0x2o

where the derivatives involved are taken in the distributional sense.

Now, we let (o7, up, ph, ¢n) € HY x H x Hp x Hf be the unique solution of (5.19) and for
each T € Ty, we define the local indicators

07 = | Vun — o — (wn @ un)|5 7 + lldiv(en) + englls

+h [leurl((on +un @ up))or+ D hellllon+un @ un)s]llf .

A A (5.22)
Y un—unle + kel + wn @ w)ds — p22°
0,e el|(oh h & Up ds o’
ee&, ()
0%, = K ! K! — Voull? di 2
Tn = K pn + ©n Up enllor + 1div(p)llor
+h7 ot (K 'pr + K 'opun)llr + D helllE 'pr + K opun) - sl
B (5.23)

h,T(92)

dop |2

ds

(K'pp + K 'opup) - s —

+ D llen—eplge + he

0,e ’
eegh,T(F)

based on which we define now the global a posteriori error estimator:

1/2
6 = { > 07, + ZGQM} .
TeT, TETh

Observe, from the strong form of the problem (cf. (5.3)) and the regularity of the weak solution at
the continuous level (cf. (5.4)), that each term defining @ has a residual character, and differently
than the corresponding one derived for our mixed—primal approach in Chapter 4, this is fully-local
and computable; an advantageous feature for practical purposes in order to define and validate the
performance of the associated adaptive algorithm. In turn, also notice that the choice of the labels
f and h (motivated by the words fluid and heat, respectively) refers to the fact that the terms
defining such indicators are precisely those involved in the corresponding fluid and heat equations that
constitute the model.

Let us now introduce the main result of this work.

Theorem 5.4. Let (o,u,p,p) and (o, up, P, pn) be the unique solutions to problems (5.4) and
(5.19) and further assume that the Dirichlet data up and ¢p are piecewise polynomials in H(T')
and HY(T'), respectively. Then, there exist positive constants Cyel, Cog > 0, depending on physical and
stabilization parameters, but independent of h, such that

Ceff 0 S H(U7 u, p, ()O) - (Uhv Up, Ph ()Oh)H S Crel 0 5 (524)
provided the data is sufficiently small (cf. Lemma 5.2).
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In this result, the requirement on up and pp to be piecewise polynomials is only to show the lower
bound of the estimator @ (cf. Lemma 4.13 in Chapter 4 and Lemma 5.10 below), and is a technical
assumption just to simplify the presentation. However, this can be relaxed by assuming that they are
sufficiently smooth on I'. By doing so one could use suitable polynomial approximations to derive the
lower bound of @ which would yield high—order terms.

The proof of Theorem 5.4 is carried out through Sections 5.3.2 and 5.3.3. There, we show separately
that the estimator 0 satisfies the upper (reliability property) and lower (efficiency property) bounds of
the expression (5.24).

5.3.2 Reliability of the estimator

Preliminary error estimates

We begin the derivation of the upper bound of (5.24) by recalling that, since ||u|; o < 7, the
bilinear form A + B,, is elliptic on Hy(div; Q) x H'(Q) with ellipticity constant «(Q)/2 (see Section
1.3.3). Then, proceeding analogously to the proof of Lemma 4.1 we obtain that there exists C' > 0,
independent of A, such that

(o, uw) — (o un)| < C{HMVuh — (up @ up)® = oflloq + [div(es) + ¢nglloa + llun —upllor

gl lle = @nlle + [[unliallu=wunlio + HRfH}
(5.25)
where R : Hy(div; Q) — R is the functional defined as

Rf(T) = Fiph (T’ O) + FD(T’ 0) - A( (ah’ uh) ) (T’ 0) ) - Buh( (Uha uh) ’ (T, O) ) (5'26)
and A, By,, F,, and Fp are the forms given by (5.5)-(5.6) and (5.9)-(5.10).

Next we derive an analogous preliminary bound for the error associated to the heat variables.

Lemma 5.1. There exists a positive constant C > 0, independent of h, such that
[(P,¢) — (Pryen)ll < C{HKflph + K 'onun — Vnllog + lldiv(ps)llo,o + lon — ebnllor

lenlolle - unllio + [R¥] },
(5.27)
where R® : H(div; Q) — R is the functional defined as

R (q) = Fp(q,0) — A((Pr,¢n)s (@,0)) — Bu, ((Prsn) (a,0)), (5.28)

and A, ]~3uh, and Fp are the forms given by (5.7)-(5.8) and (5.11).

Proof. According to Lemma 2.3 and the fact that ||u|l;,o < r, we have that the bilinear form A + B,
is uniformly elliptic on H(div;Q) x H'(Q2) with a positive constant &(f2)/2, independent of wu. This
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implies that

a(Q A+ B, , _ ’ . (q,
Do) - gl <y BEBIED i), (@0))
(a,%)eH(div;Q) xH1(Q) qQ,
(a,%)#0
. ﬁD(qa ¢) - (;& + Euh)( (ph) SOh) ) (qa ¢) ) - EU*U}L( (ph) Sph) ’ (q) sz)) )
= sup .
(@) eH(div;2) xH' (2) [(q, )]l
(a,9)#0

(5.29)
Then, from the definition of Fp, A and By, (cf. (5.10), (5.7) and (5.8), respectively), the continuity
of By—u, (cf. (5.15)), and the Cauchy-Schwarz inequality, we find that

‘ﬁD(qaw) - (;& + ﬁuh)( (ph7 <Ph) ) (qvw) ) - Bu—uh( (phv Qph) ) (qvw) )
< C{ IK 'py, + K opun — Venloo + [|divipn)lloe + llen —enllor 1¢]e
+llpnllne lluw = wrllyo lita, 9)) + IR @I} .

which readily implies the result. O

Combining estimates (5.25) and (5.27) we derive now a preliminary upper bound for the total error.

Lemma 5.2. Assume that the data is sufficiently small so that the constant C(g,up,¢p), defined
below in (5.32) is such that C(g,up,pp) < 1/2. Then, the total error satisfies

(e, w,p, ) = (Th, wn, P, @n)ll
< C{HM Vauy, — (up, @ up)? — aflloq + 1div(ern) + vngllog + lun —upllor
+ K~ 'pp + K opun — Veopllo.o + [1div(pn)lloe + len — enllor
[RE | + (R }

where C > 0 is independent of h, and R* and R® are the linear functionals defined by (5.26) and
(5.28), respectively.

Proof. Combining the estimates (5.25) and (5.27), we get

(@, w,0.0) = (@, wn, o on)| < C{ (lglloog + lunllio + lenle ) @) = (un,on)]
+uVun = (wn, ® up)® = o lloe + |div(es) + ¢nglloe + lun —upllor
+ K™ 'pp + K opun — Voplloo + |div(pa)lloe + llen — ¢bpllor 530
e+ ] .

Then using the a priori estimates (5.20) and (5.21) to bound the term ||g|loo,0 + [urnll1,0 + ll¢nll10
at the right-hand side of the latter inequality, we obtain

Clglloos + lunllie + lenllie) < Clg,up,¢p), (5.31)
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with

C(g,up,¢p) i= Clgllocn+Ces { rllgloc.a+lunlor +lunllyar } + Ceg { lenllor + lenlzr }-
(5.32)
and thus, since C(g,up,¢p) < 1/2, from (5.30) and (5.31) we readily obtain the result. O

Estimation of the dual norms

Based on standard arguments used in duality techniques for a posteriori error analyses of mixed
finite element schemes |7, 27, 48, 45, 43, 46, 47|, in this Section we estimate R® and Rf in their
respective norms. We begin with the upper bound for Rf whose proof can be found in Lemma 4.10.

Lemma 5.3. There exists a positive constant C > 0, independent of h, such that

IRF| < C 4> hilluVu, — o5 — (un @ua)® |37 + 5 dives + englfr

TET,
Wi llewrl((on + wp @ up))Gr + D helll(on + wn @ un)* )], (5.33)
e€&p () '
1/2
+ Z h H(O’ + up @up)ts — du—DHZ + lup — up|3
e h h h © ds loe D R110,e
€&y ()

We now turn to the derivation of corresponding estimate of R®. To that end we first introduce some

definitions and recall some standard results.

Let HZ : HY(Q) — H} be the usual Raviart-Thomas interpolation operator. It is well known
that this operator satisfies the following approximation properties (see, for instance |12, Section I11.3.3],
[40, Section 3.4.4] and [69, Lemma 1.130], for instance):

e For each ¢ € H™(2), with 1 <m <k +1,

1¢ = T Ollor < CREClmr YT ETh. (5.34)

e For each ¢ € HY(Q) such that div(¢) € H™(Q), with 0 <m < k + 1,
|div(¢ — TF(C) o < ChE|dive|me YT ET,. (5.35)

e For each ¢ € HY(Q), there holds
I v = T(Q) - v)lloe < Che/? ¢l (5.36)
where T is the element of Tj, having e as an edge.
In turn, we consider the space X, = {v, € C(Q) : wp|, € Pi(T) VT € Tp} and denote by

I, : HY(Q) — X}, the Clément interpolation operator. From this operator we will only utilize the
following local estimates (see [22]): For each v € H'(2) there hold
H’U — Ih'UHO,T < Chr HUHI,A(T) VT €7, and HU — IhUHO,e < Chi/2 HUHI,A(e) Ve e 5}“ (5.37)

where A(T') and A(e) are the unions of all elements intersecting T and e, respectively.

Finally we recall from [30, Lemma 3.4] the following result which provides the last ingredient we
need: a stable Helmholtz decomposition of the space H(div; (2).
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Lemma 5.4. For each q € H(div;Q) there exist z € H2(Q) and ¢ € HY(Q), such that
q=V:+eul@) in Q and |leo + [6lia < Cllalae. (5.38)
To start the derivation of the upper bound of R® we first notice, according to its own definition, that

there holds
Rh(qh) =0 th S Hg

In turn, given q € H(div;Q) and provided its Helmholtz decomposition q = Vz + curl(¢) with
z € H2(Q) and ¢ € H(Q), we let

an = }(Vz) + curl(l¢) € HY.

Then, integrating by parts the term [ o5 div((Vz — HlfL(Vz))), and performing simple computations
it is not difficult to see that

RA:(q) = RMq—aqu) = RE:(Vz —1I}(Vz)) + RE(curl(¢ — I1,¢)), (5.39)
where

RE(Vz —1TIE(V2))) = /Q (Vor — K 'pp — K ppuy) - (V2 —107(Vz))

s /Q div(pp) div(Vz — T (V2)) + (V2 — TE(V2)) - v, ob — on)r
(5.40)

and
R*(curl(¢ — Ing)) = — /Q (K™ 'pn — K™ ppup) - curl(¢p — In¢) + (curl(p — Ing) - v, ¢p)r. (5.41)

In this way, to derive the desired estimate for R®, in what follows we make use of the approximation
properties of II¥ and I;, and the identities (5.40) and (5.41). We begin with the upper bound of (5.40).

Lemma 5.5. There exists a positive constant C, independent of h, such that

|R*(Vz —TI5(V2))| <C S D b [[Ven — K 'pn — K opunlf r

TET;
" 12 (5.42)
+ Z [div(pa)llg.r + Z hellep — onllg e lallaiv,o-
TET e€ER(T)

Proof. Employing the approximation property (5.34) with m = 1, we find that
/ (Vgph - Kilph - Kilgohuh) . (VZ - HZ(VZ)) < ChTHVSOh - Kilph - K’lgohuhHOTthj.
T b
In turn, using (5.35) with m = 0 and the fact that div(Vz) = div(q), we have

/ div(py) div(Vz — II§ (V2)) < Cl|div(pn)|lo,r|ldiv(a)|lo,7-
T

Finally, from (5.36) it is not difficult to see that
1/2
(V2= I5(V2) viop = <C > hellen —@nllie o [Vl
e€&p(l)

Then, (5.42) is a direct consequence of the estimates above, the regularity of the mesh 7}, the Cauchy-
Schwarz inequality, and the fact that |Vz|1 o < ||2]l2,0 < C|ld|giv,o (cf. (5.38)). O
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The following lemma establishes the upper bound for (5.41).

Lemma 5.6. Assume that op € HY(I'). Then, there exists a positive constant C' > 0, independent of
h, such that

‘Rh(curl(gb — Ihgb))‘ < C { Z h% Hrot(Kilph — K*1¢huh) HaT
TETh

+ > he[[(K'pr — K opun) - s]5 . +
e€&p(Y) e€&h( )

R W s

(5.43)

Proof. Similarly to [30, Lemma 3.10| we integrate by parts on each element and on the boundary (the
latter requires that ¢p € HY(T)) to find that

R (curl(¢ — I,8)) Z/ (K™ 'pp, — K ppuy) - curl(¢ — In¢) + (curl(¢ — I1¢) - v, op )r

TeT,
== 3 [ rot(&tpn K pwn) (6= Td) + > / [(K~pr, — K ppan) - s](6 — Tno)
TETh e€EL(Q)
d
+ > / (K~'pr — K 'onup) - 8—2}@ In9).
e€ly (T)
(5.44)
Then, using estimates (5.37), it is easy to see that
/Trot(Klph — K onun) (¢ — Ing) < Cllrot (K~ 'pp — K opun) llo |6l acr),
/[[(K_lph — K Yopup) - s)(¢ — Ind) < ChYZ||[[(K'pr — K opun) HOe |Bll1,a(e)
and
_ _ dy _
/{ (K 'pr—K tppup) s — K}(ﬁb Ih¢) < Chl/z” oK lppuy) s — —H 9ll1,A¢e) -

which combined with (5.44), (5.38), the fact that the number of triangles in A(T) and A(e) are
bounded, and the Cauchy—Schwarz inequality, yield (5.43). O

We are now in position of establishing the upper bound for RE.

Lemma 5.7. There exists a positive constant C > 0, independent of h, such that

IRM < €& > W IVen — K 'pn — K™ punlf 7 + [ldiv(pn) |3 7
TET,
W |lvot (K~ pr =K' opun) I3+ D helIIK ™ pn — K~ ppun) - s]II3 e

etnl) (5.45)

1/2

_ dsoDH

+ 3 n ] - ) s + lleo — ol |
T

ee& (T

Proof. 1t suffices to use the identity (5.39) and estimates (5.42) and (5.43). O
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To close this section, we note that the terms

hr|juVuy, — of — (up @ up)or, hrl|[Vern — K 'p, — K lppunlor,

1/2 1/2
Y lup — upllo and he! lep — @nlloe

appearing in the estimates (5.33) and (5.45) are not included in the definition of @7 ¢ and @74 since
they are clearly dominated by

| Vu, — o8 — (up @ up)Yor,  [|[Ven — K 'pr — K opuplor,
|lup —uplloe and |¢p — ¢nllo.es

respectively. As a result, the reliability property of @ (cf. upper bound in Theorem 5.4) is deduced
from this fact and a combination of Lemmas 5.2, 5.3 and 5.7, and the resulting multiplicative constant,
denoted by Cigl, is clearly independent of h.

5.3.3 Efficiency

In this section we focus on showing the lower bound in (5.24). To do so, we immediately begin by
stating the following preliminary estimate providing the efficiency of the estimator 87 (cf. (5.22)).

Lemma 5.8. Let (o,u,p) and (o, up,¢n) be the unique solutions to problems (5.4) and (5.19),
respectively, and assume that the trace up is a piecewise polynomial in H'(I'). Then, there exists a

positive constant C, depending on physical constants and on the stabilization parameters, but indepen-
dent of h, such that

v/,
C{ Z G%J} < H(O’,U, ()0) - (O-hvuh7(ph)H'

TET,

Proof. Tt essentially follows by combining Lemmas 4.12 and 4.13. We omit further details. O

To state an analogous estimate for the terms involved in the indicator @7y (cf. (5.23)), in what
follows we make extensive use of the original system of equations (5.3), which is recovered from the
augmented continuous formulation (5.4) by choosing suitable test functions and integrating by parts
backwardly the corresponding equations. We begin with the estimates for the zero order terms ap-
pearing in the definition of O7y.

Lemma 5.9. There holds

|div(p) — div(pn)llo,r < P — Pallaiv,r VT € Th.

Moreover, there exist C1, Co > 0, independent of h, such that

D Ky + K g, — Vnl§r < Cull(w, p,9) — (wn, Pa,on)|l? (5.46)
TeT

and

> len—enllse < Collo—enlia-
ec&L ()
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Proof. First, since div(p) = 0 in 2, it readily follows that

[div(pa)llor = [|div(p) — div(pa)llor < I[P — Prllaiv,r-

In turn, since ¢|r = @p, by the trace inequality in H!(Q) we easily have that

> len—enllse < Clie—enllia-
ec&p(T)

Likewise, using that K™'p + K~'pu — V¢ = 0 in Q and employing Holder and triangle inequalities,
we deduce that

YK P+ K prun — Verlgr < C{ Yol —puler + D IV —enlir
TeTn TETh TET,

+ >l w—on unlgr },
TET,

which together to the identity
pu—opup = (u—up)e+ (p — gn)un, (5.47)
and the estimate
[(w —un)e + (¢ — en)unllon < llelua@lle = vnllLa@) + lle — enllLs@)llvnlliag),  (5.48)
implies

> IK ' py + K ppun — Voulgr < C{ Yol =pulir + Y IV —enllor
TET, TET, TeT, (5.49)

+ llelalle = wnlfaq) + e = enlfaqlualisg }-

Therefore, using the fact that H! is continuously embedded into L*, and the estimates ||us|j1.0 < 7
and |l¢ll1,0 <7, from (5.49) we readily obtain (5.46), which concludes the proof. O

The corresponding bounds for the remaining terms defining 67y are stated next.

Lemma 5.10. There exist C3, Cyq > 0, independent of h, such that

Z h%HrOt(K_lph - K_IQOhuh)Hg,T S C3 H('qu,@) - (uh7ph7g0h)H27 (550)
TeT,

> helll(K'pr =K ppun) - sllge < Call(w,p,9) — (un, proon)ll- (5.51)
e€&L ()

In addition, if pp is piecewise polynomial on each e € &E,(T'), then there exists Cs > 0, independent of
h, such that

S

ec&p ()

_ _ dep |2
(K'pr — K 'ppuy) - s — KHM < Cs[[(w, p,) — (wn, pr, on)ll”-
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Proof. For the derivation of the first two inequalities, it suffices to use Lemmas 6.1 and 6.2 in [18] or
Lemmas 3.19 and 3.20 in [30]. Indeed, from there we have that for each piecewise polynomial pp in
T, and for each p € L2(Q) with rot(p) = 0 in €, there exists C' > 0, independent of h, satisfying

hrllvot (o) lor < Clip = pallor and  he*|[Ton lllo.e < C o — pallog. - (5.52)

where w, is the union of the two elements of 75 having e as an edge. Thus, taking p, = K~!p; +
Kt up and p := K 'p + Klpu = Vi in (5.52), summing up on T' € T;, and on e € &, using
again (5.47), (5.48), estimates ||un|1,0,[|¢ll1.0 < 7, and the fact that H' is continuously embedded
into L*, and proceeding exactly as in the proof of Lemma 4.13 in Chapter 4 we can easily obtain (5.50)
and (5.51). In turn, these same arguments combined with Lemma 3.26 in [30] (which requires ¢p to
be a piecewise polynomial in H*(T")) allow us to deduce the last inequality. We omit further details
since the result can be, again, deduced analogously to Lemma 4.13 in Chapter 4. U

We end this section by noticing that the efficiency property of the estimator 8 is a consequence of
its own definition and Lemmas 5.8, 5.9 and 5.10.

5.4 A posteriori estimation: the 3d—case

In this section we briefly discuss how the a posteriori error analysis can be extended to the three
dimensional case. To that end we first need to introduce some additional notations.

Given ¥ = (¢1,12,13) a sufficiently smooth vector field, we let

curl(yh) ==V x ¢ = ((%3 _ 02 O OYs OYp _ 3¢1>

8:32 3.%‘3 ’ 8.(83 61‘1 ’ 61‘1 61‘2

and given any tensor field ¢ = ((;j)1<i j<3 we define

curl(¢i1, Ci2, (13) (C11,¢12,C13) x v
curl ¢ := | curl(a1, (22, (23) and ¢ xv:i= | ((21,¢22,C3) XV |,
curl((31,(32,(33) (C31,C32,¢33) x v

Then, the local estimators 67 ¢ and @1y take the form
2 d dp2 . 2
07 = |uVup — o), — (up @up)®|gr + [|div(ern) +engllor

+h3flewrl((op +up @ up))Gr+ D helll(on+un @ up)* x V][5,

eEghyT(Q)
2

+ > lun—uplg, + he
eEgh,T(F)

(oh + up @up)* xv — pNVup x V‘

)
,€

07n = [K™'pn + K 'onun — Veulgr + lldiv(p)l[§.r

+h7 lcurl(K~'py, + K opun) 57+ D he [TEK 'pr + K o) x V15,

eEghyT(Q)
2

+ Y llen—enllge + he
ecénr(T)

(Kilph + Kilaph uh) xv — Vyp X V‘

)
0,e
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and the global a posteriori error indicator is defined as

1/2
9::{ > 07, + ZGQM} .

TeTh TeTh

The reliability of this estimator can be proved essentially by using the same arguments employed for the
two dimensional case. In particular, analogously to the 2D case, here it is needed a stable Helmholtz
decomposition for H(div;€2). This result taken from [41, Theorem 3.1] is established next.

Lemma 5.11. For each v € H(div; Q) there exist z € H2(Q) and x € HY(Q), such that there hold
v=Vz+curlx in €, and
12ll2.0 + lIxll.0 < Cllvllaiva,

where C' is a positive constant independent of v.

Finally, to prove the efficiency of the three dimensional estimator it suffices to estimate the new
terms since the analysis of the rest of the terms is straightforward. The following lemma provides these
desired estimates, where, for the sake of simplicity, we assume that ¢p is piecewise polynomial.

Lemma 5.12. There exist positive constants ¢; , i € {1,2,3}, independent of h, such that

a) Y hilleurl(K 'pp + K 'ppun) 57 < e ll(w,pp) = (wn, P on)lI.

TeT
b) > hell[(K'ph + K pnun) x v, < call(@,pro) — (wn pasion)l®
€€5h,T(Q)
2
Y hef| (K + K gnwn) xv = Vop x v < e ll(,prg) — (wnprn)I
ee&, () "

Proof. By applying (5.47), (5.48), estimates |jup||1,0, [|¢]l1,0 < r, and the fact that H' is continuously
embedded into L*, estimates a), b) and c) can be deduce from a slight modification of the proofs of
[44, Lemma 4.9], [44, Lemma 4.10| and [44, Lemma 4.13|, respectively. O



Conclusions and future works

Conclusions

In this thesis we developed and analyzed four new high—order quasi—optimally convergent mixed
finite element methods for solving the stationary Boussinesq problem describing the natural convection
phenomena or thermally driven flows; a set of partial differential equations given by a Navier—Stokes
type system and the advection—diffusion equation, nonlinearly coupled via buoyancy forces and con-
vective heat transfer.

1. We constructed two augmented mixed schemes based on the incorporation of parameterized
redundant Galerkin terms into a mixed weak form of the fluid equations in which a pseudostress
tensor was introduced, coupled to mixed-primal and mixed formulations for the heat equation.
These approaches particularly allowed to place the problem within appropriate frameworks to
use standard Hilbert spaces for the velocity and the temperature of the fluid, which require a
suitable regularity due to the presence of the nonlinear convective terms appearing in the model.
For both techniques,

(a) equivalent fixed—point settings were derived to analyze the well-posedness of the associated
continuous formulations.

(b) we provided explicit ranges of values for suitably and optimally choosing the stabilization
parameters so that the variational problems became well-posed. Moreover, under small
data assumptions, we stated the existence and uniqueness of continuous solutions as well as
corresponding a priori bounds by using the classical Banach Theorem combined with the
Lax-Milgram Theorem and the Babuska-Brezzi theory.

(c) we showed the well-posedness and the convergence of the respective Galerkin schemes for
any family of finite element subspaces and, in the mixed-primal case, assuming an additional
inf-sup compatibility condition.

(d) we specified high-order finite element spaces for achieving quasi-optimal convergence.

e) numerical examples in two and three dimensions were provided to validate the theoretical
p p
findings.

2. The numerical analyses of the aforementioned augmented techniques were complemented by
carrying out residual based a posteriori error estimations in two and three dimensions. The
proposed global error indicators were shown to be reliable and globally efficient with respect
to the natural norms. Adaptive algorithms were also proposed, and their performance and

effectiveness were illustrated through a few numerical examples.
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3. We also developed two dual-mixed methods exhibiting the same structure of the classical skew—
symmetric formulation for the Navier—Stokes equations. The techniques consisted on introducing
the trace—free velocity gradient and a Bernoulli stress tensor as auxiliary unknowns in the fluid
equations, whereas both primal and mixed—primal approaches were considered for the heat equa-
tion. In the analyses of these methods,

(a) without any restriction on data, we derived a priori estimates and the existence of continuous
and discrete solutions for the formulations by the Leray—Schauder principle.

(b) uniqueness was proven under a small data assumption.
(c) convergence of the discrete schemes and standard error estimates were further derived.

(d) numerical experiments confirmed the theoretical results and illustrated the robustness and
accuracy of both methods for a classic benchmark problem.

4. A common feature of all the proposed techniques is that the pressure is eliminated by its own
definition, and by a simple postprocess of discrete solutions this latter and several other physically
relevant variables such as the the vorticity fluid, the shear—stress tensor, and the velocity and
the temperature gradients, can be computed without any loss of accuracy.

Future works

The methodologies we developed in this thesis have given rise to several ongoing and future projects.
We briefly describe some of them below.

1. A posteriori error analyses of dual-mixed formulations for the stationary Boussinesq
problem

As a natural continuation, we are interested in developing a posteriori error analyses and adap-
tive algorithms driven by the dual-mixed schemes constructed in Chapter 3 for the numerical
simulation of problems in which complex geometries, and the presence of interior or boundary
layers can deteriorate the overall quality of the approximation.

2. Analysis of a new dual-fully-mixed finite element method for the stationary Boussi-
nesq problem

In order to improve our augmented fully-mixed scheme presented in Chapter 2 and similarly to
the dual-mixed schemes from Chapter 3, we also aim to extend the methodology used in |52, 53|
for the Navier-Stokes equations, but following now a similar approach for the heat equation as
in the fluid, that is, to introduce as additional unknowns the temperature gradient along with a
vectorial unknown that nonlinearly depends on the latter, the velocity and the temperature of
the fluid. As a result, the corresponding variational formulation retains exactly the same struc-
ture of the standard velocity-pressure formulation of the Navier-Stokes equations. Immediate
advantages that this new approach provides are: (a) a reduced regularity requirement on the
temperature field, allowing for more flexibility when choosing particular finite element spaces
(b) the theoretical analysis of the problem is unified since it essentially follows by adapting the
arguments from [52, 53|, (c) the temperature gradient, an important physical variable in this
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phenomena, is now a primary unknown, and (d) the Dirichlet boundary condition for the tem-
perature is naturally introduced into the formulation, avoiding the use of either an extension or

a Lagrange multiplier on the boundary via a weak imposition.

. Development of mixed finite element methods for the numerical simulation of bio—
convection models and related phenomena in microbiology

In applied microbiology, several phenomena related to the hydrodynamic of swimming microor-
ganisms are typically modelled in terms of coupled partial differential equations involving a Stokes
or a Navier—Stokes type system (see |56], for instance). Because of their mathematical structure,
our methodologies from Chapters 1, 2 and 3 are well-suited for the development of new numerical
techniques, as well as their associated adaptive algorithms from Chapters 4 and 5.

A first step in our research toward this trend is then to contribute to the numerical analysis and
simulation of bio—convective flows describing microbiological cultures; a very common technique
to identify and to determine the cause of an infectious disease in molecular biology. A simplified
model for this phenomena [58, 61], in an enclosure region €2, is given by the system

—div (u(¢)A(Vu)) + (u-V)u + Vp —g(1 + vp)iz = f, divu = 0

e

=0
89@3

—kAp +u-Vo + U

describing the velocity u, the pressure p and the concentration profile ¢ of the culture in a region
Q of the space, with the boundary conditions

0
u =0, and nﬁ—ngUwzo on T
v

L/ >
9 Jo© TN

Here, A(Vu) is the symmetric part of the velocity gradient, v(-) is the kinematic viscosity, f

and the total mass condition

refers to a volume-distributed external force, g is the gravitational force, x and U are de diffusion
rate and mean velocity of upward swimming of the microorganisms, respectively, ig is the vertical

unitary vector, and «,y are given positive constants.

In this way, we are interested in extending our approaches from Chapters 1 and 2 for developing
reliable high—order quasi-optimally convergent augmented mixed—primal and fully—mixed finite
element methods by suitably handling the Robin boundary condition and the second equation for
the concentration in the system above. In this same direction, we then aim to combine our results
to numerically simulate other related problems such as generalized models in bio-convection [10]
and the chemotaxis phenomena.



Conclusiones y trabajos futuros

Conclusiones

En esta tesis hemos desarrollado y analizado cuatro nuevos métodos de elementos finitos mixtos

quasi-6ptimamente convergentes y de alto orden para la solucién numérica del problema estacionario de

Boussinesq que permite describir fenémenos de convecciéon natural o flujos impulsados térmicamente;

un conjunto de ecuaciones diferenciales parciales dadas por un sistema tipo Navier-Stokes y la ecuacion

de adveccion-difusion acopladas de forma no lineal a través de fuerzas de flotaciéon y transferencia de

calor por conveccion.

1. Construimos dos esquemas mixtos aumentados basados en la incorporaciéon de términos de

Galerkin redundantes parametrizados en una formulacion débil mixta de las ecuaciones del fluido

en la que se introdujo un tensor de pseudo-esfuerzos, acoplado a formulaciones mixta-primal y

mixta para la ecuacion del calor. Estos enfoques particularmente permitieron ubicar el problema

dentro de un marco matematico adecuado para usar espacios de Hilbert estandar tanto para la

velocidad como para la temperatura del fluido, las cuales requieren una cierta regularidad debido

a la presencia de los términos convectivos no lineales que aparecen en el modelo. Para ambas

técnicas,

(a)

(b)

(e)

se derivaron problemas de punto fijo equivalentes para analizar el buen planteamiento de
las formulaciones continuas asociadas.

precisamos rangos de valores para escoger apropiada y 6ptimamente los pardmetros de es-
tabilizacién de manera que los problemas variacionales correspondientes estuvieran bien
planteados. Aun maés, bajo suposicién de data pequena, establecimos la existencia y unici-
dad de soluciones continuas, asi como las correspondientes estimaciones a priori, usando el
teorema clasico de punto fijo de Banach en combinacién con el teorema de Lax-Milgram y
la teoria de Babuska-Brezzi.

demostramos que los respectivos esquemas de Galerkin estaban bien planteados y que eran
convergentes para cualquier familia de subespacios de elementos finitos y, en el caso mixto—
primal, siempre que una condicién inf-sup discreta adicional sea satisfecha.

especificamos espacios de elementos finitos de alto orden para alcanzar comvergencia quasi-
oOptima.

se presentaron ejemplos numéricos en dos y tres dimensiones para validar lo predicho por
la teoria.

2. El anélisis numérico de las técnicas mixtas aumentadas antes descritas fué complementado a

través de estimaciones de error a posteriori basadas en residuos en dos y tres dimensiones. Los
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indicadores de error global que se propusieron resultaron ser confiables y globalmente eficientes
con respecto a la normas naturales. Algoritmos adaptativos también fueron propuestos, y su
efectividad fue ilustrada a través de algunos experimentos numéricos.

3. También desarrollamos dos nuevos métodos duales-mixtos que exhiben la misma estructura que la
clasica formulacion anti—simétrica para las ecuaciones de Navier—Stokes. Las técnicas consistieron
en introducir el gradiente de velocidad con traza nula y un tensor de esfuerzos tipo Bernoulli
como incognitas auxiliares en las ecuaciones del fluido, mientras que en la ecuacién del calor se
llevaron a cabo formulaciones primal y mixta-primal. En el andlisis de estos métodos,

(a) sin restricciones sobre datos, derivamos estimados a priori y la existencia de soluciones
discretas y continuas para las formulaciones por el principio de Leray—Schauder.

(b) la unicidad fué también asumiendo datos suficientemente pequenos.

(c) se demostro la convergencia de los esquemas discretos asociados y se derivaron estimados
estandar de error.

(d) se proporcionaron experimentos numéricos para respaldar los resultados teéricos demostra-
dos y para ilustrar la robustez y precision de ambos métodos ante un problema clasico de
referencia en convecciéon natural.

4. Como una caracteristica comtin de todas las técnicas, la presion fué eliminada como una incognita
del sistema por su propia definicién, y a través de simples post-procesos de soluciones discretas,
ésta y otras variables de interés fisico tales como la vorticidad del fluido, el tensor de esfuerzos, y
los gradientes de velocidad y temperatura pueden ser calculados sin ninguna pérdida de precision.

Trabajos Futuros

Las metodologias desarrolladas en esta tesis han dado origen a varios proyectos en desarrollo y
futuros. Algunos de ellos son descritos a continuacién.

1. Analisis de error a posteriori para formulaciones duales-mixtas del problema de
Boussinesq

Como una continuacién natural, estamos interesados en llevar a cabo un anélisis de error a
posteriori para las formulaciones duales-mixtas que se desarrollaron en el capitulo 3 para mejorar
su robustez ante problemas en los cuales se involucran geometrias complejas o aparecen capas
limites que podrian deteriorar la calidad de la aproximacion.

2. Analisis de una nueva formulacién dual completamente mixta para el problema de
Boussinesq estacionario

Con la finalidad de mejorar nuestro método completamente mixto presentado en el capitulo 2 y
de manera similar a las técnicas duales-mixtas del capitulo 3, estamos extendiendo la metodologia
usada en |52, 53| para las ecuaciones de Navier-Stokes, pero siguiendo ahora un enfoque similar
para la ecuaciéon del calor, tal como en el fluido, es decir, introduciendo como incégnitas auxil-
iares el gradiente de temperatura junto con una incognita vectorial que depende no linealmente
de ésta ultima, la velocidad y la temperatura del fluido. Consecuentemente, la correspondiente
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formulacion preserva exactamente la misma estructura de la formulacién velocidad-presion es-
tandar de las ecuaciones de Navier-Stokes. Ventajas inmediatas que este nuevo enfoque provee
son: (a) se reduce un requerimiento de regularidad sobre el campo de temperatura, lo cual da
maés flexibilidad para escoger los correspondientes subespacios de elementos finitos, (b) el analisis
tedrico del problema se unifica debido a que éste sigue adaptando directamente la metodologia
de 52, 53|, (c) el gradiente de temperatura es ahora incoégnita principal, y (d) la condicién de
frontera de Dirichlet para la temperatura se incorpora naturalmente en la formulacién, evitando
el uso de una extensién o un multiplicador de Lagrange a través de la imposiciéon débil de la
misma.

. Desarrollo de nuevos métodos de elementos finitos mixtos para la simulacién numérica
de modelos de bio-conveccion y fendmenos afines en microbiologia

En microbiologia aplicada, varios fenémenos relacionados con la hidrodindmica de microorga-
nismos se modelan tipicamente en términos de ecuaciones diferenciales parciales acopladas que
involucran un sistema tipo Stokes o Navier-Stokes (consulte [56], por ejemplo). Debido a la
estructura matemética de estos modelos, nuestras metodologias de los capitulos 1, 2 and 3 se
adectian para desarrollar nuevas técnicas numéricas basadas en métodos de elementos finitos
mixtos, asi como sus correspodientes algoritmos adaptativos asociados de los capitulos 4 y 5.

Un primer paso de nuestra investigaciéon hacia esta tendencia es entonces contribuir con el anélisis
y la simulacién numérica de flujos bio—convectivos que describen la dinamica de cultivos micro-
biol6gicos; una técnica comtn para identificar y determinar la causa de una enfermedad infecciosa
en biologia molecular. Un modelo simplificado de este fenémeno |58, 61|, en una region cerrada
), esta dado por el sistema

—div (u(@)A(Vu)) + (u-V)u + Vp —g(1 + ye)iz = f,  divu = 0

e

=0
8903

—kAp +u-Vo+U

para describir la velocidad u, la presion p y la concentraciéon ¢ de microorganismos en el cultivo
en una region 2 del espacio, con las condiciones de frontera

0
u=20, y Iia—i—ngU@ZO sobre T’

1/ B
o Jo¥ T "

Aqui, A(Vu) es la parte simétrica del gradiente de la velocidad, v(-) denota la viscosidad

y la condicién de masa total

cinematica, f una fuerza externa, g la gravedad, k y U alos coeficientes de difusién térmica y la
velocidad promedio en la que los microorganismos se propulsan hacia arriba , respectivaente, i3
el vector unitario en la direccién vertical, y «,y constantes positivas conocidas.

De esta manera, estamos interesados en extender nuestros enfoques de los capitulos 1 y 2 para
desarrollar metodos de elementos finitos primal-mixto y completamente mixto aumentados de
convergencia quasi-Optima, de alto orden y confiables manejando adecuadamente la condicién
de frontera tipo Robin y la segunda ecuaciéon diferencial para la concentraciéon descritas en el
sistema arriba. En este mismo orden de ideas, planeamos de igual forma combinar luego nuestros
resultados para simular numéricamente otros problemas relacionados como modelos generalizados
en bio-convection [10] y el fenémeno de quimiotaxis.
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