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Abstract

This thesis addresses two main topics. First, we apply and analyse a high order hybridizable dis-
continuous Galerkin (HDG) method to two interesting problems in the context of fluid mechanics,
which are Stokes problem and Oseen equations. The novelty of this part is that curved domains are
considered instead of polyhedral domains. The analysis is based on approximating the curved domain
by a polyhedral computational subdomain where an HDG solution can be computed. To obtain a
high order approximation of the Dirichlet boundary data in the computational domain, we employ
a transferring technique based on integrating the approximation of the gradient of the velocity. In
addition, we first seek for a discrete pressure having zero-mean in the computational domain and then
the zero-mean condition in the entire domain is recovered by a post-process that involves an extrap-
olation of the discrete pressure. Since the problems we are interested on are modelled by similar sets
of equations (there is only one additional term in Oseen equations), the treatment of the boundary
condition and pressure is the same for both problems. We prove that the method provides optimal
order of convergence for the approximations of the pressure, the velocity and its gradient, that is, order
hk+1 if the local discrete spaces are constructed using polynomials of degree k and the meshsize is h.
Numerical experiments validating the method are presented.
Secondly, we also present a dispersion analysis of HDG methods. Considering the Helmholtz system,
we quantify the discrepancies between the exact and discrete wavenumbers. In particular, we obtain an
analytic expansion for the wavenumber error for the lowest order Single Face HDG (SFH) method. The
novel result of this part is that the expansion shows that the SFH method exhibits convergence rates
of the wavenumber errors comparable to that of the mixed hybrid Raviart–Thomas (HRT) method. In
addition, the same behavior for the higher order cases is observed in numerical experiments.
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Resumen

Esta tesis aborda dos temas principales. Primero, aplicamos y analizamos un método de Galerkin
Discontinuo Hybridizado (HDG, por sus siglas en inglés) a dos problemas interesantes en el contexto
de la Mecánica de Fluidos, que son el Problema de Stokes y las Ecuaciones de Oseen. La novedad
de esta parte es que se consideran dominios curvos en vez de dominios poliédricos. El análisis está
basado en aproximar el dominio curvo por un subdominio poliédrico en el que se puede calcular una
solución numérica. Para obtener una aproximación de alto orden del dato Dirichlet en la frontera
computacional, empleamos una técnica de transferencia basada en integrar la aproximación del gra-
diente de la velocidad. Además, primero buscamos una presión discreta que tenga media nula en el
dominio computacional y la condición de media nula en el dominio completo es recuperada a través de
un post–proceso. Dado que los problemas en los que estamos interesados son modelados por conjuntos
de ecuaciones similares (sólo hay un término adicional en las Ecuaciones de Oseen), el tratamiento
de la condición de frontera y de la presión es el mismo para ambos problemas. Demostramos que el
método entrega órdenes de convergencia óptimos para las aproximaciones de la presión, velocidad y
su gradiente, esto es, orden hk+1 si los espacios discretos locales se construyen usando polinomios de
grado k y el tamaño de la malla es h. Se presentan ensayos numéricos que validan el método.
En segundo lugar, presentamos también un análisis de dispersión de métodos HDG. Considerando el
sistema de Helmholtz, cuantificamos las diferencias entre los números de onda exacto y aproximado.
En particular, obtenemos una expansión analítica para el error del número de onda para el método
Single Face HDG (SFH) del orden más bajo. El resultado novedoso de esta parte es que la expansión
muestra que el método SFH entrega órdenes de convergencia del número de onda que son comparables
a las del método mixto Raviart–Thomas híbrido (HRT). Además, el mismo comportamiento se observa
en ensayos numéricos para los casos de órdenes más altos.
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Introduction

Discontinuous Galerkin (DG) methods have been extensively studied and used to solve different kind
of problems. In particular, Hybridizable Discontinuous Galerkin (HDG) methods have been proposed
in [17]. Hybridization of Discontinuous Galerkin (DG) methods arises as an alternative to reduce the
number of globally coupled degrees of freedom of DG methods. In the context of diffusion problems,
[17] introduced a unifying framework for hybridization of DG methods, where the only globally coupled
degrees of freedom are those of the numerical traces on the inter–element boundaries and the remaining
unknowns are obtained by solving local problems on each element. Since then, HDG methods have been
widely used to approximate the solution of a variety of problems. In the context of fluid mechanics,
they have been introduced for Stokes flow equations [16, 18, 22, 52], quasi–Newtonian Stokes flow
[34, 35], Stokes–Darcy coupling [36], Brinkman problem [4, 33, 37], Oseen equations [11] and Navier–
Stokes equations [12, 53, 56, 57, 61, 63], among others.
In the first part of this thesis, we will present a high order HDG method to numerically solve the Stokes
equations of an incompressible fluid flow occupying a region Ω ⊂ Rd not necessarily polygonal (d = 2)
or polyhedral (d = 3) with boundary Γ := ∂Ω compact, Lipschitz and piecewise C2. More precisely,
denoting by u the velocity of the fluid, p the pressure, ν > 0 a constant viscosity, f ∈ [L2(Ω)]d a source
term and g ∈ [L2(Γ)]d the prescribed velocity at the boundary satisfying the compatibility condition∫

Γ
g · n = 0 (n is the outward unit normal to Ω), the equations to solve are

L−∇u = 0 in Ω, (1a)

−∇ · (νL) +∇p = f in Ω, (1b)

∇ · u = 0 in Ω, (1c)

u = g on Γ, (1d)
∫

Ω
p = 0. (1e)

Following this, the next step is to solve the incompressible Ossen equations, given by

L−∇u = 0 in Ω, (2a)

−ν∇ · L + (β · ∇)u+∇p = f in Ω, (2b)

∇ · u = 0 in Ω, (2c)

u = g on Γ, (2d)
∫

Ω
p = 0, (2e)
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where the convective velocity is assumed to satisfy β ∈ [W 1,∞(Ω)]d and to be divergence free.

In both cases, we have to deal with a curved domain. The main idea is to approximate Ω by a poly-
hedral computational domain where the boundary data g is properly transferred to the computational
boundary. We follow the approach proposed by [23] and analyzed in [21] that consists of integrating
the approximation of the gradient along transferring paths connecting the computational boundary
and Γ. This technique allows us to obtain a high order approximation of the boundary data in the
computational domain which leads to a high order accuracy of the discrete solution. More precisely, if
polynomials of degree k are used to construct the local discrete spaces, the error in the variables L, u
and p, measured in L2-norm, will be of order hk+1, where h is the meshsize. This technique has been
recently applied to several problems and shown to perform properly. However, to the best of our knowl-
edge, this is the first work that applies it to the Stokes flow problem where the main difference with
previous work is the treatment of the approximated pressure in the computational domain. One of the
first ideas based on this transferring technique was introduced by [20] for the one-dimensional case and
then extended to higher dimensions for pure diffusion [21, 23] and convection-diffusion [24] equations.
In all these work, Dirichlet boundary data was considered and the mesh does not fit the domain. It was
shown that high order accuracy is obtained if the distance between the computational domain and the
boundary is of only order h. Recently, a similar approach was proposed and studied numerically for
Neumann boundary conditions and elliptic interface problems [62]. There, the Neumann data cannot
be treated in the same way as Dirichlet data and the computational boundary/interface in [62] must
be of order h2 away from the true boundary/interface in order to obtain optimal results. Roughly
speaking, the Neumann data in [62] is imposed by extrapolating the discrete gradient, whereas the
Dirichlet data is imposed by performing a line integration of the discrete gradient. This integral is over
a segment of length proportional to h, hence it provides a power of h that overcomes the fact that the
distance between Γ and the computational boundary is of only of order h.

Let us briefly discuss some of the literature related to numerical methods for differential equations
involving curved boundaries or interfaces. In general, these methods can be classified as fitted or
unfitted. In fitted methods, the discretization of the domain resolves the boundary/interface, up to
some degree of accuracy. For instance, this is the case of isoparametric finite elements [48] where the
mapping from the reference element to a physical element is a polynomial whose degree is the same
as the polynomial degree of the finite element space. In this direction, [6] considers a finite element
approximation for smooth elliptic interfaces where optimal convergence rates are obtained if the mesh
isoparemetrically fits the interface. For piecewise linear approximation of a Dirichlet boundary value
problem, [8] approximates data at the computational boundary Γh by transferring the boundary data
g in a natural way. That is, for x ∈ Γh and a suitably defined x̄ ∈ Γ such that |x− x̄| is of order h2, the
computational boundary data, g̃, is set as g̃(x) := g(x̄). The same idea was extended later to interface
problems [9]. As we will see in (1.2), in some sense our technique can be seen as a generalization where
we add an additional term to the natural way of transferring. For a high order H-div-conforming
method to solve elliptic interface problems we refer to [50]. There, the curved interface is locally
interpolated by splines and optimal convergence is obtained for a suitable chosen spline degree. Fitted
methods have been also applied to control problems in curved domains [29], where only polynomials
of degree one are considered. In general, one of the main advantages of fitted methods is that the
prescribed data at the boundary/interface can be easily imposed. However, the construction of the
meshes might be difficult, especially in complicated geometries. On the other hand, the attractive
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feature of unfitted methods is that the mesh is not adjusted to the domain and even Cartesian grids
can be considered. However, it is not straightforward to develop a high order unfitted method, mainly
because of imposition of the boundary/interface data away from the true boundary/interface. In
the context of finite differences, one of the most popular unfitted method is the Immersed Boundary
(IB) method introduced by [58] in 1972. For the two dimensional case, [51] showed that it is a
first order method for the velocity of a Stokes flow and second order accuracy can be achieved away
from the interface. Later, in the same direction, LeVeque and Li developed the Immersed Interface
method [49], which is second order accurate. In the context of finite element method, [7] proposed an
unfitted method based on Nitsche’s approach [54] with the polygonal domain approximation method
[67]. There, the numerical scheme is posed in a polygonal domain and a correction term is added to
Nitsche’s bilinear form in order to obtain high order accuracy. Recently, a high-order finite element
method was proposed to solve elliptic interface problems [44]. It is also based on a term involving a
piecewise polynomial correction function which is added to the functional at the right hand side. This
correction function is suitable constructed a priori using the information provided by the equation and
the transmission conditions at the interface. Similarly, an HDG method based also on pre–computing a
correction function was proposed and analyzed in [32]. Finally, we would like to mention an alternative
approach, the Composite Finite Elements [59, 60], that deals with complicated domains involving rough
boundaries or small holes inside. However, to the best of our knowledge, it has not been developed for
high order approximations.

Our aim is to develop a method that combines the flexibility of the mesh construction of unfitted
methods with the high order accuracy of fitted methods. In fact, the main advantage of our technique
is that the computational domain is easy to build and there is no need to adjust it to the actual
domain. Moreover, the way we transfer the Dirichlet data allows us to consider high order polynomials
in the discrete spaces and obtain high order accuracy. On the other hand, one of the drawbacks of
our method compared to others is that it relies on two aspects of the PDE: (1) ∇u must be part of
the equation and (2) u = g at Γ. In addition, the resulting global matrix is not symmetric in our
case. Symmetrizing the method is subject of future work. We believe our technique is, in principle,
independent on the numerical method, as long the gradient is properly approximated and the PDE
has the aforementioned characteristics. In fact, mixed methods for diffusion problems have also been
successfully combined with this transferring technique [55].

Chapter 2 of this thesis shows the details of the results obtained when applying this technique to
the Stokes problem (1). This work has been accepted for publicaction in the Journal of Scientific
Computing. A pre-print is available in

[65] M. Solano and F. Vargas, A high order HDG method for Stokes flow in curved domains.
https://www.ci2ma.udec.cl/publicaciones/prepublicaciones/prepublicacion.php?id=227,
(2016).

On the other hand, Chapter 3 of this thesis contains the results of the application of our technique
to Oseen equations (2). These results will be submitted to an ISI journal in a few days.

The other focus of this thesis is to perform a dispersion analysis of HDG methods for the Helmholtz
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equation, which is given by

iku+∇φ = 0 in Ω, (3a)

ikφ+∇ · u = f in Ω, (3b)

φ = 0 on ∂Ω, (3c)

where 0 6= k ∈ C is the wavenumber, Ω ⊂ R2, u : Ω → R2 is a vector unknown, φ : Ω → R is a
scalar unknown, and f ∈ L2(Ω) is a given source term. When solving the Helmholtz system using
a numerical method, the so-called “pollution effect” [5] manifests itself in discrepancies between the
method’s discrete wavenumber and the exact k. Dispersion analyses have long been used to determine
these discrepancies for standard methods (see [1, 30] and the bibliography therein).

In a dispersion analysis, one attempts to propagate a wave of exact wavenumber k using a numerical
method on an infinite uniform mesh of grid size h > 0. The equations of the method then show
that the numerical solution can be viewed as a wave of a possibly different wavenumber kh. Thus,
the difference between k and kh quantifies the wavenumber error of the method. It is traditional to
study these differences in the following three forms: “dispersive error” Re(kh−khh), “dissipative error”
Im(kh−khh), and the “total error” |kh−khh|. The behaviour of these quantities as kh goes to 0 gives
us valuable insights into the method.

Many previous works have focused on dispersion analyses of various numerical methods [1, 30].
Dispersion relations of some discontinuous Galerkin (DG) methods were obtained in [2]. Here as
well as in [64], the dispersive and dissipative errors of DG methods applied to linear advection were
studied. In an earlier work [45], the dispersive and dissipative properties of DG methods were analysed
in the context of the one-dimensional scalar advection equation as well as the two-dimensional wave
equation. This was followed by [3], where the dispersive and dissipative errors of the Interior Penalty
Discontinuous Galerkin (IP-DG) method applied to the second-order wave equation were studied.
They also studied a more general family of schemes applied to the corresponding first order system.
A dispersion analysis of the IP-DG method applied to elastic wave propagation was conducted in [28].
More recently, dispersion analysis of other non-conforming methods have received attention. This
includes dispersion analysis of the Discontinuous Petrov–Galerkin (DPG) method [41] and the Plane
Wave Discontinuos Galerkin (PWDG) method [39].

The purpose of this part of the thesis is to use dispersion analysis to quantify the wavenumber
discrepancies of certain HDG methods. These methods have been applied by many to solve the
Helmholtz system – see e.g., [25, 38, 43]. The first work to perform a dispersion analysis of an HDG
method was [40]. That work considered one of the standard HDG methods, namely what is called
the LDG-H method in [17], studied the influence of its stabilization parameter τ on the dispersion
errors, and compared the HDG errors to those of the mixed HRT (hybrid Raviart-Thomas) method.
The results in [40] were limited to the lowest order case (p = 0) and the next higher order case
(p = 1). Based on these, the convergence rate of wavenumber errors when τ = 1 was estimated to be
|kh − khh| = O((kh)2p+2). These results made it clear that the HRT method surpassed the LDG-H
method by yielding higher order wavenumber errors as h→ 0. Therefore, it was natural to ask if any
other flavor of the HDG method can possibly achieve rates comparable to the HRT method. That is the
reason why we study the Single Face HDG (SFH) method, which uses exactly the same stabilization as
the LDG-H method, but applies it in such a way that τ = 0 in all but one edge of every mesh element.
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The SFH method was one of the first HDG methods to be analyzed [15]. Its construction and analysis
was motivated by [17] (even though [15] was published before [17]). Due to its ‘minimal’ stabilization
domain, one may view the SFH method as the HDG method that is in some sense ‘closest’ to the
mixed method.

Our results on dispersion analysis are shown in Chapter 4 of this thesis, and gave rise to the publi-
cation

[42] J. Gopalakrishnan, M. Solano and F. Vargas, Dispersion analysis of HDG methods.
Journal of Scientific Computing, 77 (2018), pp. 1703–1735.



Introducción

Los métodos de Galerkin Discontinuos (DG) han sido extensivamente estudiados y usados para
resolver diferentes tipos de problemas. En particular, el método de Galerkin Discontinuo Hibridizable
(HDG) fue propuesto en [17]. La Hibridización de métodos de Galerkin Discontinuos surge como una
alternativa para reducir el número de grados de libertad globalmente acoplados de los métodos DG.
En el contexto de problemas de difusión, [17] introdujo un marco teórico unificado para hibridización
de métodos DG, donde los únicos grados de libertad globalmente acoplados son los de las trazas
numéricas en las fronteras entre elementos, y las demás incógnitas se obtienen resolviento problemas
locales en cada elemento. Desde entonces, los métodos HDG han sido ampliamente usados para
aproximar la solución de una variedad de problemas. En el contexto de Mecánica de Fluidos, han
sido introducidos para ecuaciones de flujo de Stokes [16, 18, 22, 52], flujo de Stokes cuasi–Newtoniano
[34, 35], acoplamiento Stokes–Darcy [36], problema de Brinkman [4, 33, 37], ecuaciones de Oseen [11]
y las ecuaciones de Navier– Stokes [12, 53, 56, 57, 61, 63], entre otros.

En la primera parte de esta tesis, presentaremos un método HDG de alto orden para resolver
numéricamente las ecuaciones de Stokes de un fluido ocupando una región Ω ⊂ Rd , no necesariamente
poligonal (d = 2) o poliédrica (d = 3) con frontera Γ := ∂Ω compacta, Lipschitz y C2 por tramos. Más
precisamente, denotando por u la velocidad del fluido, p la presión, ν > 0 una viscosidad constante,
f ∈ [L2(Ω)]d un término fuente y g ∈ [L2(Γ)]d la velocidad prescrita en la fontera cumpliendo la

condición de compatibilidad
∫

Γ
g · n = 0 (n es el vector normal unitario exterior a Ω), las ecuaciones

a resolver son

L−∇u = 0 in Ω,

−∇ · (νL) +∇p = f in Ω,

∇ · u = 0 in Ω,

u = g on Γ,
∫

Ω
p = 0.

6
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A continuación, el siguiente paso es resolver las ecuaciones de Oseen incompresibles, dadas por

L−∇u = 0 in Ω,

−ν∇ · L + (β · ∇)u+∇p = f in Ω,

∇ · u = 0 in Ω,

u = g on Γ,
∫

Ω
p = 0,

donde se asume que la velocidad convectiva satisface β ∈ [W 1,∞(Ω)]d y que tiene divergencia nula.

En ambos casos, debemos lidiar con un dominio curvo. La idea principal es aproximar Ω por un
dominio computacional poliédrico en el cual el dato de frontera g es transferido apropiadamente a la
frontera computacional. Para ello, seguimos la aproximación propuesta por [23] y analizada en [21]
que consiste en integrar la aproximación del gradiente a lo largo de transferring paths que conectan la
frontera computacional con Γ. Esta técnica nos permite obtener una aproximación de alto orden del
dato de frontera en el dominio computacional, que conduce a una precisión de alto orden de la solución
discreta. Más precisamente, si los espacios discretos son construidos usando polinomios de grado k, el
error en las variables L, u y p, medidos en la norma L2, serán de orden hk+1, donde h es el tamaño de
la malla. Esta técnica a sido aplicada recientemente a varios problemas y se ha mostrado que funciona
apropiadamente. Sin embargo, según nuestro conocimiento, esta es la primera vez que esta técnica es
aplicada al problema de Stokes y a las ecuaciones de Oseen. En ambos casos, la principal diferencia con
los trabajos previos es el tratamiento de la aproximación de la presión en el dominio computacional.
Una de las primeras ideas basadas en esta técnica de transferencia fue introducida por [20] para el caso
unidimensional y luego fue extendida a dimensiones más altas para difusión pura [21, 23] y ecuaciones
convección–difusión [24]. En todos estos trabajos, se consideró dato de frontera de Dirichlet, y una
malla que no se ajusta al dominio. Se mostró que se obtiene precisión de alto orden si la distancia entre
el dominio computacional y la frontera es sólo de orden h. Recientemente, una aproximación similar fue
propuesta y estudiada numéricamente para condiciones de frontera de Neumann y problemas elípticos
de interface [62]. Allí, el dato de frontera de Neumann no puede ser tratado de la misma manera que
el dato de frontera Dirichlet y la frontera/interface computacional en [62] debe estar a una distancia
de orden h2 de la frontera/interface real, a fin de obtener resultados óptimos. En términos simples, el
dato Neumann en [62] se impone extrapolando el gradiente discreto, mientras que el dato Dirichlet se
impone calculando una integral de línea del gradiente discreto. Esta integral es sobre un segmento de
longitud proporcional a h, lo cual provee una potencia de h que permite corregir el hecho de que la
distancia entre Γ y la frontera computacional es sólo de orden h.

Discutamos ahora brevemente algo sobre la literatura relacionada a métodos numéricos para ecua-
ciones diferenciales en que hay involucradas fronteras o interfaces curvas. En general, estos métodos
pueden clasificarse como fitted o unfitted. En métodos fitted, la discretización del dominio se ajusta a
la frontera/interface, hasta un cierto nivel de precisión. Por ejemplo, éste es el caso de los Elementos
Finitos isoparamétricos [48] en los que el mapeo desde el elemento de referencia a un elemento físico es
un polinomio cuyo grado es el mismo que el grado polinomial del espacio de Elementos Finitos. En esta
dirección, [6] considera una aproximación por Elementos Finitos para interfaces elípticas suaves donde
se obtienen tasas de convergencia óptimas si la malla se ajusta isoparamétricamente a la interface. Para
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una aproximación lineal a trozos de un problema de valores de frontera Dirichlet, [8] aproxima el dato
en la frontera computacional Γh transfiriendo el dato de frontera g de manera natural. Esto eso, para
x ∈ Γh y un x̄ ∈ Γ definido convenientemente de modo tal que |x− x̄| es de orden h2, entonces el dato
de frontera g se define como g̃(x) := g(x̄). La misma idea fue extendida después al caso de problemas
de interface [9]. Como veremos en (1.2), en algún sentido nuestra técnica puede ser vista como una
generalización donde añadimos un término adicional a la manera natural de transferencia. Para un
método H-div conforme de alto orden para resolver problemas elípticos de interface, nos remitimos a
[50]. En ese trabajo, la interface curva es interpolada localmente por splines y se obtiene convergencia
ópitma cuando el grado de las splines es elegido apropiadamente. Métodos fitted también han sido
aplicados a problemas de control en dominios curvos [29], en los que se ha considerado sólo polinomios
de grado uno. En general, una de las principales ventajas de métodos fitted es que el dato prescrito en
la frontera/interface puede ser impuesto fácilmente. Sin embargo, la construcción de mallas puede ser
difícil, especialmente en geometrías complicadas. Por otro lado, el aspecto atractivo de los métodos
unfitted es que la malla no está ajustada al dominio e inlcuso se pueden usar mallas Cartesianas. Sin
embargo, no es directo desarrollar un método unfitted de alto orden, principamente por la imposición
de la condición de frontera/interface lejos de la frontera/interface real. En el contexto de diferencias
finitas, uno de los métodos unfitted más populares es el método Immersed Boundary (IB) introducido
por [58] en 1972. Para el caso bidimensional, [51] mostró que IB es un método de primer orden para
la velocidad de un flujo de Stokes y que una precisión de segundo orden se puede alcanzar lejos de la
interface. Más tarde, en la misma dirección, LeVeque y Li desarrollaron el método Immersed Interface
[49], que es de una precisión de segundo orden. En el contexto de Elementos Finitos, [7] propuso
un método unfitted basado en la aproximación de Nitsche [54] con el método de aproximación del
dominio poligonal [67]. Allí, el esquema numérico es planteado en un dominio poligonal y se añade un
término de corrección a la forma bilineal de Nitsche a fin de obtener precisión de alto orden. Recien-
temente, un método de elementos finitos de alto orden fue propuesto para resolver problemas elípticos
de interface [44]. También está basado en un término que incluye una función de corrección, polino-
mial a trozos, que es añadida al funcional del lado derecho. Esta función de corrección se construye
apropiadamente usando información entregada por la ecuación y las condiciones de transmisión en la
interface. Similarmente, un método HDG basado en calcular previamente una función de corrección fue
propuesto y analizado en [32]. Finalmente, nos gustaría mencionar una aproximación alternativa, los
Composite Finite Elements [59, 60], que lidian con dominios complicados, incluyendo fronteras ásperas
o con pequeños hoyos dentro. Sin embargo, según nuestro conocimiento, no ha sido desarrollado para
aproximaciones de alto orden.

Nuestro objetivo es desarrollar un método que combine la flexibilidad de la construcción de la
malla de los métodos unfitted con la precisión de alto orden de los métodos fitted. En efecto, la
principal ventaja de nuestra técnica es que el dominio computacional es fácil de construir no hay
necesidad de ajustarlo al verdadero dominio. Más aún, la manera en que la condición de frontera
Dirichlet es transferida nos permite considerar polinomios de grado polinomial alto en los espacios
discretos y obtener precisión de alto orden. Por otro lado, uno de los inconvenientes de nuestro método
al comprararlo con otros es que se apoya en dos aspectos de la Ecuación Diferencial Parcial: (1)
∇u debe ser parte de la ecuación, y (2) u = g en Γ. Además, la matriz global resultante no es
simétrica en nuestro caso. Simetrizar la matriz es trabajo futuro. Creemos que nuestra técnica es, en
principio, independiente del método numérico que se use, siempre y cuando el gradiente es aproximado
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adecuadamente y que la Ecuacuón Diferencial Parcial tenga las condiciones ya mencionadas. En efecto,
esta técnica ya se ha combinado exitosamente con métodos mixtos para problemas de difusión [55].

El Capítulo 2 de esta tesis muestra los detalles de los resultados obtenidos al aplicar esta técnica al
problema de Stokes (1). El artículo que se originó a partir de estos resultados ha sido aceptado para
publicación en el Journal of Scientific computing. La pre-publicación asociada están disponible en

[65] M. Solano and F. Vargas, A high order HDG method for Stokes flow in curved domains.
https://www.ci2ma.udec.cl/publicaciones/prepublicaciones/prepublicacion.php?id=227,
(2016)

.

Por otro lado, el Capítulo 3 contiene los resultados de la aplicación de nuestra técnica a las ecuaciones
de Oseen (2). Estos resultados serán enviados a una revista ISI en pocos días.

El otro enfoque de esta tesis es realizar un análisis de dispersión de métodos HDG para la ecuación
de Helmholtz, que está dada por

iku+∇φ = 0 in Ω,

ikφ+∇ · u = f in Ω,

φ = 0 on ∂Ω,

donde 0 6= k ∈ C es el número de onda, Ω ⊂ R2, u : Ω → R2 es una incógnita vectorial, φ : Ω → R
es una incógnita escalar y f ∈ L2(Ω) es un término fuente dado. Cuando se resuelve el sistema de
Helmholtz usando un método numérico, el así llamado “efecto de polución” [5] se manifiesta a través
de diferencias entre el número de onda entregado por el método y el valor exacto de k. Los análisis de
dispersión han sido muy usados para determinar estas diferencias para métodos estándar (ver [1, 30] y
la bibliografía en ellos).

En un análisis de dispersión, se trata de propagar una onda con un número de onda exacto k

usando un método numérico en una malla uniforme infinita de tamaño de cuadrícula h > 0. Luego,
las ecuaciones del método muestran que la solución numérica puede ser vista como una onda con un
número de onda kh posiblemente diferente a k. Así, la diferencia entre k y kh cuantifica el error del
número de onda del método. Es tradicional estudiar estas diferencias en las tres formas siguientes:
“error dispersivo” Re(kh − khh), “error disipativo” Im(kh − khh), y el “error total” |kh − khh|. El
comportamiento de estas cantidades cuando kh tiende a 0 nos entrega una valiosa intuición acerca del
método.

Muchos trabajos previos se han enfocado en análisis de dispersión de varios métodos numéricos
[1, 30]. Relaciones de dispersión de algunos métodos DG han sido obtenidas en [2]. Aquí, al igual que
en [64], se han estudiado los errores dispersivos y disipativos de métodos DG aplicados a advección
lineal. En un trabajo previo [45], se analizaron las propiedades dispersivas y disipativas de métodos DG
en el contexto de la ecuación de advección en una dimensión, y en la ecuación de la onda bidimensional.
Esto fue seguido por [3], en que se estudió los errores dispersivo y disipativo del método de Galerkin
Discontinuo de Penalización Interior (IP–DG) aplicado a la ecuación de la onda de segundo orden.
Ellos estudiaron también una familia de esquemas más general aplicada al correspondiente esquema de
primer orden. En [28], se presentó el análisis de dispersión del método IP–DG aplicado a propagación
de ondas elásticas. Más recientemente, análisis de dispersión de otros métodos no conformes ha recibido
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atención. Esto incluye análisis de dispersión del Método de Petrov–Galerkin Discontinuo (DPG) [41]
y el método Plane Wave Discontinuous Galerkin (PWDG) [39].

El propósito de esta parte de la tesis es usar análisis de dispersión para cuantificar las discrepan-
cias entre ciertos métodos HDG. Estos métodos han sido muy aplicados para resolver el sistema de
Helmholtz (ver, por ejemplo, [25, 38, 43]). El primer trabajo que realizó un análisis de dispersión de
un método HDG fue [40]. Ese trabajo consideró uno de los métodos HDG estándar, el que es llamado
LDG–H en [17]. En él, se estudió la influencia de su parámetro de estabilización τ sobre los errores
de dispersión, y se compararon esos errores con los del método Raviar–Thomas híbrido (HRT). Los
resultados en [40] fueron limitados al caso del orden más bajo (p = 0) y el siguiente orden más alto
(p = 1). Basado en ellos, la tasa de convergencia de los errores del número de onda cuando τ = 1 fue
estimado en |kh− khh| = O((kh)2p+2). Estos resultados dejaron en claro que el método HRT superó
al método LDG–H al entregar tasas de convergencia del error de número de onda más altas cuando
h → 0. Por lo tanto, era natural preguntarse si algún otro tipo de método HDG podía lograr tasas
comparables a las del método HRT. Esa es la razón por la cual estudiamos el método Single Face
HDG (SFH), el cual usa exactamente la misma estabilización que el método LDG–H, pero la aplica
de modo tal que τ = 0 en todos salvo un lado de cada elemento de la malla. El método SFH fue uno
de los primeros métodos HDG en ser analizado [15]. Su construcción y análisis fue motivado por [17]
(aun cuando [15] fue publicado antes que [17]). Debido a que su estabilización se hace en un “dominio
menor”, uno podría ver al método SFH como el método HDG que es en cierto sentido “más cercano”
al método mixto HRT.

Nuestros resultados obtenidos en análisis de dispersión se muestran en el Capítulo 4 de esta tesis, y
dieron origen al artículo

[42] J. Gopalakrishnan, M. Solano and F. Vargas, Dispersion analysis of HDG methods.
Journal of Scientific Computing, 77 (2018), pp. 1703–1735.



CHAPTER 1

Preliminaries

In this chapter we introduce the notation related to the mesh, inner products, norms and discrete
spaces, typically used in the context of HDG methods, and then we state some preliminary results
that will be used in the following chapters.

1.1 Notation and General Assumptions

In this section we introduce notation associated to the computational domain and to the family of
paths that will allow us to transfer the boundary data from Γ to the computational boundary Γh.
Moreover, we establish a set of assumptions under which the analysis in chapters 2 and 3 holds.

1.1.1 The mesh

Given h > 0, we denote by Dh an open polyhedral computational domain, with boundary Γh, meshed
by a triangulation Th of meshsize h, consisting of simplices K that are uniformly shape-regular, that
is,

(D.1) there exists γ > 0, independent of h, such that hK ≤ γρK ,

where ρK is the radius of the largest ball contained in K and hK is the diameter of K. We assume

(D.2) max
K∈Th

hK ≤ h.

For a simplex K, we denote its outward unit normal by nK , writing n instead of nK when there is
no confusion. Similarly, for a face e, we write n instead of ne to refer to its normal vector. We also
consider, by simplicity, that the triangulation does not have hanging nodes.

In addition, we suppose that

(D.3) Dh ⊂ Ω.

11
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The set of inner faces and boundary faces of Th are denoted by E ih and E∂h , respectively, and Eh =

E ih ∪ E∂h is the set of all the faces of Th. We also define the non-meshed region Dch := Ω \ Dh.

On the other hand, let Pr(K) denote the space of polynomials of total degree at most r defined on
K, Pr(K) := [Pr(K)]d and Pr(K) := [Pr(K)]d×d. Given a region D ⊂ Rd, we denote by (·, ·)D and
〈·, ·〉∂D the L2(D) and L2(∂D) inner products, respectively. The L2-norms over D and ∂D will be
denoted by ‖ · ‖D and ‖ · ‖∂D.

For each scalar-valued function η and ζ, we define

(η, ζ)Th :=
∑

K∈Th

(η, ζ)K and 〈η, ζ〉∂Th :=
∑

K∈Th

〈η, ζ〉∂K .

Vector-valued functions are boldfaced and, for η and ζ, we write

(η, ζ)Th :=
d∑

i=1

(ηi, ζi)Th and 〈η, ζ〉∂Th :=
d∑

i=1

〈ηi, ζi〉∂Th .

Tensor-valued functions are in Roman letters and, for N and Z, we write

(N,Z)Th :=

d∑

i,j=1

(Nij ,Zij)Th and 〈N,Z〉∂Th :=

d∑

i,j=1

〈Nij ,Zij〉∂Th .

We use the standard notation for Sobolev spaces and their associated norms and seminorms. Fi-
nally, to avoid proliferation of constants, we will write a . b instead of a ≤ Cb, where C is a constant
independent of h.

1.1.2 Treatment of the curved boundary

As we explained in the Introduction, the aim of the first part of the thesis is to solve some problems
in curved domains. The main idea is to approximate the curved domain by a polyhedral computational
domain denoted by Dh, where a numerical method can be applied. Since the problem will be solved
in Dh, we must specify a suitable boundary data on the computational boundary Γh. To this end, we
consider the idea proposed by [23] and transfer the boundary data g from Γ to Γh through transferring
paths. That is, let e ∈ E∂h with normal unit vector n. For each x ∈ e, we set x̄ ∈ Γ as the closest
intersection between Γ and the ray of tangent vector n starting at x. We denote by σn(x) the segment
joining x̄ and x, which is referred as transferring path. The length of this segment, l(x) := |x̄− x|, is
assumed to satisfy

(D.4) l(x) . h.

We notice that this assumption implies that dist(Γh,Γ) . h. In addition, we observe that if x is
a vertex in Γh, then it has associated two different transferring paths. In other words, the functions
x̄ = x̄(x) and l(x) are double-valued on the boundary vertices.
Let e ∈ E∂h and Ke the element where it belongs. We define

Ke
ext := {x+ sn : 0 ≤ s ≤ l(x), x ∈ e}
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and assume that,

(D.5) for each point x ∈ e, the intersection of the ray {x+ ηn : η > 0} and Γ is unique.

We denote by H⊥e the largest distance of a point in Ke
ext to the plane determined by e and h⊥e be

the distance between e and the vertex of Ke opposite to e, as Fig. 1.1 shows. We set re = H⊥e /h
⊥
e and

R = max
e∈E∂h

re. This ratio will be important in our estimates and assumptions, since it indicates how far

is Γ from the computational boundary relative to the mesh size. If the domain were polygonal and the
mesh fits its boundary, this ratio would be zero.

e

Γ

Ke
ext

H⊥
e

h⊥
e

Figure 1.1: Example of a region Ke
ext and the distances H⊥e and h⊥e .

Source: Own elaboration.

Through chapters 2 and 3, Assumptions (D) will be assumed valid, without mention it explicitly.

1.1.3 Transferring of the boundary condition

We are now in position to explain how to transfer the boundary condition from Γ to Γh. Let e ∈ E∂h
with outward normal unit vector n and x ∈ e. Integrating component-wise L = ∇u along σn(x) we
obtain

u(x) = u(x̄)−
∫ l(x)

0
L(x+ ns)n ds.

Denoting by g̃ the trace of u at e and noticing that u(x̄) = g(x̄), from previous identity we get

g̃(x) = g(x̄)−
∫ l(x)

0
L(x+ ns)n ds. (1.1)

In other words, (1.1) provides an expression to obtain the boundary data at Γh in terms of the unknown
L. We point out that, according to Lemma B.1 in [21], g̃ is well-defined if Γ is compact, Lipschitz and
piecewise C2.

In order to construct a discrete approximation of g̃, denoted by g̃h, we consider a local extrapolation
of polynomials, i.e., given G a polynomial defined on Ke, with e ∈ E∂h , we extrapolate it from Ke to
Ke
ext. Thus, the expression in (1.1) suggests the following approximation

g̃h(x) := g(x̄)−
∫ l(x)

0
Lh(x+ ns )n ds, (1.2)
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where Lh is the local extrapolation of the HDG approximation of L.

We end this section be defining the norms

‖ζ‖Dch,h⊥ :=




∑

e∈E∂h

h⊥e ‖ζ‖2Ke
ext





1/2

, ‖µ‖∂Th,α :=




∑

K∈Th

〈α∂Kζ, ζ〉∂K





1/2

,

‖ζ‖Γh,α :=




∑

e∈E∂h

αe‖ζ‖2e





1/2

, and ‖µ‖h :=




∑

K∈Th

hK〈µ,µ〉∂K





1/2

where αe := α|e and α∂K := α|∂K .

1.2 Useful estimates and other definitions

We end this chapter by introducing some other previous tools and results that will be used in the
analysis presented in chapters 2 and 3. First of all, we define an auxiliary function and a norm that
will help to carry out several of the estimates in this thesis. Let e ∈ E∂h , a point x lying on e with
outer unit normal vector n and a tensor-valued function G. We define the function

δG(x) :=
1

l(x)

∫ l(x)

0

(
G(x+ sn)−G(x)

)
n ds. (1.3)

If G is a polynomial, the estimates in Lemma 5.2 of [21] states that

‖l1/2δG‖e ≤ 3−1/2r3/2
e CeextC

e
inv‖G‖Ke , (1.4)

where

Ceext :=
1
√
re

sup
G∈Pk(Ke)\{0}

‖G‖Ke
ext

‖G‖Ke
(1.5)

and

Ceinv := h⊥e sup
G∈Pk(Ke)\{0}

‖∂nG‖e
‖G‖Ke

. (1.6)

The constants Ceext and Ceinv do not depend on the meshsize, but depend on the polynomial degree and
shape-regularity constant as can be deduced from Lemma A.2 in [21]. Ceext is what we call extrapolation
constant because it allows us to bound the L2-norm of the extrapolation of the polynomial G in terms
of ‖G‖Ke . Similarly, Ceinv can be seen as the constant of an inverse-type estimate that allows us to
control the L2-norm of the directional derivative of the extrapolation of the polynomial G in terms of
‖G‖Ke . Finally, we recall the discrete trace inequality (Lemma 1.46 in [31]): If ϕ is a scalar, vector or
tensor-valued polynomial in Ke, then

‖ϕ‖e ≤ Cetrh−1/2
e ‖ϕ‖Ke , (1.7)

where Cetr is independent of the meshsize but depends on the polynomial degree.



CHAPTER 2

A high order HDG method for Stokes flow in curved domains

In this chapter we present a high order HDG method to numerically solve the Stokes problem in
a region not necessarily polyhedral/polygonal. We prove that the discrete problem is well–posed,
then we prove the error estimates which lead to optimal orders of convergence of the variables,
and validate the theoretical estimates with numerical examples.

2.1 Introduction

Let Ω ⊂ Rd be a region not necessarily polygonal (d = 2) or polyhedral (d = 3), with compact,
Lipschitz and piecewise C2 boundary Γ := ∂Ω. The Stokes equations of an incompressible fluid flow
occupying Ω are given by

L−∇u = 0 in Ω, (2.1a)

−∇ · (νL) +∇p = f in Ω, (2.1b)

∇ · u = 0 in Ω, (2.1c)

u = g on Γ, (2.1d)
∫

Ω
p = 0, (2.1e)

where u is the velocity of the fluid, p the pressure, ν > 0 a constant viscosity, f ∈ [L2(Ω)]d a source
term and g ∈ [L2(Γ)]d the prescribed velocity at the boundary satisfying the compatibility condition∫

Γ
g · n = 0 (n is the outward unit normal to Ω). The curved domain Ω will be approximated by a

computational domain Dh, as explained in chapter 1. We will introduce the method in the next Section
2.2. The error estimates will be stated in Section 2.3, whereas 2.4 is devoted to their proofs. In Section
2.5 we propose an approximation of the solution outside the computational domain and provide the
corresponding error estimates. Section 2.6 shows numerical experiments validating these results. We
end this chapter with concluding remarks.

15
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2.2 The HDG method

We proceed now to introduce the numerical method on the computational domain Dh. First of all,
we decompose

p = pDh + p̃, (2.2)

where pDh :=
1

|Dh|

∫

Dh

p and p̃ ∈ L2
0(Dh) (L2(Dh)-functions with zero mean in Dh). Since now the

problem is posed in a polyhedral domain, we consider the standard HDG method ([18, 52]) that seeks
an approximation (Lh,uh, p̃h, ûh) of the solution (L,u, p̃,u|Eh) in the space Gh×V h×Ph×Mh given
by

Gh = {G ∈ L2(Th) : G|K ∈ Pk(K) ∀K ∈ Th}, (2.3a)

V h = {v ∈ L2(Th) : v|K ∈ Pk(K) ∀K ∈ Th}, (2.3b)

Ph = {q ∈ L2(Th) : q|K ∈ Pk(K) ∀K ∈ Th}, (2.3c)

Mh = {µ ∈ L2(Eh) : µ|e ∈ Pk(e) ∀e ∈ Eh}. (2.3d)

As we will see in Section 2.2.1, this approximation is the only solution of

(Lh,G)Th + (uh,∇ ·G)Th − 〈ûh,Gn〉∂Th = 0, (2.4a)

(νLh,∇v)Th − (p̃h,∇ · v)Th − 〈νL̂hn− p̂hn,v〉∂Th = (f ,v)Th , (2.4b)

−(uh,∇q)Th + 〈ûh · n, q〉∂Th = 0, (2.4c)

〈ûh,µ〉Γh = 〈g̃h,µ〉Γh , (2.4d)

〈νL̂hn− p̂hn,µ〉∂Th\Γh = 0, (2.4e)

(p̃h, 1)Dh = 0, (2.4f)

for all (G,v, q,µ) ∈ Gh × V h × Ph ×Mh, where we emphasize that g̃h depends on Lh (c.f. (1.2)),

νL̂hn− p̂hn = νLhn− p̃hn− τν(uh − ûh) on ∂Th, (2.4g)

and τ is a non-negative piecewise constant stabilization parameter defined on ∂Th. In order to simplify
notation, we assume τ to be constant on ∂Th. The choice of τ is not crucial in our method. For other
values of τ we refer to [18].

2.2.1 Well-posedness of the method

In this section we show that the discrete scheme (2.4) with the approximated boundary data (1.2)
is well-posed. The steps that will lead to this statement will be very similar to those needed to obtain
the error estimates in Section 2.4. The main result of this section is the following.

Theorem 2.1. Under the assumptions of Lemmas 2.2 and 2.3 (stated and proved below), the scheme
(2.4) with the boundary data (1.2) has a unique solution.

The proof of this Theorem will be a consequence of the two following Lemmas.
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Lemma 2.2. Let (Lh,uh, p̃h, ûh) ∈ Gh × V h × Ph ×Mh be the solution of (2.4) with the boundary
data in (1.2). Let us suppose that f = 0 and g = 0 . In addition, for every e ∈ E∂h , we assume that

(A.1) r3
e(C

e
ext)

2(Ceinv)
2 ≤ 1/8 and

(A.2) reh⊥e τ ≤ 1/8.

Then,

‖Lh‖Dh+ ‖uh − ũh‖∂Th,τ+ ‖g̃h‖Γh,l−1 ≤ 2
√

6ν−1‖p̃h‖Γh,l. (2.5)

Before going through the proof, let us comment on these assumptions. If the domain is polygonal
and the mesh fits its boundary, then re = 0 and all the assumptions are satisfied. In that case we
recover the standard HDG method [18]. On the other hand, the constants Ceext, Ceinv and Cetr are
proportional to (k + 1)8/3 as stated in Lemma A.2 of [21]. Then, if the ratio re is small enough, (A.1)
and (A.2) hold. In other words, the larger is the polynomial degree, the smaller this ratio must be to
guarantee well-posedness of the scheme.

Let us continue with the proof of Lemma 2.2.

Proof. By taking G = νLh, v = uh, q = p̃h and µ = ũh in the first four equations of (2.4) and adding
them up we obtain

‖Lh‖2Dh + ‖uh − ũh‖2∂Th,τ = ν−1〈νL̂hn− p̂hn, g̃h〉Γh . (2.6)

Now, let e ∈ E∂h and x ∈ e. According to (1.2) and (1.3) we can write

l(x)−1g̃h(x) = −δLh(x)− Lh(x)n.

From this identity we obtain an expression for Lh(x)n and, by (2.4g), we write:

ν−1〈νL̂hn− p̂hn, g̃h〉Γh = 〈Lhn, g̃h〉Γh − ν
−1〈p̃hn, g̃h〉Γh − 〈τ(uh − ûh), g̃h〉Γh

= −〈l−1g̃h, g̃h〉Γh − 〈δLh , g̃h〉Γh
−ν−1〈p̃hn, g̃h〉Γh − 〈τ(uh − ûh), g̃h〉Γh .

Replacing this in (2.6), using Cauchy-Schwarz and Young’s inequalities; and moving to the left hand
side the terms involving g̃h, we get

‖Lh‖2Dh + ‖uh − ũh‖2∂Th,τ + ‖g̃h‖2Γh,l−1

≤ 4‖δLh‖
2
Γh,l

+
4

ν2
‖p̃h‖2Γh,l + 4‖τ(uh − ûh)‖2Γh,l. (2.7)

By (1.7), (1.4), assumptions (A.1) and (A.2), the fact that l(x) ≤ H⊥e = reh
⊥
e and h⊥e ≤ γhe, we

obtain
‖δLh‖

2
Γh,l
≤ 1

3
max
e∈E∂h

r3
e(C

e
ext)

2(Ceinv)
2‖Lh‖2Dh ≤

1

24
‖Lh‖2Dh

and
‖τ(uh − ûh)‖2Γh,l ≤ max

e∈E∂h
reh
⊥
e τ‖uh − ûh‖2∂Th,τ ≤

1

8
‖uh − ûh‖2∂Th,τ .

These two inequalities, together with (2.7), imply (2.5).
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In order to deal with the term at the right hand side of (2.5), we consider the L2−projection onto
Mh, denoted by PM , and the following assumption: for each e ∈ E∂h .

(A.3) 2
√

6βMγ1/2Cetrr
1/2
e <

1

2
, where M := max

{
1, (τh)1/2

}

and β > 0 is the constant, independent of h, appearing in next lemma.

Lemma 2.3. Suppose assumptions of Lemma 2.2 and (A.3) hold. Then p̃h = 0.

Proof. We adapt the proof of Proposition 3.4 in [18] to our setting. Since p̃h ∈ L2
0(Dh), there exists

β > 0, independent of h, such that

‖p̃h‖Dh ≤ β sup
w∈H1

0(Dh)\{0}

(p̃h,∇ ·w)Dh
‖w‖H1(Dh)

. (2.8)

On the other hand, let P : H1(Th) → V h be any projection such that (Pw − w,v)K = 0 for all
v ∈ Pk−1(K), for all K ∈ Th.

Now, we will work on the numerator of the right hand side of (2.8). Integrating by parts and using
the projection P , we have

(p̃h,∇ ·w)Dh = −(∇p̃h,w)Th + 〈p̃hn,w〉∂Th
= −(∇p̃h,Pw)Th + 〈p̃hn,w〉∂Th . (2.9)

Integrating by parts again and using (2.4b) with v := Pw, we obtain

−(∇p̃h,Pw)Th = (p̃h,∇ · Pw)Th − 〈p̃hn,Pw〉∂Th
= (νLh,∇Pw)Th − 〈νL̂hn− p̂hn,Pw〉∂Th − 〈p̃hn,Pw〉∂Th .

Using the definition of the numerical flux (2.4g), we can write

−(∇p̃h,Pw)Th = (νLh,∇Pw)Th − 〈νLhn,Pw〉∂Th + 〈τν(uh − ûh),Pw〉∂Th .

Integrating by parts we observe that

(νLh,∇Pw)Th − 〈νLhn,Pw〉∂Th = −(ν∇ · Lh,Pw)Th .

Using the projection P and integrating by parts once again, we obtain

−(ν∇ · Lh,Pw)Th = −(ν∇ · Lh,w)Th = (νLh,∇w)Th − 〈νLhn,w〉∂Th .

Hence, we have that

−(∇p̃h,Pw)Th = (νLh,∇w)Th − 〈νLhn,w〉∂Th + 〈τν(uh − ûh),Pw〉∂Th .

Replacing this into (2.9), we conclude that

(p̃h,∇ ·w)Dh = (νLh,∇w)Th + 〈τν(uh − ûh),Pw〉∂Th − 〈νLhn− p̃hn,w〉∂Th .
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Adding and subtracting the term 〈τν(uh − ûh),w〉∂Th , we can rewrite this equation as

(p̃h,∇ ·w)Dh = (νLh,∇w)Th + 〈τν(uh − ûh),Pw −w〉∂Th
−〈νLhn− p̃hn− τν(uh − ûh),w〉∂Th .

Since νLh, p̃h and τν(uh − ûh) are polynomials, we can use the definition of PM to rewrite the last
equation as

(p̃h,∇ ·w)Dh = (νLh,∇w)Th + 〈τν(uh − ûh),Pw − PMw〉∂Th
−〈νLhn− p̃hn− τν(uh − ûh),PMw〉∂Th .

The last term vanishes thanks to (2.4e) with µ = PMw and the fact that w ∈H1
0(Dh). Thus,

(p̃h,∇ ·w)Dh = (νLh,∇w)Th + 〈τν(uh − ũh),Pw − PMw〉∂Th , (2.10)

On the other hand, Proposition 3.9 in [18], states that

max

{
1, sup
w∈H1

0(Dh)\{0}

‖Pw − PMw‖∂Th,τ
‖w‖H1(Dh)

}
≤ max

{
1, max
K∈Th

(τhK)1/2

}
. (2.11)

Combining (2.8), (2.10), Cauchy-Schwarz inequality and (2.11), we arrive at

‖p̃h‖Dh ≤ βνM(‖Lh‖Dh + ‖uh − ũh‖∂Th,τ ) ≤ βM2
√

6‖p̃h‖Γh,l,

where the last inequality is provided by Lemma 2.2. Thus, the result follows from this estimate, discrete
trace inequality (1.7) and Assumption (A.3).

2.3 Error estimates

In this section we summarize the main error estimates in this chapter. First, we make the following
assumption that allows us to estimate the L2-norm of u by using a duality argument.

For any given θ ∈ L2(Ω), let (Φ,φ, φ) be the solution of

Φ +∇φ = 0 in Ω, (2.12a)

∇ · (νΦ)−∇φ = θ in Ω, (2.12b)

−∇ · φ = 0 in Ω, (2.12c)

φ = 0 on ∂Ω. (2.12d)

We suppose

Assumption B
ν‖Φ‖H1(Ω) + ν‖φ‖H2(Ω) + ‖φ‖H1(Ω) ≤ C‖θ‖Ω. (2.13)

This is satisfied, for example, for the two-dimensional case if the domain is convex [46] and for any
convex polyhedron in three dimensions [26].
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Theorem 2.4. Suppose that Assumptions A hold and τ of order one. If (L,u, p̃) ∈ Hk+1(Ω) ×
Hk+1(Ω)×Hk+1(Ω), then, for h < 1 and k ≥ 1, we have

‖L− Lh‖Dh + ‖g̃ − g̃h‖Γh,l−1 + ν−1‖p̃− p̃h‖Dh . Creg h
k+1.

Moreover, if Assumption B holds, then ‖u− uh‖Dh . Creg h
k+1 and

‖PMu− ûh‖∂Th,h + ‖u− u∗h‖Dh . Creg h
k+3/2

(
R+R1/2 + h1/2R+R3/2

)
.

Here, R := maxe∈Eih
re (defined in section 1.1.2) Creg :=

(
|L − ν−1p̃I|Hk+1(Dh) + τ |u|Hk+1(Dh) +

|L|Hk+1(Dh)

)
and u∗h is an element-by-element postprocessing of uh computed as follows. For each

element K ∈ Th, we seek u∗h ∈ P0
k+1(K) := {w ∈ Pk+1(K) :

∫
K w = 0} such that

(∇u∗h,∇wh)K = (Lh,∇wh)K ∀wh ∈ P0
k+1(K), (2.14a)

∫

K
u∗h =

∫

K
uh. (2.14b)

In other words, if the solution is smooth enough then the L2-norm of the errors in L, u and p̃ are
of order hk+1, which is the same as in the case of a polyhedral domain [18]. In addition, the above
estimate indicates that the error in the numerical trace ûh and the post processed solution u∗h is of
order hk+2 if R is of order h and only of order hk+3/2 if R is of order one. For the latter case, our
numerical experiments suggest an experimental order of convergence higher than of hk+3/2. The same
behavior has been observed for the Poisson’s equation in curved domains [21].

2.4 Proofs

This section is devoted to prove the error estimates stated in Theorem 2.4. It follows from the
standard procedure for analyzing HDG schemes using the projection-based approach. That is, a
suitable projection operator is defined and then an energy argument helps to bound the projection of
the errors of all variables except u. A duality argument is employed to obtain an L2-estimate of the
projection of the error in u. The main difference compared to [18] is the presence of additional terms
at Γh due to the approximation of the boundary data (1.2).

2.4.1 An energy argument

First of all, let us recall the projection defined in [18] which will be used in our analysis. If (L,u, p̃) ∈
H1(Th) ×H1(Th) × H1(Th), we take its projection Πh(L,u, p̃) := (ΠL,Πu,Π p̃) as the element of
Gh×V h×Ph defined as follows. On an arbitrary element K of the triangulation Th, the values of the
projected function on the simplex K are determined by requiring that

(ΠL,G)K = (L,G)K ∀ G ∈ Pk−1(K), (2.15a)

(Πu,v)K = (u,v)K ∀ v ∈ Pk−1(K), (2.15b)

(Π p̃, q)K = (p̃, q)K ∀ q ∈ Pk−1(K), (2.15c)

(tr ΠL, q)K = (tr L, q)K ∀ q ∈ Pk(K), (2.15d)

〈νΠLn−Π p̃n− τνΠu,µ〉e = 〈νLn− p̃n− τνu,µ〉e, ∀ µ ∈ Pk(e) (2.15e)



2.4. Proofs 21

for all faces e of the simplex K. Thus, we define the projection of the errors EL := ΠL − Lh, εu :=

Πu−uh , εp := Π p̃− p̃h, εû := PMu− ûh; and the interpolation errors IL := L−ΠL, Iu := u−Πu,
Ip := p̃ − Π p̃. If (L,u, p̃) ∈ Hk+1(K) ×Hk+1(K) × Hk+1(K) on each element K ∈ Th, it is known
(Theorem 2.1 in [18]) that the above defined projection satisfies the following properties:

‖Iu‖K . hk+1
K |u|Hk+1(K) + hk+1

K (τν)−1|∇ · (νL− Ip̃)|Hk(K), (2.16a)

‖νIL‖K + ‖Ip‖K . hk+1
K |νL− p̃I|Hk+1(K) + hk+1

K τν|u|Hk+1(K) + τν‖Iu‖K . (2.16b)

Moreover, by a standard scaling argument and the fact that h⊥e ≤ hK , we obtain

‖ILn‖e,h⊥e . ‖IL‖K , ‖Iu‖e,h⊥e . ‖Iu‖K , and ‖Ip‖e,h⊥e . ‖Ip‖K . (2.16c)

We observe that
∫
Dh
εp = 0 for k > 0, thanks to (2.15c) and (2.4f). Since we are interested in a high

order method, we assume k > 0 to avoid technicalities.

Let ∂n(ILn) be the directional derivative of each component of ILn. We define the following quantity
that will appear in the right hand side of next estimates:

ΘIL :=
(
4R2‖∂n(ILn)‖2Dch,(h⊥)2 + 12R‖ILn‖2Γh,h⊥ + 5‖IL‖2Dh

)1/2
. (2.17)

If (L,u, p̃) ∈ Hk+1(Ω)×Hk+1(Ω)×Hk+1(Ω), by Lemma 3.8 in [21] and (2.16), we have

ΘIL . hk+1
(
|L− ν−1p̃I|Hk+1(Ω) + τ |u|Hk+1(Ω) + |L|Hk+1(Ω)

)
. (2.18)

Lemma 2.5. Let us suppose Assumptions A hold. Then

||| (EL, εu − εû, g̃ − g̃h, εp) ||| ≤
(

4
√

3βM + 1
)

ΘIL , where

||| (EL, εu − εû, g̃ − g̃h, εp) ||| :=
(
‖EL‖2Dh + ‖εu − εû‖2∂Th,τ + ‖g̃ − g̃h‖2Γh,l−1

+ν−2‖εp‖2Dh
)1/2

.

We now proceed to detail the steps that lead to the statement of Lemma 2.5. As we will see, we will
employ the ideas behind the proofs of Lemmas 2.2 and 2.3.

Step 1: The projection of the errors

The following lemma establishes the equations satisfied by the projection of the errors.

Lemma 2.6.

(EL,G)Th + (εu,∇ ·G)Th − 〈ε
û,Gn〉∂Th = −(IL,G)Th , (2.19a)

−(∇ · (νEL),v)Th + (∇εp,v)Th + 〈τν(εu − εû),v〉∂Th = 0, (2.19b)

−(εu,∇q)Th + 〈εû, qn〉∂Th = 0, (2.19c)

〈εû,µ〉Γh = 〈g̃ − g̃h,µ〉Γh , (2.19d)

〈Ên,µ〉∂Th\Γh = 0, (2.19e)

(εp, 1)Dh = 0, (2.19f)
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for all (G,v, q,µ) ∈ Gh × V h × Ph ×Mh, where

Ên := PM (νLn− p̃n− νL̂hn+ p̂hn)

= νELn− εpn− τν(εu − εû) on ∂Th. (2.19g)

Proof. All the equations, except (2.19d), follow directly from Lemma 3.1 in [18]. To show (2.19d), let
µ ∈ Mh. Thanks to (2.4d) and the fact that g̃ = u on Γh, we get 〈εû,µ〉Γh = 〈PMu − ûh,µ〉Γh =

〈u,µ〉Γh − 〈ûh,µ〉Γh = 〈g̃,µ〉Γh − 〈g̃h,µ〉Γh .

Corollary 2.7. Let TL,h := ν−1〈εû, Ên〉Γh. Then,

‖EL‖2Dh + ‖εu − εû‖2∂Th,τ = −(IL,EL)Th + TL,h.

Proof. It is consequence of previous lemma by taking G = νEL, v = εu, q = εp, µ = εû and adding
the equations.

If Ω were polygonal and the mesh is fitted to it, then g̃ would be equal to g̃h. Thus, the right hand
side of (2.19d) would be zero and, as a consequence, TL,h would vanish, recovering Lemma 3.1 and
Proposition 3.2 in [18].

Step 2: A bound for TL,h

Following the approach by [21], we need to rewrite the term TL,h in a suitable manner.

Lemma 2.8.

TL,h ≤ − ‖g̃ − g̃h‖2Γh,l−1 + ‖g̃ − g̃h‖Γh,l−1

{
‖δIL‖Γh,l + ‖ILn‖Γh,l

+ ‖δEL‖Γh,l + ‖εu − εû‖Γh,τ2l + ν−1‖εp‖Γh,l
}
.

Proof. Proceeding exactly as in Lemma 5.1 of [21], it is not difficult to see that, according to (1.1),
(1.2) and (1.3), we can decompose (g̃− g̃h)(x) = −l(x)

{
δIL + ILn+ δEL +ELn

}
(x). Then, by (2.19g),

we obtain

Ên = −ν
{

(g̃ − g̃h)/l + δIL + ILn+ δEL

}
− εpn− τν(εu − εû). (2.20)

On the other hand, by the definition of TL,h and (2.19d),

TL,h := ν−1〈εû, Ên〉Γh = ν−1〈PM (g̃ − g̃h), Ên〉Γh = ν−1〈(g̃ − g̃h), Ên〉Γh ,

which, according to (2.20), leads to the decomposition TL,h =
∑6

i=1 TiL,h, where

T1
L,h = −〈(g̃ − g̃h)/l, (g̃ − g̃h)〉Γh , T2

L,h = −〈g̃ − g̃h, δIL〉Γh ,
T3

L,h = −〈g̃ − g̃h, ILn〉Γh , T4
L,h = −〈g̃ − g̃h, δEL〉Γh ,

T5
L,h = −〈g̃ − g̃h, τ(εu − εû)〉Γh , T6

L,h = −ν−1〈g̃ − g̃h, εpn〉Γh .

The result is obtained by applying Cauchy-Schwarz inequality to each of these terms.
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Step 3: A first energy estimate

We recall the estimate in Lemma 5.2 of [21]:

‖l1/2δIL‖e ≤ 3−
1
2 re‖h⊥e ∂n(ILn)‖Ke

ext
. (2.21)

Thus, gathering the result stated in Corollary 2.7, estimate in Lemma 2.8, inequality (2.21), (1.4) with
G = EL, Young’s inequality, definition (2.17) and noticing that ‖ILn‖2Γh,l ≤ R‖I

Ln‖2
Γh,h⊥

, we conclude:

Lemma 2.9. ‖EL‖2Dh + ‖εu − εû‖2∂Th,τ + ‖g̃ − g̃h‖2Γh,l−1 ≤ Θ2
IL

+ 12ν−2‖εp‖2Γh,l.

Comparing this estimate with the corresponding result in [18] for polyhedral domains, we see in our
case the presence of the terms ‖g̃− g̃h‖2Γh,l−1 and 12ν−2‖εp‖2Γh,l coming from TL,h. In other words, for
a polyhedral domain, we would have TL,h = 0 and recover the estimates in [18]. We also observe that
the estimate in Lemma 2.9 is similar to the one obtained in Lemma 2.2, except that the right hand
side involves terms related to the interpolation operator instead of the source term and boundary data.
Similarly, we must bound the term that contains εp and proceed as in Lemma 2.3.

Lemma 2.10. If Assumption (A.3) holds, then ‖εp‖Dh ≤ 3
√

2βνMΘIL .

Proof. The proof of this lemma is very similar to that of Lemma 2.3. Since εp ∈ L2
0(Dh), there exists

β > 0 such that

‖εp‖Dh ≤ β sup
w∈H1

0(Dh)\{0}

(εp,∇ ·w)Dh
‖w‖H1(Dh)

. (2.22)

On the other hand, similarly to the proof of Lemma 2.3, using (2.19e), we get

(εp,∇ ·w)Dh = (νEL,∇w)Th + 〈τν(εu − εû),Pw − PMw〉∂Th , (2.23)

forw ∈H1
0(Dh). Using Cauchy-Schwarz inequality in this expression, combining (2.22), (2.11), Lemma

2.9, trace inequality (1.7) and Assumption (A.4), the result follows.

If Ω were polyhedral, this result reduces to the estimate of Proposition 3.4 in [18].

Step 4: Conclusion of the proof of Lemma 2.5

Gathering the bounds obtained in Lemmas 2.9 and 2.10, we obtain the estimate stated in Lemma
2.5.
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2.4.2 A duality argument

We recall ([18]) properties of the projection Πh that will be used to obtain estimates for the velocity.
Let (Φ,φ, φ) ∈ H1(Th)×H1(Th)×H1(Th). Then, for all (G,v, q) ∈ Gh × V h × Ph,

(v,∇ · Φ)Th = (v,∇ ·ΠΦ)Th + 〈v, (Φ−ΠΦ)n〉∂Th , (2.24a)

(G,∇φ)Th = −(∇ ·G,Πφ)Th + 〈Gn,φ〉∂Th , (2.24b)

(q,∇ · φ)Th = −(∇q,Πφ)Th + 〈qn,φ〉∂Th , (2.24c)

(v,∇φ)Th = (v,∇Πφ)Th + 〈v, (φ−Πφ)n〉∂Th . (2.24d)

The main estimate of this section is the following.

Lemma 2.11. Let H(R, h) := h1/2(1 + τ) + R + R1/2 + h1/2τ1/2R + R3/2. If Assumptions A and B
hold, and h ≤ 1, then

‖εu‖Dh . h1/2
(
H(R, h)ΘIL +Rν−1‖Ip‖Dh +Rτ‖Iu‖Dh

)
.

We observe that, for a smooth solution, if τ and R are of order one, then ‖εu‖Dh . hk+3/2 since
the interpolation errors are of order hk+1. In the case of a polyhedral domain where Γh fits Γ, we
would have R = 0, g̃ = g̃h. As a consequence, ‖εu‖Dh would be of order hk+2 which agrees with the
estimates in [18]. We now detail the steps that construct the proof of Lemma 2.11.

Step 1: Estimate of the velocity

We first obtain an identity for the projection of the error in the velocity by using a duality argument.

Lemma 2.12. Let Tu,h := 〈Ên,φ〉Γh + 〈εû, νΦn− φn〉Γh and Pk−1 the L2-projection over the space
of piecewise polynomials of degree at most k − 1. Then,

(εu,θ)Th = ν(Lh − L,ΠΦ− Φ)Th − ν(IL,Φ− Pk−1Φ)Th + Tu,h.

Proof. Proceeding as in the proof of Lemma 3.6 of [18], but keeping the boundary terms since in our
case they are not zero, we can write (εu,θ)Th =

∑5
i=1 Ti, where

T1 := ν(Lh − L,ΠΦ− Φ)Th , T2 := −ν(IL,Φ)Th ,

T3 := 〈εu − εû, ν(Φ−ΠΦ)n− (φ−Πφ)n+ τν(φ−Πφ)〉∂Th ,
T4 := 〈νELn− εpn− τν(εu − εû),φ〉∂Th , T5 := 〈εû, νΦn− φn〉∂Th .

By the property of the projection (2.15a), we have that T2 = −ν(IL,Φ− Pk−1Φ)Th , and by (2.15e)
with µ = εu − εû, we have that T3 = 0. Moreover, using the error equation (2.19e) we obtain that
T4 = 〈Ên,φ〉Γh . Finally, since νΦ−φI ∈ H(div,Ω) and εû is single-valued, then T5 = 〈εû, νΦn−φn〉Γh ,
which concludes the proof.

We point out that φ = 0 on Γ, but not in Γh. Thus, if Γ and Γh were the same (as in the polyhedral
case), then T4 would be zero. Moreover, for a polyhedral domain Ω, T5 would also vanish thanks to
(2.19e) since g̃ = g̃h, recovering the equality stated in Lemma 3.6 of [18].
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Step 2: A new expression for Tu,h

As we did previously with TL,h, we proceed now to rewrite Tu,h in a suitable manner.

Lemma 2.13. We have that Tu,h =
∑10

i=1 Tiu,h, where

T1
u,h = −ν〈(g̃ − g̃h)/l,φ+ l∇φn〉Γh , T2

u,h = ν〈g̃ − g̃h,∇φn− PM (∇φn)〉Γh ,
T3
u,h = −ν〈δIL ,φ〉Γh , T4

u,h = −ν〈ILn,φ− PMφ〉Γh , T5
u,h = −〈Ipn,PMφ〉Γh ,

T6
u,h = −ν〈PMτIu,φ〉Γh , T7

u,h = −ν〈δEL ,φ〉Γh , T8
u,h = −〈εpn,φ〉Γh ,

T9
u,h = −ν〈τ(εu − εû),φ〉Γh , T10

u,h = −〈g̃ − g̃h,PM (φn)〉Γh .

Proof. We recall (2.19g):

Ên = −ν
{

(g̃ − g̃h)/l + δIL + ILn+ δEL

}
− εpn− ντ(εu − εû).

Then, since εû = PM (g̃ − g̃h) on Γh, we obtain

Tu,h = 〈Ên,φ〉Γh + 〈εû, νΦn− φn〉Γh
= ν〈(g̃ − g̃h)/l, lPM (Φn)− φ〉Γh − ν〈δIL ,φ〉Γh − ν〈I

Ln,φ〉Γh
−ν〈δEL ,φ〉Γh − 〈ε

pn,φ〉Γh − ν〈τ(εu − εû),φ〉Γh − 〈g̃ − g̃h,PM (φn)〉Γh .

Using the first equation of the dual problem (2.12a), adding and subtracting l∇φn,

ν〈(g̃ − g̃h)/l, lPM (Φn)− φ〉Γh = −ν〈(g̃ − g̃h)/l, l∇φn+ φ〉Γh
+ν〈g̃ − g̃h,∇φn− PM (∇φn)〉Γh .

On the other hand, adding and subtracting PMφ, and using equation (2.15e), we get ν〈ILn,φ〉Γh =

ν〈ILn,φ − PMφ〉Γh + 〈Ipn,PMφ〉Γh + ν〈τIu,PMφ〉Γh . The result follows by gathering the above
equalities.

Step 3: Estimate of Tu,h

In order to obtain the estimate of Tu,h, we need the following lemma, which provides bounds related
to the solution of the dual problem (2.12a)-(2.12d) that will be used later.

Lemma 2.14. Suppose that the elliptic regularity inequality (2.13) holds. Then

ν‖φ− PMφ‖Γh,(h⊥)−1 . h‖θ‖Ω, ν‖∇φn− PM (∇φn)‖Γh,l . hR‖θ‖Ω,

ν‖φ+ l∇φn‖Γh,l−3 . ‖θ‖Ω, ν‖φ‖Γh,l−2 . ‖θ‖Ω, ‖φn‖Γh,l . h1/2R1/2‖θ‖Ω.

Proof. The first four estimates follow by applying Lemma 5.5 of [21] to each component of a tensor- or
a vector-valued function. For the last one, we observe that for e ∈ E∂h ,

∑

e∈E∂h

‖φn‖2e,l ≤
∑

e∈E∂h

reh
⊥
e ‖φ‖2e .

h‖φ‖2Γh max
e∈E∂h

re. Now, since φ ∈ H1(Ω), by trace inequality we have that ‖φ‖Γh . ‖φ‖Dh ≤ ‖φ‖Ω, and

the result follows.
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We are now ready to obtain the estimate of Tu,h.

Lemma 2.15. We have that

|Tu,h| . h1/2

{
(R3/2 + h1/2 +R+R1/2 + h1/2τ1/2R)ΘIL

+Rν−1‖Ip‖Dh +Rτ‖Iu‖Dh
}
‖θ‖Ω.

Proof. By Lemma 2.13, we know that Tu,h =
∑10

i=1 Tiu,h. We first apply the Cauchy-Schwarz inequality
to each term Tiu,h. The result follows from estimate in (1.6), Lemma 2.14, Assumptions A, the fact
that ‖Ipn‖Γh,l2 ≤ Rh

1/2‖Ipn‖Γh,h⊥ , the interpolation properties (2.16c) and Lemma 2.5 .

Step 4: Proof of Lemma 2.11

From Lemma 2.12, we have

(εu,θ)Th ≤ ‖Lh − L‖Dh‖νΠΦ− νΦ‖Dh + ‖IL‖Dh‖νΦ− νPk−1Φ‖Dh + |Tu,h|.

According to the regularity Assumption B, (2.16a) implies that ‖νΠΦ − νΦ‖Dh . h(1 + τh)‖θ‖Ω.
Also, by the approximation properties of the L2-projection, we have ‖νΦ− νPk−1Φ‖Dh . h‖θ‖Ω. We
recall we are considering k ≥ 1. Hence,

(εu,θ)Th . h(1 + τh)
(
‖EL‖Dh + ‖IL‖Dh

)
‖θ‖Ω + |Tu,h|.

Thus, using the estimate for |Tu,h| from Lemma 2.15, recalling that ‖EL‖Dh ≤ ΘIL from Lemma 2.5,
dividing by ‖θ‖Ω, θ 6= 0, and considering the supremum over θ, we obtain the result.

2.4.3 Conclusion of the proof of Theorem 2.4

First of all, adding and subtracting ΠL and Πp̃, using the triangle inequality, Lemma 2.5 and recalling
the definition of ΘIL in (2.17), we get

‖L− Lh‖Dh + ‖g̃ − g̃h‖Γh,l−1 + ν−1‖p̃− p̃h‖Dh . ΘIL + ν−1‖Ip‖Dh .

Moreover, if Assumption B holds, by adding and subtracting Πu, using triangle inequality and
Lemma 2.11, we obtain

‖u− uh‖Dh . h1/2
(
H(R, h)ΘIL +Rν−1‖Ip‖Dh +Rτ‖Iu‖Dh

)
+ ‖Iu‖Dh .

Lemma 3.7 in [18] states that ‖εû‖h . h‖IL‖Dh + h‖EL‖Dh + ‖εu‖Dh which, together with Lemmas
2.5 and 2.11, implies

‖PMu− ûh‖h . h1/2
(
(h1/2 +H(R, h))ΘIL +Rν−1‖Ip‖Dh +Rτ‖Iu‖Dh

)
.
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The error estimate ‖u− u∗h‖Dh ≤ ‖εu‖Dh + Ch‖L− Lh‖Dh + Chk+2|L|Hk+1(Ω) can be found in [19]
and, from Lemma 2.11, follows that

‖u− u∗h‖Dh ≤ ‖εu‖Dh + Ch‖L− Lh‖Dh + Chk+2|L|Hk+1(Ω)

. h1/2
(
H(R, h)ΘIL +Rν−1‖Ip‖Dh +Rτ‖Iu‖Dh

)

+h‖L− Lh‖Dh + hk+2|L|Hk+1(Ω).

Finally, since τ is of order one, we have that H(R, h) . R+R1/2 + h1/2R+R3/2 and the estimates
stated in Theorem 2.4 follow.

2.5 Approximation in Dc
h and recovering ph

In this section we provide a way to extend the solution (Lh,uh, p̃h) of (2.4) to the non-meshed region
Dch in the two-dimensional case. The case of three dimensions can be treated similarly. In addition,
since the scheme (2.4) provides an approximation of p̃h, here we will explain a procedure to recover
ph. To that end, we write Dch as the union of disjoint regions. More precisely, let e ∈ E∂h that belongs
to Ke ∈ Th. For j ∈ {1, 2}, we denote by yj , the j-th vertex of e and by yj its closest point in Γ. We
remark that the closest point is unique if we assume

(D.6) the mesh in fine enough and Γ is C2.

We define K̃e
ext as the region enclosed by Γ, e and the segments associated to y1 and y2, as Fig.

2.1 shows. Note that, the union of the regions Ke
ext defined in Section 1.1.2 is not equal to Dch, so we

cannot use them to compute integrals over Dch and that is why we consider K̃e
ext instead of Ke

ext.

e

Γ

y1 y2

ȳ1

ȳ2

K̃e
ext

Figure 2.1: Example of points yj associated to the vertices yj and region K̃e
ext.

Source: Own elaboration.

Now, the polynomials Lh|Ke and p̃h|Ke are extrapolated from Ke to K̃e
ext and they constitute an

approximation of L and p̃ in K̃e
ext. We can also approximate u in K̃e

ext by extrapolating uh|Ke , however
we construct a better approximation based on the fact that L is the gradient of u. Let y ∈ K̃e

ext and
y its closest point in Γ. Let x ∈ e be the intersection between e and the line determined by y and
y. Then, denoting by t(x) the unit tangent vector of the segment joining x and y, we can write
y = x + ηt(x) and ȳ := x + η̄t(x), for some η and η̄ positive. Thus, based on the procedure to
obtain (1.1), we integrate L = ∇u along the segment connecting y and ȳ, and propose the following
approximation of the velocity in y,

uh(y) := g(ȳ)−
∫ η̄

η
Lh(y + t(x)s )t(x) ds. (2.26)
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On the other hand, since 0 =

∫

Ω
p = |Ω| pDh +

∫

Dch

p̃, we suggest the following approximation

pDh ≈ phDh := − 1

|Ω|

∫

Dch

p̃h, (2.27)

thereby

ph := ph
Dh + p̃h (2.28)

is an approximation of p. In the Appendix we explain how to approximate an integral over Dch.

Thus, we have defined approximations of L, p̃ and u in Dch =
⋃

e∈E∂h

K̃e
ext. Even though the variables

Lh, p̃h and uh denote the approximations delivered by the HDG method in Dh, we use the same
notation to represent the approximations in Dch proposed in this section.

Finally, from Lemmas 3.7 and 3.8 in [21], it can be obtained that

‖L− Lh‖Dch . ‖IL‖Dh + ‖EL‖Dh + hk+1|L|Hk+1(Ω), (2.29a)

‖u− uh‖Dch . h‖L− Lh‖Dch and (2.29b)

‖p̃− p̃h‖Dch .
(
‖Ip‖Dh + ‖εp‖Dh

)
+ hk+1|p̃|Hk+1(Dh). (2.29c)

Actually the estimates of Lemmas 3.7 and 3.8 in [21] were obtained based on a different projection of
a point into Γ. However, if the closest projection is considered instead, the same results hold under
minor modifications in the proofs.

Theorem 2.16. Suppose assumptions of Theorem 2.4 hold, then

‖L− Lh‖Dch . Creg h
k+1, (2.30a)

‖u− uh‖Dch . h‖L− Lh‖Dch , (2.30b)

‖p− ph‖Dh . hk+1 max
{

1, (τh)1/2
}(
Creg + |p̃|Hk+1(Ω)

)
and (2.30c)

‖p− ph‖Dch . hk+1 max
{

1, (τh)1/2
}(
Creg + |p̃|Hk+1(Ω)

)
, (2.30d)

where we recall that Creg has been defined in Theorem 2.4.

Proof. The first two inequalities are obtained from (2.29), Lemma 2.5, estimates in (2.29) and the
approximation properties (2.16). Now, by (2.2) and (2.28), we have that

‖p− ph‖Dh ≤ ‖p̃− p̃h‖Dh + ‖pDh − phDh‖Dh
≤ ‖p̃− p̃h‖Dh + |Dh||Ω|−1‖p̃− p̃h‖Dch .

This inequality, together with Theorem 2.4 and (2.29c) imply (2.30c).

Similarly ‖p− ph‖Dch ≤ ‖p̃− p̃h‖Dch + |Dch||Ω|−1‖p̃− p̃h‖Dch and (2.30d) follows from (2.29c).

We remark that, if the solution of the problem is smooth enough, these estimates indicate that the
L2-norm of the error for Lh and ph converge with optimal order hk+1 also in the region Dch. Moreover,
uh converges with order hk+2. This additional power of h is due to the the fact that in (2.26) the
length of the integration segment is of order h.



2.6. Numerical results 29

2.6 Numerical results

In this section we present two-dimensional numerical experiments to validate the theoretical orders
of convergence of the approximations provided by the HDG method. In all our experiments, we use
ν = 1 and τ ≡ 1, and compute the errors ep := ‖p − ph‖Ω, eu := ‖u − uh‖Ω, eL := ‖L − Lh‖Ω,
eû :=

(∑
K∈Dh hK‖PMu− ûh‖∂K

)1/2 and eu∗ :=
(
‖u−u∗h‖2Dh +‖u−uh‖2Dch

)1/2. In addition, for each

variable, we calculate the experimental order of convergence e.o.c. = −2
log
(
eT1/eT2

)

log(NT1/NT2)
, where eT1 and

eT2 are the errors associated to the corresponding variable considering two consecutive meshes with
NT1 and NT2 elements, respectively.

2.6.1 Example 1: dist(Γh,Γ) of order h2.

In this first example, we consider the annular domain Ω = {(x, y) ∈ R2 : 0.52 < x2 + y2 < 22}. The
computational boundary Γh is constructed by interpolating ∂Ω by a piecewise linear function and Dh
is the domain enclosed by Γh. In this case all the assumptions are satisfied, except (D.3) because the
domain is not convex. However, if we assume that the PDE is also valid in the Dh ∩ Ωc, under minor
modification our analysis is also valid.

The source term f and boundary data g are such that the exact solution is

p(x, y) = sin(x) sin(y), u(x, y) =

[
sin(x) sin(y)

cos(x) cos(y)

]
.

In Table 2.1 we observe optimal convergence rate for all the variables as Theorems 2.4 and 2.16
predict, i.e., order of hk+1 for the errors of ep, eu and eL; and superconvergence with order hk+2 for the
numerical trace of the velocity and post-processed solution, since in this case R is of order h. Moreover,
in Fig. 2.2 we display the approximation of the second component of u for k = 1 and 2 obtained with
meshes of sizes N = 150 and 2396 elements (first column).

2.6.2 Example 2: dist(Γh,Γ) of order h.

We consider Ω := {(x, y) ∈ R2
+ : 1.4 <

√
x2 + y2 < 2} and the exact solution

p(x, y) = ex
2+y2 − (e22 − e1.42)/(22 − 1.42), u(x, y) =

[
sin(3x)ey

−3 cos(3x)ey

]
.

The computational Dh is set in such a way that re = 1 for all e ∈ Γh \ {(x, y) : x = 0 ∨ y = 0} as
seen in Fig. 2.3.

Table 2.2 shows optimal rate of convergence for the error all variables in Ω, that is, order k + 1 for
the errors of the pressure p, the velocity u and the gradient of the velocity L. In addition, the rate of
convergence of the errors eû and eu∗ seems to be slightly larger than the order k + 3/2 predicted by
Theorem 2.4.



2.6. Numerical results 30

k N ep order eu order eL order eû order eu∗ order

1 150 1.83e-02 − 2.01e-02 − 3.76e-02 − 7.68e-03 − 3.21e-03 −
608 4.38e-03 2.04 5.10e-03 1.96 8.92e-03 2.06 1.04e-03 2.86 4.20e-04 2.91

2396 1.05e-03 2.08 1.29e-03 2.00 2.23e-03 2.02 1.34e-04 2.99 5.51e-05 2.96

5842 4.19e-04 2.07 5.32e-04 1.99 8.84e-04 2.07 3.35e-05 3.10 1.39e-05 3.10

15480 1.57e-04 2.01 2.02e-04 1.98 3.35e-04 1.99 7.98e-06 2.94 3.28e-06 2.96

2 150 1.29e-03 − 1.35e-03 − 1.99e-03 − 2.79e-04 − 1.48e-04 −
608 1.43e-04 3.14 1.62e-04 3.04 2.43e-04 3.00 1.75e-05 3.95 9.49e-06 3.93

2396 1.70e-05 3.11 2.07e-05 3.00 3.02e-05 3.04 1.18e-06 3.93 6.05e-07 4.01

5842 4.33e-06 3.07 5.44e-06 2.99 7.74e-06 3.06 1.99e-07 3.99 1.01e-07 4.01

15480 1.01e-06 2.98 1.29e-06 2.96 1.82e-06 2.97 2.97e-08 3.91 1.49e-08 3.93

3 150 4.49e-05 − 5.54e-05 − 1.10e-04 − 9.42e-06 − 4.58e-06 −
608 2.94e-06 3.90 3.80e-06 3.83 6.45e-06 4.05 3.19e-07 4.84 1.50e-07 4.88

2396 1.81e-07 4.06 2.40e-07 4.03 3.99e-07 4.06 9.85e-09 5.07 5.08e-09 4.94

5842 2.93e-08 4.09 3.98e-08 4.03 6.46e-08 4.08 1.05e-09 5.03 5.42e-10 5.02

15480 4.27e-09 3.95 5.83e-09 3.94 9.48e-09 3.94 9.75e-11 4.87 5.01e-11 4.89

Table 2.1: History of convergence of Example 1.
Source: The data of this table were obtained by the student.

2.6.3 Example 3: Other choice of transferring paths.

As mentioned int the introduction, one of the advantages of the method is that the computational
domain does not need to fit the actual domain and can be easily constructed by immersing Ω in a
background mesh. In this case, for some domains, it is not convenient to use transferring paths normal
to the boundary edges because the length of the paths might be large, affecting the magnitude of the
errors. Instead, it is preferable to construct the transferring paths such that x and x are as close as
possible and hence they will not be necessarily normal to the boundary edges. That is why, in the last
set of examples, we explore the capabilities of the method in a more general setting where some of the
assumptions on the paths are not necessarily satisfied.

We consider a kidney-shaped domain whose boundary satisfies the equation (2[(x+ 0.5)2 +y2]−x−
0.5)2− [(x+ 0.5)2 + y2] + 0.1 = 0 and a triangulation of a background domain B such that Ω ⊂ B. We
set Dh as the union of all the elements inside Ω, as it is shown in Fig. 2.4 (most-left). In this case,
the family of transferring paths is constructed by the procedure in Section 2.4.1 of [23]. We point out
that now the tangent vector associated to a transferring path is not, in general, normal to a boundary
edge. An example is depicted in Fig. 2.4. In this case, instead of (1.2), for x in a boundary edge e,
we set

g̃h(x) := g(x̄)−
∫ l(x)

0
Lh(x+ t(x)s )t(x) ds, (2.31)

where t(x) is the unit vector joining x and x̄.
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Figure 2.2: Approximation of the first component of u in Example 1. Columns: N = 150 and 2396.
Rows: Polynomial of degree k = 1 and 2.

Source: Own elaboration.

Figure 2.3: Domain Ω (red solid line) and Dh in Example 2. Transferring paths (blue solid lines)
associated to the quadrature points when k = 1.

Source: Own elaboration.

In all the simulations the source term f and boundary data g are such that the exact solution is

p(x, y) = sin(x2 + y2)− cΩ and u(x, y) =

[
sin(x) sin(y)

cos(x) cos(y)

]
,

where cΩ :=
1

|Ω|

∫

Ω
sin(x2 + y2) dx dy was computed numerically considering a extremely fine triangu-

lation that fits the domain.
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k N ep order eu order eL order eû order eu∗ order

1 180 2.35e+00 − 1.13e-01 − 2.29e+00 − 1.96e-01 − 5.46e-02 −
868 4.20e-01 2.19 2.05e-02 2.17 2.79e-01 2.67 2.62e-02 2.55 7.76e-03 2.48

3780 9.37e-02 2.04 4.95e-03 1.93 6.90e-02 1.90 3.86e-03 2.61 1.15e-03 2.60

15748 2.16e-02 2.06 1.24e-03 1.95 1.72e-02 1.95 5.35e-04 2.77 1.61e-04 2.76

64260 5.05e-03 2.07 3.10e-04 1.96 4.23e-03 1.99 7.18e-05 2.86 2.18e-05 2.85

2 180 1.95e-01 − 5.49e-03 − 7.69e-02 − 1.22e-02 − 3.66e-03 −
868 2.14e-02 2.81 4.76e-04 3.11 9.84e-03 2.61 1.03e-03 3.14 3.09e-04 3.14

3780 2.28e-03 3.04 4.78e-05 3.13 1.22e-03 2.83 7.56e-05 3.55 2.28e-05 3.54

15748 2.48e-04 3.11 5.45e-06 3.04 1.52e-04 2.92 5.20e-06 3.75 1.58e-06 3.74

64260 2.76e-05 3.13 6.65e-07 2.99 1.87e-05 2.98 3.47e-07 3.85 1.06e-07 3.85

3 180 4.74e-02 − 1.77e-03 − 4.85e-02 − 3.17e-03 − 9.36e-04 −
868 1.31e-03 4.57 2.02e-05 5.69 5.54e-04 5.69 5.75e-05 5.10 1.72e-05 5.08

3780 6.97e-05 3.98 7.68e-07 4.45 3.51e-05 3.75 2.11e-06 4.50 6.34e-07 4.49

15748 3.79e-06 4.08 3.20e-08 4.45 2.21e-06 3.87 7.28e-08 4.72 2.21e-08 4.70

Table 2.2: History of convergence of Example 2. Errors measured in the Computational domain Dh.
Source: The data of this table were obtained by the student.

Figure 2.4: Left: Example of a domain Ω (kidney-shaped), background domain (square) and polygonal
subdomain (gray). Middle: transferring paths (segments with starting and ending points marked with
◦) associated to boundary vertices. Right: transferring paths associated to two points on each boundary
edge.
Source: Own elaboration.

h-convergence

In Table 2.3 we observe, for k = 1, convergence of order k + 1 for the errors in p, u and L; and
order higher than k+3/2 for the errors of the numerical trace and post-processed solution. This agrees
with the estimates provided in Theorems 2.4 and 2.16. We recall that Theorem 2.16 predicts an order
h + 3/2 for the numerical trace and post-processed solution, but for an HDG method in polyhedral
domains the order of convergence is k + 2 for these variables. For the case k = 2, the convergence
rate deteriorates in the fourth mesh, but then the optimal order seems to be recovered. When k = 3,
optimal rates are also observed. In the last mesh eu∗ and eû seem to be affected by round-off errors.
On the other hand, Fig.2.5 shows the approximation of the first component of the tensor L obtained
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with k = 2 and 712 elements. Here we display the computational domain, the approximations in Dh
and Dch, and the two of them together in Ω.

k-convergence and condition number

Even though our estimates provide convergence with respect to the meshsize h, we numerically
explore the performance of the method when the polynomial degree increases, since the constants in
Assumptions A depend on k. Fig. 2.6 (left) shows the behavior of the log of errors for a fixed mesh
with 154 elements. We observe that they linearly decrease for k = 1, 2, 3 and 4. For k = 5 they
deteriorate but decrease again for k = 6.

On the other hand, we denote by κ the condition number of the global matrix. For comparison
purpose, let κpoly the condition number of the global matrix where the boundary data on Γh is being
imposed exactly (we can do this since in this example we know the exact solution). We define the
ratios rκ := κ/((k+ 1)2h−2) and rκpoly := κpoly/((k+ 1)2h−2). We observe in Fig. 2.6 (right) that rpoly
remains constant, which means it behaves like a constant times (k + 1)2h−2. However, rκ increases
with k. This fact shows one of the limitations of our method which has been also observed in the
Poisson problem [21]. Developing efficient preconditioners is subject of future work. Meanwhile, we
solve the system using UMFPACK [27], which is an LU factorization for sparse matrices that is a
built-in function in Matlab.

Figure 2.5: Approximation of the first component of L in Example 3 for k = 2 and 712 elements.
Source: Own elaboration.
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k N ep order eu order eL order eu∗ order eû order

1 28 1.82e−02 − 1.24e−03 − 1.10e−02 − 2.20e−03 − 3.10e−03 −
154 2.78e−03 2.21 2.77e−04 1.75 1.97e−03 2.01 1.83e−03 0.22 3.74e−04 2.48

712 8.09e−04 1.61 8.35e−05 1.57 4.77e−04 1.85 3.14e−05 5.31 6.71e−05 2.24

3054 1.41e−04 2.40 2.06e−05 1.92 1.29e−04 1.80 3.24e−06 3.12 7.54e−06 3.00

12579 3.44e−05 1.99 5.12e−06 1.97 3.31e−05 1.92 3.51e−07 3.14 8.55e−07 3.08

50877 8.39e−06 2.02 1.28e−06 1.99 8.20e−06 2.00 4.43e−08 2.96 1.09e−07 2.95

2 28 2.21e−03 − 6.20e−05 − 7.75e−04 − 9.84e−05 − 1.18e−04 −
154 2.25e−04 2.68 7.40e−06 2.49 1.03e−04 2.37 1.21e−05 2.46 2.20e−05 1.97

712 2.84e−05 2.70 6.18e−07 3.24 1.73e−05 2.33 8.27e−07 3.50 1.73e−06 3.32

3054 1.88e−05 0.57 1.88e−07 1.63 1.15e−05 0.56 2.38e−07 1.71 5.31e−07 1.62

12579 8.11e−08 7.69 4.66e−09 5.23 6.97e−08 7.22 7.68e−10 8.11 1.85e−09 8.00

50877 8.43e−09 3.24 5.82e−10 2.98 7.61e−09 3.17 4.60e−11 4.03 1.12e−10 4.01

3 28 1.33e−02 − 4.74e−04 − 5.33e−03 − 8.67e−04 − 1.06e−03 −
154 2.06e−05 7.59 5.62e−07 7.90 1.13e−05 7.22 8.40e−07 8.14 1.43e−06 7.75

712 9.09e−07 4.08 1.50e−08 4.73 5.43e−07 3.97 2.00e−08 4.88 4.04e−08 4.66

3054 2.53e−08 4.92 3.05e−10 5.35 1.47e−08 4.95 2.98e−10 5.78 6.65e−10 5.64

12579 1.40e−09 4.10 1.53e−11 4.23 1.13e−09 3.63 1.23e−11 4.51 3.00e−11 4.38

50877 8.13e−11 4.07 1.36e−12 3.47 6.43e−11 4.10 1.46e−12 3.04 3.53e−12 3.06

Table 2.3: History of convergence of Example 3.
Source: The data of this table were obtained by the student.

Figure 2.6: Left: Errors eL (◦), eu (+) and ep (*) versus k = 0, ..., 6 in semi-log scale, for 154 elements.
Right: Ratios rκ (dashed line) and rκpoly (solid line) in semi-log scale for 28 (◦) and 154 (*) elements.

Source: Own elaboration.



CHAPTER 3

Analysis of an HDG method for Oseen equations in curved domains

In this chapter we present a high order HDG method to numerically solve the Oseen equations
in a region not necessarily polyhedral/polygonal. Since these equations are very similar to those
of the Stokes problem, the structure of this chapter is very similar to the one of chapter 2.

3.1 Introduction

Let Ω ⊂ Rd be a region not necessarily polygonal (d = 2) or polyhedral (d = 3), with compact,
Lipschitz and piecewise C2 boundary Γ := ∂Ω. The incompressible Oseen equations are given by the
following set of equations:

L−∇u = 0 in Ω, (3.1a)

−ν∇ · L + (β · ∇)u+∇p = f in Ω, (3.1b)

∇ · u = 0 in Ω, (3.1c)

u = g on Γ, (3.1d)
∫

Ω
p = 0, (3.1e)

where u is the velocity of the fluid, p the pressure, ν > 0 a constant viscosity, f ∈ [L2(Ω)]d a source
term and g ∈ [L2(Γ)]d the prescribed velocity at the boundary satisfying the compatibility condition∫

Γ
g · n = 0 (n is the outward unit normal to Ω). In addition, the convective velocity is assumed

to satisfy β ∈ [W 1,∞(Ω)]d and to be divergence free. The motivation to solve (3.1) arises from the
steady–state Navier–Stokes equations, where the term (u · ∇)u appears instead of (β · ∇)u. In fact,
the solution of the Navier–Stokes equations can be obtained by using Picard’s iteration that consists of
solving (3.1) with β as the velocity obtained in the previous iteration. Observe that the unknowns in
this problem are the same than in Stokes problem of chapter 2 and the only difference between these
two problems is the term involving β.

35
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3.2 The HDG method

Following the treatment to the pressure introduced in the beginning of chapter 2, we begin by de-
composing p = pDh+p̃. We consider the HDG method [11] that seeks an approximation (Lh,uh, p̃h, ûh)

of the solution (L,u, p̃,u|Eh) in the space Gh × V h × Ph ×Mh given by

Gh = {G ∈ L2(Th) : G|K ∈ Pk(K) ∀K ∈ Th}, (3.2a)

V h = {v ∈ L2(Th) : v|K ∈ Pk(K) ∀K ∈ Th}, (3.2b)

Ph = {q ∈ L2(Th) : q|K ∈ Pk(K) ∀K ∈ Th}, (3.2c)

Mh = {µ ∈ L2(Eh) : µ|e ∈ Pk(e) ∀e ∈ Eh}. (3.2d)

As we will see in Section 3.2.1, this approximation is the only solution of

(Lh,G)Th + (uh,∇ ·G)Th − 〈ûh,Gn〉∂Th = 0, (3.3a)

(νLh,∇v)Th − (uh ⊗ β,∇v)Th − (p̃h,∇ · v)Th (3.3b)

−〈νL̂hn− p̂hn− ̂(uh ⊗ β)n,v〉∂Th = (f ,v)Th ,

−(uh,∇q)Th + 〈ûh · n, q〉∂Th = 0, (3.3c)

〈ûh,µ〉Γh = 〈g̃h,µ〉Γh , (3.3d)

〈νL̂hn− p̂hn− ̂(uh ⊗ β)n,µ〉∂Th\Γh = 0, (3.3e)

(p̃h, 1)Dh = 0, (3.3f)

for all (G,v, q,µ) ∈ Gh × V h × Ph ×Mh, where

νL̂hn− p̂hn− ̂(uh ⊗ β)n = νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh) on ∂Th, (3.3g)

and τ is a non-negative piecewise constant stabilization parameter defined on ∂Th. In order to simplify
notation, we assume τ to be constant on ∂Th, and to satisfy

τν − 1

2
(β · n) > cτ on ∂K, (3.4)

for all K ∈ Th and for some positive constant cτ . Note that this assumption is equivalent to Sβ :=(
S− 1

2(β · n)I
)∣∣
∂K

being positive definite.

3.2.1 Well-posedness of the method

In this section we show that the discrete scheme (3.3) with the approximated boundary data (1.2)
is well-posed. The steps that will lead to this statement will be very similar to those needed to obtain
the error estimates in Section 3.4. The main result of this section is the following.

Theorem 3.1. Under the assumptions of Lemmas 3.2, 3.3 and 3.4 (stated and proved below), the
scheme (3.3) with boundary data defined in (1.2) has a unique solution.

The proof of Theorem 3.1 will be a consequence of Lemmas 3.2, 3.3 and 3.4. Before proving the
lemmas, for K ∈ Th, let β0 ∈ P0(K) be the function such that

〈(β − β0) · n, 1〉F = 0, for all faces F of K,
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and define δβ := β − β0. Observe that β0 exists since ∇ · β = 0. Indeed, it corresponds to the lowest
order Raviart–Thomas projection of β. It also holds [10] that

‖δβ‖K ≤ ChK‖∇β‖K , ∀K ∈ Th. (3.5)

The following lemmas will lead to the well-posedness of the method.

Lemma 3.2. Let (Lh,uh, p̃h, ûh) ∈ Gh × V h × Ph ×Mh be the solution of (3.3) with the boundary
data defined in (1.2). Let us suppose that f = 0 and g = 0 . In addition, for every e ∈ E∂h , we assume
that

(A.1) r3
e(C

e
ext)

2(Ceinv)
2 ≤ 1/8,

(A.2) ν−1reh
⊥
e

(
ντ − 1

2
(β · n)

)
≤ 1/8,

(A.3) (Cetr)
2reγ ≤ 1/6.

Then,

‖Lh‖2Dh + ν−1〈Sβ(uh − ûh),uh − ûh〉∂Th + ‖g̃h‖2Γh,l−1 ≤ 24ν−2‖p̃h‖2Γh,l
+ν−2‖β‖2L∞(Ω)‖uh‖

2
Dh
.

Note that these assumptions are very similar to those made when we wanted to prove the well–
posedness of the discrete scheme in chapter 2. Actually, the only difference is in (A.2), where in this

case the addirional term
1

2
β · n appears. The comments mentioned about these assumptions in the

previous chapter are also valid here.

Proof. By taking G = νLh, v = uh and q = p̃h in the first three equations of (3.3), integrating by
parts and adding them up we obtain

0 = ν‖Lh‖2Dh +
(
∇ · (uh ⊗ β),uh

)
Th
− 〈νLhn− p̃hn,uh〉∂Th

−
〈(

(uh − ûh)⊗ β
)
n+ S(uh − ûh),uh

〉
∂Th

. (3.6)

Now, note that using (3.3e) with µ = ûh, we have

〈νL̂hn− p̂hn− ̂(uh ⊗ β)n, ûh〉∂Th = 〈νL̂hn− p̂hn− ̂(uh ⊗ β)n, ûh〉Γh ,

which implies that

〈νLhn− p̃hn, ûh〉∂Th = 〈(ûh ⊗ β)n+ S(uh − ûh), ûh〉∂Th
+ 〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh), ûh〉Γh .

On the other hand, observe that for any tensor M and vectors w,y, z, it holds

∇ · (w ⊗ z) = (∇ · z)w + (∇w)z, (3.7a)

(Mz,w) = (M,w ⊗ z), (3.7b)

(w ⊗ y)z = (y · z)w (3.7c)
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We want to apply these properties to the term
(
∇ · (uh ⊗ β),uh

)
Th

. Since ∇ · β = 0, we have

(∇ · (uh ⊗ β),uh)Th =
(
(∇uh)β,uh

)
Th

= (∇uh,uh ⊗ β)Th .

But, integrating by parts,

(∇uh,uh ⊗ β)Th = −(∇ · (uh ⊗ β),uh)Th + 〈(uh ⊗ β)n,uh〉∂Th .

Thus, we conclude that

(∇ · (uh ⊗ β),uh)Th =
1

2
〈(uh ⊗ β)n,uh〉∂Th ,

and hence we can rewrite (3.6) as

0 = ν‖Lh‖2Dh +
1

2
〈(uh ⊗ β)n,uh〉∂Th − 〈(ûh ⊗ β)n+ S(uh − ûh), ûh〉∂Th

−〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh), ûh〉Γh − 〈(uh ⊗ β)n,uh〉∂Th
+ 〈(ûh ⊗ β)n+ S(uh − ûh),uh〉∂Th

= ν‖Lh‖2Dh −
1

2
〈(uh ⊗ β)n,uh〉∂Th + 〈(ûh ⊗ β)n+ S(uh − ûh),uh − ûh〉∂Th

−〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh), ûh〉Γh . (3.8)

Now, since for any vector z it holds that (z ⊗ β)n = (β · n)z, the definition of Sβ := S − 1

2
(β · n)I,

and the fact that ûh is single valued on E0
h and (β · n) is continuous on E0

h, it is easy to see that

−1

2
〈(uh ⊗ β)n,uh〉∂Th + 〈(ûh ⊗ β)n+ S(uh − ûh),uh − ûh〉∂Th

= −1

2
〈(ûh ⊗ β)n, ûh〉∂Th + 〈Sβ(uh − ûh),uh − ûh〉∂Th

= −1

2
〈(ûh ⊗ β)n, ûh〉Γh + 〈Sβ(uh − ûh),uh − ûh〉∂Th .

Hence, (3.8) can be rewritten as

ν‖Lh‖2Dh + 〈Sβ(uh − ûh),uh − ûh〉∂Th

=

〈
νLhn− p̃hn−

1

2
(ûh ⊗ β)n− S(uh − ûh), ûh

〉

Γh

. (3.9)

Observe now that, according to (1.2) and (1.3), we can write

Lh(x)n = −l−1(x)g̃h(x)− δLh(x). (3.10)

Replacing this in the right hand side of (3.9) and using (2.4d), we have
〈
νLhn− p̃hn−

1

2
(ûh ⊗ β)n − S(uh − ûh), ûh

〉
Γh

= −ν〈g̃hl−1, g̃h〉Γh − ν〈δLh , g̃h〉Γh − 〈p̃hn, g̃h〉Γh
−1

2
〈(ûh ⊗ β)n,PM (g̃h)〉Γh − 〈Sβ(uh − ûh), g̃h〉Γh

−1

2
〈
(
(uh − ûh)⊗ β

)
n,PM (g̃h)〉Γh

= −ν〈g̃hl−1, g̃h〉Γh − ν〈δLh , g̃h〉Γh − 〈p̃hn, g̃h〉Γh
−1

2
〈(uh ⊗ β)n,PM (g̃h)〉Γh − 〈Sβ(uh − ûh), g̃h〉Γh .
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Applying Cauchy-Schwarz and Young’s inequalities with ε = 1/6, we can rewrite (3.9) as

ν‖Lh‖2Dh + 〈Sβ(uh − ûh),uh − ûh〉∂Th +
ν

3
‖g̃h‖2Γh,l−1

≤ 3ν‖δLh‖
2
Γh,l

+ 3ν−1‖p̃h‖2Γh,l + 3ν−1‖Sβ(uh − ûh)‖2Γh,l

+
3ν−1

4
‖(β · n)uh‖2Γh,l. (3.11)

By (1.4), (1.7), Assumptions (A.1) and (A.2), the fact that l ≤ H⊥e = reh
⊥
e and h⊥e ≤ γhe, we can

bound the terms in the right hand side of (3.11):

3ν‖δLh‖
2
Γh,l

= 3ν
∑

e∈E∂h

‖δLh‖
2
e,l ≤ 3ν

∑

e∈E∂h

1

3
r3
e(C

e
ext)

2(Ceinv)
2‖Lh‖2Ke

≤ ν

8
‖Lh‖2Dh , (3.12)

3ν−1‖Sβ(uh − ûh)‖2Γh,l = 3ν−1
∑

e∈E∂h

〈l1/2Sβ(uh − ûh), l1/2Sβ(uh − ûh)〉e

≤ 3
∑

e∈E∂h

ν−1reh
⊥
e

(
τν − 1

2
(β · n)

)
〈Sβ(uh − ûh),uh − ûh〉e

≤ 3

8
〈Sβ(uh − ûh),uh − ûh〉∂Th , (3.13)

3ν−1

4
‖(β · n)uh‖2Γh,l =

3ν−1

4

∑

e∈E∂h

‖(β · n)uh‖2e,l ≤
3ν−1

4

∑

e∈E∂h

‖β‖2L∞(Ω)reh
⊥
e ‖uh‖2e

≤ 3ν−1

4
‖β‖2L∞(Ω)

∑

e∈E∂h

reh
⊥
e (Cetr)

2h−1
e ‖uh‖2Ke

≤ 3ν−1

4
‖β‖2L∞(Ω)

∑

e∈E∂h

(Cetr)
2reγ‖uh‖2Ke

≤ ν−1

8
‖β‖2L∞(Ω)‖uh‖

2
Dh
. (3.14)

Replacing these estimates in (3.11) and rearranging terms, we obtain

7ν

8
‖Lh‖2Dh +

5

8
〈Sβ(uh − ûh),uh − ûh〉∂Th +

ν

3
‖g̃h‖2Γh,l−1 ≤ 3ν−1‖p̃h‖2Γh,l

+
ν−1

8
‖β‖2L∞(Ω)‖uh‖

2
Dh
.

Finally, since
1

8
< min

{
7

8
,
5

8
,
1

3

}
, we have

‖Lh‖2Dh + ν−1 〈Sβ(uh − ûh),uh − ûh〉∂Th + ‖g̃h‖2Γh,l−1 ≤ 24ν−2‖p̃h‖2Γh,l
+ν−2‖β‖2L∞(Ω)‖uh‖

2
Dh
,

which concludes the proof.
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In order to deal with the terms at the right hand side of the estimate in Lemma 3.2, we need the
next result.

Proposition 3.1. It holds that

‖ûh‖h ≤ C
(
h‖Lh‖Dh + ‖uh‖Dh

)
.

Proof. Using (3.3a) we obtain that

〈ûh,Gn〉∂K = (Lh,G)K + (uh,∇ ·G)K ∀ G ∈ Pk(K).

Then, by a standard scaling argument,

h
1/2
K ‖ûh‖∂K ≤ C

(
hK‖Lh‖K + ‖uh‖K

)
.

Finally, we obtain the result by summing up over all K ∈ Th.

We can now state the next lemma.

Lemma 3.3. Let P : H1(Th)→ V h be any projection such that

(Pw −w,v)K = 0, ∀ v ∈ Pk−1(K), (3.15)

for all K ∈ Th. Define

H1
p = C max

{
ν, ‖β0‖L∞(Ω) sup

w∈H1
0(Dh)\{0}

‖Pw‖Th
‖w‖H1(Dh)

, h|β|W 1,∞(Ω) sup
w∈H1

0(Dh)\{0}

‖Pw‖Dh
‖w‖H1(Dh)

}
,

H2
p = C|β|W 1,∞(Ω) max

{
h sup
w∈H1

0(Dh)\{0}

‖∇Pw‖Th
‖w‖H1(Dh)

, sup
w∈H1

0(Dh)\{0}

‖Pw‖Th
‖w‖H1(Dh)

}
,

H3
p = sup

w∈H1
0(Dh)\{0}

‖Pw − PMw‖∂Th,τ
‖w‖H1(Dh)

,

and Cτ,ν,β = ν1/2τ−1/2
{
τ1/2ν1/2 + ‖β‖1/2L∞(Ω)

(
1 + c

−1/2
τ ‖β‖1/2L∞(Ω)

)}
. Suppose that assumptions of

Lemma 3.2 are satisfied and that for each e ∈ E∂h it holds that

(A.4) 2
√

6κν−1
(
3H1

p + Cτ,ν,βH
3
p

)
Cetrr

1/2
e γ1/2 < 1/2,

where κ > 0 is defined below. Then

‖p̃h‖Dh ≤ 2κ
{
ν−1‖β‖L∞(Ω)

(
3H1

p + Cτ,ν,βH
3
p

)
+ 2H2

p

}
‖uh‖Dh .

Proof. We adapt the proof of Proposition 3.4 in [18] to our setting. Since p̃h ∈ L2
0(Dh), there exists

κ > 0, independent of h, such that

‖p̃h‖Dh ≤ κ sup
w∈H1

0(Dh)\{0}

(p̃h,∇ ·w)Dh
‖w‖H1(Dh)

. (3.16)
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We will work now on the numerator. Integrating by parts, using the projection P and equation (3.3b)
with v = Pw, we have

(p̃h,∇ ·w)Dh = (νLh,∇Pw)Th − (uh ⊗ β,∇Pw)Th − 〈νLhn,Pw〉∂Th
+〈(ûh ⊗ β)n,Pw〉∂Th + 〈S(uh − ûh),Pw〉∂Th + 〈p̃hn,w〉∂Th .

Integrating by parts again, using the projections P and PM , and rearranging terms, we obtain

(p̃h,∇ ·w)Dh = (νLh,∇w)Th − 〈νLhn− p̃hn,PMw〉∂Th − (uh ⊗ β,∇Pw)Th

+〈(ûh ⊗ β)n,Pw〉∂Th + 〈S(uh − ûh),Pw〉∂Th .

Taking µ = PMw in (3.3e), and since w = 0 on Γh,

〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),PMw〉∂Th = 0,

which implies that

〈νLhn− p̃hn,PMw〉∂Th = 〈(ûh ⊗ β)n+ S(uh − ûh),PMw〉∂Th .

Since (β·n) is continuous on E0
h, ûh is single valued on E0

h andw = 0 on Γh, then 〈(ûh⊗β)n,PMw〉∂Th =

0. Hence, we can rewrite our numerator as

(p̃h,∇ ·w)Dh = (νLh,∇w)Th − (uh ⊗ β,∇Pw)Th + 〈(ûh ⊗ β)n,Pw〉∂Th
+〈S(uh − ûh),Pw − PMw〉∂Th .

Let us bound the last term. Observe first that, for any given vector z, it holds that ‖z‖∂K ≤
c
−1/2
τ 〈Sβz, z〉

1/2
∂K , ∀K ∈ Th. In fact, thanks to (3.4), we have

〈Sβz, z〉∂K =

〈(
τν − 1

2
(β · n)

)
z, z

〉

∂K

≥ cτ 〈z, z〉∂K = cτ‖z‖2∂K .

Using the definition of Sβ, we can split the last term into

〈S(uh − ûh),Pw − PMw〉∂Th = 〈Sβ(uh − ûh),Pw − PMw〉∂Th
+

1

2
〈(β · n)(uh − ûh),Pw − PMw〉∂Th .

Using the Cauchy-Schwarz inequality and the definition of Sβ again, we have that

〈Sβ(uh − ûh),Pw − PMw〉∂Th
≤

∑

K∈Th

〈Sβ(uh − ûh), Sβ(uh − ûh)〉1/2∂K〈Pw − PMw,Pw − PMw〉1/2∂K

≤
∑

K∈Th

τ−1/2 max
x∈∂K

∣∣∣∣τν −
1

2
(β(x) · n)

∣∣∣∣
1/2

〈Sβ(uh − ûh),uh − ûh〉
1/2
∂K‖Pw − PMw‖∂K,τ

≤ τ−1/2ν1/2
(
τ1/2ν1/2 + ‖β‖1/2L∞(Ω)

)
ν−1/2〈Sβuh − ûh),uh − ûh〉

1/2
∂Th
‖Pw − PMw‖∂Th,τ .
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Analogously,
1

2
|〈(β · n)(uh − ûh),Pw − PMw〉∂Th |

≤ 1

2
τ−1/2

∑

K∈Th

max
x∈∂K

|β(x) · n|‖uh − ûh‖∂K‖Pw − PMw‖∂K,τ

≤ τ−1/2c−1/2
τ ‖β‖L∞(Ω)

∑

K∈Th

〈Sβ(uh − ûh),uh − ûh〉
1/2
∂K‖Pw − PMw‖∂K,τ

≤ τ−1/2c−1/2
τ ν1/2‖β‖L∞(Ω)ν

−1/2〈Sβ(uh − ûh),uh − ûh〉
1/2
∂Th
‖Pw − PMw‖∂Th,τ .

Hence, combining the two estimates above, we obtain that

〈S(uh − ûh),Pw − PMw〉∂Th
≤ Cτ,ν,βν

−1/2〈Sβ(uh − ûh),uh − ûh〉
1/2
∂Th
‖Pw − PMw‖∂Th,τ .

On the other hand, we can rewrite the third term as

〈(ûh ⊗ β)n,Pw〉∂Th = 〈(β · n)ûh,Pw〉∂Th
= 〈ûh, (β · n)Pw〉∂Th
= 〈ûh, (Pw ⊗ β)n〉∂Th
= 〈ûh, (Pw ⊗ β0)n〉∂Th + 〈ûh, (Pw ⊗ δβ)n〉∂Th .

Then, thanks to (3.3a) with G = Pw ⊗ β0, we have

〈ûh, (Pw ⊗ β0)n〉∂Th = (Lh,Pw ⊗ β0)Th + (uh,∇ · (Pw ⊗ β0))Th .

Thus, since δβ = β − β0 and using (3.7),

(p̃h,∇ ·w)Dh = (νLh,∇w)Th − (uh ⊗ δβ,∇Pw)Th + (Lh,Pw ⊗ β0)Th

+〈ûh, (Pw ⊗ δβ)n〉∂Th + 〈S(uh − ûh),Pw − PMw〉∂Th
Using the Cauchy-Schwarz and trace inequalities, Proposition 3.1 and (3.5), we have

|(p̃h,∇ ·w)Dh | ≤ ν‖Lh‖Dh‖∇w‖Dh + h|β|W 1,∞(Ω)‖uh‖Dh‖∇Pw‖Th
+‖β0‖L∞‖Lh‖Th‖Pw‖Th + |β|W 1,∞(Ω)‖ûh‖h‖Pw‖Th
+Cτ,ν,βν

−1/2〈Sβ(uh − ûh),uh − ûh〉
1/2
∂Th
‖Pw − PMw‖∂Th,τ

≤ ν‖Lh‖Dh‖w‖H1(Dh) + h|β|W 1,∞(Ω)‖uh‖Dh‖∇Pw‖Th
+‖β0‖L∞‖Lh‖Dh‖Pw‖Th + |β|W 1,∞(Ω)

(
h‖Lh‖Dh + C‖uh‖Dh

)
‖Pw‖Th

+Cτ,ν,βν
−1/2〈Sβ(uh − ûh),uh − ûh〉

1/2
∂Th
‖Pw − PMw‖∂Th,τ

≤ C

{
ν + ‖β0‖L∞

‖Pw‖Th
‖w‖H1(Dh)

+ h|β|W 1,∞(Ω)
‖Pw‖Th
‖w‖H1(Dh)

}
‖Lh‖Dh‖w‖H1(Dh)

+C|β|W 1,∞(Ω)

{
h
‖∇Pw‖Th
‖w‖H1(Dh)

+
‖Pw‖Th
‖w‖H1(Dh)

}
‖uh‖Dh‖w‖H1(Dh)

+Cτ,ν,βν
−1/2〈Sβ(uh − ûh),uh − ûh〉

1/2
∂Th

‖Pw − PMw‖∂Th,τ
‖w‖H1(Dh)

‖w‖H1(Dh)

≤ 3H1
p‖Lh‖Dh‖w‖H1(Dh) + 2H2

p‖uh‖Dh‖w‖H1(Dh)

+Cτ,ν,βH
3
pν
−1/2〈Sβ(uh − ûh),uh − ûh〉

1/2
∂Th
‖w‖H1(Dh),
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which implies

‖p̃h‖Dh ≤ 3κH1
p‖Lh‖Dh + 2κH2

p‖uh‖Dh
+Cτ,ν,βH

3
pκν

−1/2〈Sβ(uh − ûh),uh − ûh〉
1/2
∂Th

.

Applying Lemma 3.2, we obtain

‖p̃h‖Dh ≤ 3κH1
p

{
2
√

6ν−1‖p̃h‖Γh,l + ν−1‖β‖L∞(Ω)‖uh‖Dh
}

+ 2κH2
p‖uh‖Dh

+Cτ,ν,βH
3
pκ
{

2
√

6ν−1‖p̃h‖Γh,l + ν−1‖β‖L∞(Ω)‖uh‖Dh
}

= κ
{

3H1
pν
−1‖β‖L∞(Ω) + 2H2

p + Cτ,ν,βH
3
pν
−1‖β‖L∞(Ω)

}
‖uh‖Dh (3.17)

+2
√

6κν−1
(
3H1

p + Cτ,ν,βH
3
p

)
‖p̃h‖Γh,l.

Finally, using that l ≤ H⊥e = reh
⊥
e and h⊥e ≤ γhe and inequality (1.7),

‖p̃h‖Γh,l =




∑

e∈E∂h

‖p̃h‖2e,l





1/2

≤




∑

e∈E∂h

reh
⊥
e ‖p̃h‖2e





1/2

≤




∑

e∈Eδh

reh
⊥
e (Cetr)

2h−1
e ‖p̃h‖2Ke





1/2

≤




∑

e∈Eδh

(Cetr)
2reγ‖p̃h‖2Ke





1/2

. (3.18)

Using assumption (A.4) in the inequality above, we have that

2
√

6κν−1
(
3H1

p + Cτ,ν,βH
3
p

)
‖p̃h‖Γh,l ≤

1

2
‖p̃h‖Dh .

The result follows by moving this term to the right hand side and multiplying by 2.

Before going to the last result of this section, we would like to write the results we have obtained so
far in a more convenient way. To do that, note first that, according to Proposition 3.11 in [11], H1

p and
H2
p are of order O(1). In addition, from Proposition 3.9 in [19] we have that H3

p ≤ max
{

1, (τh)1/2
}
.

As a consequence, if h is small enough, then H3
p is also of order O(1).

On the other hand, note that (3.18) together with assumption (A.3) imply that

‖p̃h‖Γh,l . ‖p̃h‖Dh . (3.19)

Hence, from Lemma 3.3 we deduce that

‖p̃h‖Dh . ‖uh‖Dh . (3.20)

From this and Lemma 3.2, we obtain that

‖Lh‖Dh + ν−1/2〈Sβ(uh − ûh),uh − ûh〉
1/2
∂Th

+ ‖g̃h‖Γh,l−1 . ‖uh‖Dh . (3.21)

Now, in order to state the final lemma of this section, we need some previous tools.
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Assumption B For any given θ ∈ L2(Ω), let (Φ,φ, φ) be the solution of

Φ−∇φ = 0 in Ω, (3.22a)

−ν∇ · Φ−∇ · (φ⊗ β)−∇φ = θ in Ω, (3.22b)

−∇ · φ = 0 in Ω, (3.22c)

φ = 0 on ∂Ω. (3.22d)

In order to estimate the L2-norm of the error in u, we assume

ν‖Φ‖H1(Ω) + ν‖φ‖H2(Ω) + ‖φ‖H1(Ω) ≤ C‖θ‖Ω. (3.23)

Additionally, for any element K ∈ Th, we introduce the projection Π∗h(Φ,φ, φ) = (Π∗Φ,Π ∗φ,Π ∗φ) ∈
Pk(K)× P k(K)× Pk(K) such that

ν(Π∗Φ,G)K + (Π ∗φ⊗ β,G)K = ν(Φ,G)K + (φ⊗ β,G)K , (3.24a)

(Π ∗φ,v)K = (φ,v)K , (3.24b)

(Π ∗φ, q)K = (φ, q)K , (3.24c)

〈νΠ∗Φn+ Π ∗φn+ (Π ∗φ⊗ β)n− SΠ ∗φ,µ〉e = 〈νΦn+ φn+ (φ⊗ β)n− Sφ,µ〉e, (3.24d)

for all (G,v, q,µ) ∈ Pk−1(K)×Pk−1(K)×Pk−1(K)×Pk(e) and for all the faces e of K. If τ satisfies
(3.4) and tr(Φ) = 0, then it holds (Theorem 2.5 in [11]) that the above defined projection satisfies the
following properties:

‖Π ∗φ− φ‖K . Chk+1
K |φ|k+1,K , (3.25a)

‖Π ∗φ− φ‖K . (τν + 1 + hK)hk+1
K |φ|k+1,K + hk+1

K |∇ · (νΦ + φI)|k,K , (3.25b)

ν‖Π∗Φ− Φ‖K . νhk+1
K |Φ|k+1,K + (τν + hK)hk+1

K |φ|k+1,K

+(τν + (1 + ν) + hK)‖Π ∗φ− φ‖K + ‖Π ∗φ− φ‖K . (3.25c)

Now we can prove the next lemma.

Lemma 3.4. Suppose assumptions of Lemmas 3.2 and 3.3, and Assumption B hold. Then, for h small
enough, uh = 0.

Proof. Given θ ∈ L2(Ω), thanks to (3.22b), integrating by parts and using the equations defining Π∗h,
we have

(uh,θ)Th = −(uh, ν∇ · Φ)Th − (uh,∇ · (φ⊗ β))Th − (uh,∇φ)Th

= (∇uh, νΠ∗Φ)Th + (∇uh,Π ∗φ⊗ β)Th + (∇ · uh,Π ∗φ)Th

−〈uh, νΠ∗Φn+ Π ∗φn+ (Π ∗φ⊗ β)n〉∂Th
= −(uh, ν∇ ·Π∗Φ)Th − (uh,∇ · (Π ∗φ⊗ β))Th − (uh,∇Π ∗φ)Th

−〈uh, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+
(
(φ−Π ∗φ)⊗ β

)
n〉∂Th .

We can rewrite the first term of the right hand side by using (3.3a) with G = νΠ∗Φ:

−(uh, ν∇ ·Π∗Φ)Th = (Lh, νΠ∗Φ)Th − 〈ûh, νΠ∗Φn〉∂Th .
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Hence, adding and subtracting the term (Lh, νΦ)Th and using (3.22a), we have

(uh,θ)Th = (Lh, νΠ∗Φ− νΦ)Th + (Lh, νΦ)Th − 〈ûh, νΠ∗Φn〉∂Th
−(uh,∇ · (Π ∗φ⊗ β))Th − (uh,∇Π ∗φ)Th

−〈uh, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+
(
(φ−Π ∗φ)⊗ β

)
n〉∂Th

= (Lh, νΠ∗Φ− νΦ)Th + (Lh, ν∇φ)Th − 〈ûh, νΠ∗Φn〉∂Th
−(uh,∇ · (Π ∗φ⊗ β))Th − (uh,∇Π ∗φ)Th (3.26)

−〈uh, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+
(
(φ−Π ∗φ)⊗ β

)
n〉∂Th .

Using now the identities (3.7) and equation (3.3b) with v = Π ∗φ, we can write the fourth term of the
right hand side as

(uh,∇ · (Π ∗φ⊗ β))Th = (∇Π ∗φ,uh ⊗ β)Th

= (νLh,∇Π ∗φ)Th − (p̃h,∇ ·Π ∗φ)Th

−〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),Π ∗φ〉∂Th .

Replacing this into (3.26), rearranging terms and integrating by parts, we have

(uh,θ)Th = (Lh, νΠ∗Φ− νΦ)Th − (ν∇ · Lh,φ−Π ∗φ)Th + 〈νLhn,φ−Π ∗φ〉∂Th
−〈ûh, νΠ∗Φn〉∂Th + (p̃h,∇ ·Π ∗φ)Th

+〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),Π ∗φ〉∂Th − (uh,∇Π ∗φ)Th

−〈uh, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+
(
(φ−Π ∗φ)⊗ β

)
n〉∂Th

Since ∇ · φ = 0, (p̃h,∇ ·Π ∗φ)Th = (p̃h,∇ · (Π ∗φ− φ))Th . Using integration by parts, we can write

(uh,θ)Th = (Lh, νΠ∗Φ− νΦ)Th − (ν∇ · Lh,φ−Π ∗φ)Th + 〈νLhn,φ−Π ∗φ〉∂Th
−〈ûh, νΠ∗Φn〉∂Th − (∇p̃h,Π ∗φ− φ)Th + 〈p̃hn,Π ∗φ− φ〉∂Th
+〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),Π ∗φ〉∂Th − (uh,∇Π ∗φ)Th

−〈uh, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+
(
(φ−Π ∗φ)⊗ β

)
n〉∂Th .

The fifth term of the right hand side vanishes thanks to (3.24c). From (3.3e) with µ = PMφ, we obtain

〈νLhn− p̃hn − (ûh ⊗ β)n− S(uh − ûh),PMφ〉∂Th
= 〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),PMφ〉Γh ,

and then, adding and subtracting this term,

(uh,θ)Th = (Lh, νΠ∗Φ− νΦ)Th − (ν∇ · Lh,φ−Π ∗φ)Th + 〈νLhn,φ−Π ∗φ〉∂Th
−〈ûh, νΠ∗Φn〉∂Th + 〈p̃hn,Π ∗φ− φ〉∂Th − (uh,∇Π ∗φ)Th

+〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),Π ∗φ− PMφ〉∂Th
+〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),PMφ〉Γh
−〈uh, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+

(
(φ−Π ∗φ)⊗ β

)
n〉∂Th .
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Cancelling some terms and using the projection PM , we get

(uh,θ)Th = (Lh, νΠ∗Φ− νΦ)Th − (ν∇ · Lh,φ−Π ∗φ)Th − 〈ûh, νΠ∗Φn〉∂Th
−〈(ûh ⊗ β)n,Π ∗φ− PMφ〉∂Th − 〈S(uh − ûh),Π ∗φ− PMφ〉∂Th
+〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),PMφ〉Γh − (uh,∇Π ∗φ)Th (3.27)

−〈uh, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+
(
(φ−Π ∗φ)⊗ β

)
n〉∂Th .

Adding and subtracting the term 〈ûh, νΦn+ (φ⊗ β)n〉∂Th , and using (3.24b), we can rewrite (3.27)
as

(uh,θ)Th = (Lh, νΠ∗Φ− νΦ)Th − 〈uh − ûh, ν(Φ−Π∗Φ)n+
(
(φ−Π ∗φ)⊗ β

)
n〉∂Th

−〈ûh, νΦn+ (β · n)(φ− PMφ)〉∂Th − 〈S(uh − ûh),Π ∗φ− PMφ〉∂Th
+〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),PMφ〉Γh − (uh,∇Π ∗φ)Th

−〈uh, (φ−Π ∗φ)n〉∂Th .

Using (3.3c) with q = Π ∗φ and the projection PM , we obtain

(uh,θ)Th = −〈uh − ûh, ν(Φ−Π∗Φ)n+
(
(φ−Π ∗φ)⊗ β

)
n− S(φ−Π ∗φ)〉∂Th

+(Lh, νΠ∗Φ− νΦ)Th − 〈ûh, νΦn+ (β · n)(φ− PMφ)〉∂Th
+〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),PMφ〉Γh − 〈ûh,Π

∗φn〉∂Th
−〈uh, (φ−Π ∗φ)n〉∂Th .

Note that, since ûh is single valued on E0
h and φn is continuous on E0

h, then

〈ûh, φn〉∂Th = 〈ûh, φn〉Γh .

Analogously, 〈ûh, νΦn+ (β ·n)(φ−PMφ)〉∂Th = 〈ûh, νΦn+ (β ·n)(φ−PMφ)〉Γh . Thus, adding and
subtracting 〈ûh, φn〉∂Th we have

(uh,θ)Th = −〈uh − ûh, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+
(
(φ−Π ∗φ)⊗ β

)
n− S(φ−Π ∗φ)〉∂Th

+(Lh, νΠ∗Φ− νΦ)Th − 〈ûh, νΦn+ φn+ (β · n)(φ− PMφ)〉Γh
+〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),PMφ〉Γh .

The first term vanishes thanks to (3.24d) with µ = uh − ûh. Furthermore, from the third and fourth
terms:

−〈ûh, νΦn + φn+ (β · n)(φ− PMφ)〉Γh + 〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),PMφ〉Γh
= 〈νLhn− p̃hn− S(uh − ûh),φ〉Γh − 〈ûh, νΦn〉Γh
−〈ûh, φn〉Γh − 〈ûh, (β · n)φ〉Γh .

Hence,

(uh,θ)Th = (Lh, νΠ∗Φ− νΦ)Th + 〈νLhn− p̃hn− S(uh − ûh),φ〉Γh
−〈ûh, νΦn+ φn+ (φ⊗ β)n〉Γh . (3.28)
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Let us denote the last two terms of the right hand side of (3.28) by Tu. Then, note that we can rewrite
Tu as follows:

Tu = 〈νLhn− p̃hn− Sβ(uh − ûh),φ〉Γh − 〈ûh, νΦn〉Γh − 〈ûh, φn〉Γh

−1

2
〈(β · n)uh,φ〉Γh −

1

2
〈(β · n)ûh,φ〉Γh .

We use now that ûh = PM (g̃h) on Γh and (3.10), to obtain

Tu = −ν〈g̃hl−1,φ〉Γh − ν〈δLh ,φ〉Γh − 〈p̃hn,φ〉Γh
−〈Sβ(uh − ûh),φ〉Γh − 〈g̃h, νPM (Φn)〉Γh − 〈g̃h,PM (φn)〉Γh (3.29)

−1

2
〈(β · n)uh,φ〉Γh −

1

2
〈(β · n)ûh,φ〉Γh .

We can associate the first and fifth terms. In addition, adding and subtracting l∇φn, and using
(3.22a), we have

−ν〈g̃hl−1,φ+ lPM (Φn)〉Γh = −ν〈g̃hl−1,φ+ l∇φn− l∇φn+ lPM (Φn)〉Γh
= −ν〈g̃hl−1,φ+ l∇φn〉Γh + ν

〈
g̃h,∇φn− PM

(
∇φn

)〉
Γh
.

Hence, replacing in (3.29) we obtain

Tu = −ν〈g̃hl−1,φ+ l∇φn〉Γh + ν
〈
g̃h,∇φn− PM

(
∇φn

)〉
Γh

−ν〈δLh ,φ〉Γh − 〈p̃hn,φ〉Γh − 〈Sβ(uh − ûh),φ〉Γh

−〈g̃h,PM (φn)〉Γh −
1

2
〈(β · n)uh,φ〉Γh −

1

2
〈(β · n)ûh,φ〉Γh

Note, from (2.4d), that ‖ûh‖Γh ≤ ‖g̃h‖Γh . Using this, the Cauchy-Schwarz inequality, (3.12), (3.19),
(3.13), (3.14) and Lemma 2.14, we obtain

|Tu| . ν‖g̃h‖Γh,l−1‖l2(φ+ l∇φn)‖Γh,l−3 + ν‖g̃h‖Γh,l−1‖∇φn− PM
(
∇φn

)
‖Γh,l

+ν‖l1/2δLh‖Γh,l‖φ‖Γh,l−2 + ν−1‖l1/2p̃hn‖Γh,lν‖φ‖Γh,l−2

+ν−1‖l1/2Sβ(uh − ûh)‖Γh,lν‖φ‖Γh,l−2 + ‖g̃h‖Γh,l−1‖PM (φn)‖Γh,l
+ν−1‖l1/2(β · n)uh‖Γh,lν‖φ‖Γh,l−2 + ν−1‖l3/2(β · n)ûh‖Γh,l−1ν‖φ‖Γh,l−2

. R1/2h1/2
{
R3/2h3/2 +R1/2h1/2 + 1 + ν−1Rh‖β‖L∞(Ω)

}
‖g̃h‖Γh,l−1‖θ‖Ω

+R1/2h1/2‖Lh‖Dh‖θ‖Ω +R1/2h1/2ν−1/2〈Sβ(uh − ûh),uh − ûh〉
1/2
∂Th
‖θ‖Ω

+R1/2h1/2‖p̃h‖Dh‖θ‖Ω +R1/2h1/2ν−1‖β‖L∞(Ω)‖uh‖Dh‖θ‖Ω.

Using now (3.20) and (3.21),
|Tu| . h1/2Hu(R, h)‖uh‖Dh‖θ‖Ω, (3.30)

where Hu(R, h) := R1/2
{
R3/2h3/2 +R1/2h1/2 + (1 +Rh)ν−1‖β‖L∞(Ω) + 4

}
. On the other hand, us-

ing the Cauchy-Schwarz inequality and (3.21),

(Lh, νΠ∗Φ− νΦ)Th ≤ ‖Lh‖Dhν‖Π
∗Φ− Φ‖Th

. ‖uh‖Dhν‖Π
∗Φ− Φ‖Th . (3.31)
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Hence, since (uh,θ)Th = (Lh, νΠ∗Φ− νΦ)Th + Tu, using (3.31), (3.30), the approximation properties
of Π∗h, the regularity estimate (3.23), we can divide by ‖θ‖Ω, θ 6= 0 and take the supremum over θ to
obtain

‖uh‖Dh ≤ h
1/2C∗‖uh‖Dh , (3.32)

where C∗ > 0 collects the contributions of the right hand sides of (3.30) and (3.31). Since C∗ contains
only positive powers of h, from (3.32) we deduce that for h small enough, uh = 0.

3.3 Error estimates

The main result of this chapter is the following.

Theorem 3.5. Suppose that Assumptions A hold and τ is of order one. If (L,u, p̃) ∈ Hk+1(Ω) ×
Hk+1(Ω)×Hk+1(Ω), then there exists h0 > 0 such that for all h < h0 and k ≥ 1, we have

‖L− Lh‖Dh + ‖g̃ − g̃h‖Γh,l−1 + ν−1‖p̃− p̃h‖Dh . CL,g,ph
k+1.

Moreover, if Assumption B holds, then ‖u− uh‖Dh . Cuh
k+1 and

‖PMu− ûh‖∂Th,h + ‖u− u∗h‖Dh .

{
Cû,u∗h

k+3/2, if R is of order 1,

C̃û,u∗h
k+2, if R is of order h.

Here, CL,g,p, Cu, Cû,u∗ and C̃û,u∗ depend on the exact solutions L, u and p̃, the parameters τ and
ν, the convective veclocity β, and on positive powers of h, and u∗h is the postprocessed velocity defined
by (2.14) in chapter 2.

The first two estimates in the Theorem above imply that the L2−norm of the errors in L, u and p̃
are of order hk+1 if the solution is smooth enough and if τ is chosen of order one, for instance. The
same conclusion was obtained for the case of a polyhedral domain [11]. In addition, the third estimate
shows that the error in the numerical trace ûh and the postprocessed velocity u∗h is of order hk+3/2,
which is half a power less than the error obtained in the case of a polyhedral domain [11]. However,
our numerical experiments show an experimental order of hk+2 for these two variables, which suggests
that our analysis might not be sharp. The same behavior has been observed for the Poisson’s equation
[21] and Stokes problem in curved domains (chapter 2).

3.4 Proofs

In this section we will prove the error estimates stated in Theorem 3.5 by following the standard
procedure for analyzing HDG schemes, this is, the projection–based approach. A projection operator
is defined and then, in the first part of the section, an energy argument is used to bound the projection
of the errors of all the variables except u. In the second part of the section, a duality argument is
employed to obtain an estimate of the L2−norm of the projection of the error in u.
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3.4.1 An energy argument

The first thing we need to introduce is the projection defined in [11] which will be used in our analysis.
If (L,u, p̃) ∈ H1(Th) ×H1(Th) ×H1(Th), we take its projection Πh(L,u, p̃) := (ΠL,Πu,Π p̃) as the
element of Gh × V h × Ph defined as follows. On an arbitrary element K of the triangulation Th, the
values of the projected function on the simplex K are determined by requiring that

(νΠL,G)K − (Πu⊗ β,G)K = (νL,G)K − (u⊗ β,G)K , (3.33a)

(Πu,v)K = (u,v)K , (3.33b)

(Π p̃, q)K = (p̃, q)K , (3.33c)

〈νΠLn−Π p̃n− (PMu⊗ β)n−Πu,µ〉e = 〈νLn− p̃n− (u⊗ β)n− Su,µ〉e, (3.33d)

for all (G,v, q,µ) ∈ Pk−1(K)×Pk−1(K)×Pk−1(K)×Pk(e) and for all faces e of the simplex K. Thus,
we define the projection of the errors EL := ΠL−Lh, ε

u := Πu−uh, εp := Π p̃− p̃h, εû := PMu− ûh;
and the interpolation errors IL := L−ΠL, Iu := u−Πu, IuM := u−PMu, Ip := p̃−Π p̃. If τ satisfies
(3.4), (L,u, p̃) ∈ Hk+1(K)×Hk+1(K)×Hk+1(K) on each element K ∈ Th and tr(L) = 0, it is known
(Theorem 2.3 in [11]) that the above defined projection satisfies the following properties:

‖Ip‖K . hk+1
K |p̃|Hk+1(K), (3.34a)

‖Iu‖K . (τν + hK)hk+1
K |u|Hk+1(K) + hk+1

K |∇ · (νL− p̃I)|Hk(K), (3.34b)

ν‖IL‖K . νhk+1
K |L|Hk+1(K) + (τν + hK)hk+1

K |u|Hk+1(K) + ‖Ip‖K (3.34c)

+
(
τν + (1 + ν)hK

)
‖Iu‖K .

Furthermore, Lemma 1.59 in [31] establishes that

‖IuM‖L2(Γh) . hk+1/2|u|Hk+1(Ω). (3.34d)

Moreover, by a standard scaling argument and the fact that h⊥e ≤ hK , we obtain

‖ILn‖e,h⊥e . ‖IL‖K , ‖Iu‖e,h⊥e . ‖Iu‖K , and ‖Ip‖e,h⊥e . ‖Ip‖K . (3.35)

Let ∂n(ILn) be the directional derivative of each component of ILn. We define the following quantity
that will appear in the right hand side of next estimates:

ΘIL :=
{

8R2‖∂n(ILn)‖2Dch,(h⊥)2 + 24R‖ILn‖2Γh,h⊥ + 4‖IL‖2Dh
}1/2

. (3.36)

If (L,u, p̃) ∈ Hk+1(Ω)×Hk+1(Ω)×Hk+1(Ω), by Lemma 3.8 in [21] and the approximation properties
(3.34) of Πh, we have

ΘIL . Creg
1 hk+1, (3.37)

where

Creg
1 = |L|Hk+1(Ω) + ν−1|p̃|Hk+1(Ω) +

(
τ + (ν−1 + 1)h

)
|νL− p̃I|Hk+1(Ω)

+
(
τν + (1 + ν)h+ 1

)
(τ + ν−1h)|u|Hk+1(Ω).
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Step 1: The projection of the errors

The following lemma establishes the equations satisfied by the projection of the errors.

Lemma 3.6.

(EL,G)Th + (εu,∇ ·G)Th − 〈ε
û,Gn〉∂Th = −(IL,G)Th , (3.38a)

−(ν∇ · EL,v)Th + (∇ · (εu ⊗ β),v)Th + (∇εp,v)Th (3.38b)

−
〈(

(εu − εû)⊗ β
)
n− S(εu − εû),v

〉
∂Th

= 0,

−(εu,∇q)Th + 〈εû, qn〉∂Th = 0, (3.38c)

〈εû,µ〉Γh = 〈g̃ − g̃h,µ〉Γh , (3.38d)

〈νELn− εpn− (εû ⊗ β)n− S(εu − εû),µ〉∂Th\Γh = 0, (3.38e)

(εp, 1)Dh = 0, (3.38f)

for all (G,v, q,µ) ∈ Gh × V h × Ph ×Mh.

Proof. Observe that if we insert (3.3g) in (3.3b) and (3.3e), we obtain

(Lh,G)Th + (uh,∇ ·G)Th − 〈ûh,Gn〉∂Th = 0,

(νLh,∇v)Th − (uh ⊗ β,∇v)Th − (p̃h,∇ · v)Th

−〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),v〉∂Th = (f ,v)Th ,

−(uh,∇q)Th + 〈ûh · n, q〉∂Th = 0,

〈ûh,µ〉Γh = 〈g̃h,µ〉Γh ,
〈νLhn− p̃hn− (ûh ⊗ β)n− S(uh − ûh),µ〉∂Th\Γh = 0,

(p̃h, 1)Dh = 0,

for all (G,v, q,µ) ∈ Gh × V h × Ph ×Mh. On the other hand, using the projection (3.33a)-(3.33d),
the exact solution satisfies

(L,G)Th + (Πu,∇ ·G)Th − 〈PMu,Gn〉∂Th = 0,

(νΠL,∇v)Th − (Πu⊗ β,∇v)Th − (Π p̃,∇ · v)Th

−〈νΠLn−Π p̃n− (PMu⊗ β)n− S(Πu− PMu),v〉∂Th = (f ,v)Th ,

−(Πu,∇q)Th + 〈PMu · n, q〉∂T = 0,

〈PMu,µ〉Γh = 〈g̃,µ〉Γh ,
〈νΠLn−Π p̃n− (PMu⊗ β)n− S(Πu− PMu),µ〉∂Th\Γh = 0,

(p̃, 1)Dh = 0,
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for all (G,v, q,µ) ∈ Gh × V h × Ph ×Mh. Subtracting these groups of equations we have

(L− Lh,G)Th + (εu,∇ ·G)Th − 〈ε
û,Gn〉∂Th = 0,

(νEL,∇v)Th − (εu ⊗ β,∇v)Th − (εp,∇ · v)Th

−〈νELn− εpn− (εû ⊗ β)n− S(εu − εû),v〉∂Th = (f ,v)Th ,

−(εu,∇q)Th + 〈εû · n, q〉∂T = 0,

〈εû,µ〉Γh = 〈g̃ − g̃h,µ〉Γh ,
〈νELn− εpn− (εû ⊗ β)n− S(εu − εû),µ〉∂Th\Γh = 0,

(εp, 1)Dh = 0,

for all (G,v, q,µ) ∈ Gh × V h × Ph ×Mh. Integrating by parts the first three terms of the second
equation, cancelling and rearranging terms, we can rewrite that equation as

−(ν∇ · EL,v)Th + (∇ · (εu ⊗ β),v)Th + (∇εp,v)Th

−
〈(

(εu − εû)⊗ β
)
n− S(εu − εû),v

〉
∂Th

= (f ,v)Th ,

which ends the proof.

Corollary 3.7. Let TL,h :=

〈
νELn− εpn− 1

2
(εû ⊗ β)n− S(εu − εû), εû

〉

Γh

. Then,

ν‖EL‖2Dh + 〈Sβ(εu − εû), εu − εû〉∂Th = −(IL, νEL)Th + TL,h.

Proof. Taking G = νEL, v = εu and q = εp in (3.38a), (3.38b) and (3.38c), respectively, adding up
the resulting equations, cancelling and rearranging terms, we obtain

ν‖EL‖2Dh − 〈ε
û, νELn− εpn〉∂Th + (∇ · (εu ⊗ β), εu)Th (3.39)

−
〈(

(εu − εû)⊗ β
)
n− S(εu − εû), εu

〉
∂Th

= −(IL, νEL)Th .

Thanks to (3.38e) with µ = εû, we note that

〈νELn− εpn− (εû ⊗ β)n− S(εu − εû), εû〉∂Th = 〈νELn− εpn− (εû ⊗ β)n− S(εu − εû), εû〉Γh ,

and hence

〈νELn− εpn, εû〉∂Th = 〈νELn− εpn− (εû ⊗ β)n− S(εu − εû), εû〉Γh
+〈(εû ⊗ β)n+ S(εu − εû), εû〉∂Th . (3.40)

On the other hand, applying the properties (3.7) to the term (∇ · (εu ⊗ β), εu)Th (proceeding in the
same way as we did in the proof of Lemma 3.2), we conclude that

(∇ · (εu ⊗ β), εu)Th =
1

2
〈(εu ⊗ β)n, εu〉∂Th . (3.41)

Using (3.40) and (3.41), we can rewrite (3.39) as

−(IL, νEL)Th = ν‖EL‖2Dh − 〈νELn− εpn− (εû ⊗ β)n− S(εu − εû), εû〉Γh

−〈(εû ⊗ β)n+ S(εu − εû), εû〉∂Th +
1

2
〈(εu ⊗ β)n, εu〉∂Th

−
〈(

(εu − εû)⊗ β
)
n− S(εu − εû), εu

〉
∂Th

,
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or equivalently, rearranging terms,

−(IL, νEL)Th = ν‖EL‖2Dh −
1

2
〈(εu ⊗ β)n, εu〉∂Th + 〈(εû ⊗ β)n− S(εu − εû), εu − εû〉∂Th

− 〈νELn− εpn− (εû ⊗ β)n− S(εu − εû), εû〉Γh .

Finally, using (3.7c) and since (β · n) is continuous on E0
h and εû is single valued on E0

h, we have

−1

2
〈(εu ⊗ β)n, εu〉∂Th + 〈(εû ⊗ β)n− S(εu − εû), εu − εû〉∂Th

= −1

2
〈(εû ⊗ β)n, εû〉∂Th + 〈Sβ(εu − εû), εu − εû〉∂Th

= −1

2
〈(εû ⊗ β)n, εû〉Γh + 〈Sβ(εu − εû), εu − εû〉∂Th .

which concludes the proof.

Step 2: A bound for TL,h

Following the approach by [21], we need to rewrite the term TL,h in a suitable manner.

Lemma 3.8.

TL,h ≤ − ν‖g̃ − g̃h‖2Γh,l−1 + ν‖g̃ − g̃h‖Γh,l−1

{
‖δIL‖Γh,l + ‖ILn‖Γh,l

+ ‖δEL‖Γh,l + ν−1‖εp‖Γh,l + ν−1‖Sβ(εu − εû)‖Γh,l +
1

2
ν−1‖(εu ⊗ β)n‖Γh,l

}
.

Proof. Proceeding exactly as in Lemma 5.1 of [21], it is not difficult to see that we can decompose
(g̃− g̃h)(x) = −l(x)

{
δIL + ILn+δEL +ELn

}
(x), which yields ELn = −(g̃− g̃h)(x)/l−δIL− ILn−δEL .

Hence, we can rewrite TL,h as

TL,h =

〈
−ν
{

(g̃ − g̃h)(x)/l + δIL + ILn+ δEL

}
− εpn− 1

2
(εû ⊗ β)n− S(εu − εû), εû

〉

Γh

.

Observe now that

−
〈

1

2
(εû ⊗ β)n+ S(εu − εû), εû

〉

Γh

= −
〈

1

2
(εu ⊗ β)n+ Sβ(εu − εû), εû

〉

Γh

.

Then, since εû = PM (g̃ − g̃h) on Γh, we can decompose TL,h =
∑7

i=1 TiL,h, where

T1
L,h = −ν〈(g̃ − g̃h)/l, (g̃ − g̃h)〉Γh , T2

L,h = −ν〈g̃ − g̃h, δIL〉Γh ,
T3

L,h = −ν〈g̃ − g̃h, ILn〉Γh , T4
L,h = −ν〈g̃ − g̃h, δEL〉Γh ,

T5
L,h = −〈g̃ − g̃h, εpn〉Γh , T6

L,h = −〈g̃ − g̃h, Sβ(εu − εû)〉Γh ,

T7
L,h = −1

2
〈g̃ − g̃h, (εu ⊗ β)n〉Γh .

The result follows from applying Cauchy-Schwarz inequality to each of these terms.
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Step 3: A first energy estimate

Gathering the result stated in Corollary 3.7, estimate in Lemma 3.8, inequality (1.6), (1.4) with
G = EL, Young’s inequality, definition (3.36), inequality (1.7), Assumptions A and noticing that
‖ILn‖2Γh,l ≤ R‖I

Ln‖2
Γh,h⊥

we conclude:

Lemma 3.9. It holds that

‖EL‖2Dh + ν−1〈Sβ(εu − εû), εu − εû〉∂Th + ‖g̃ − g̃h‖2Γh,l−1

≤ Θ2
IL + 24ν−2‖εp‖2Γh,l + ν−2‖β‖2L∞(Ω)‖ε

u‖2Dh .

Comparing this estimate with the corresponding result in [11] for polyhedral domains, we see in our
case the presence of the terms ‖g̃ − g̃h‖2Γh,l−1 , 24ν−2‖εp‖2Γh,l and ν−2‖β‖2L∞(Ω)‖ε

u‖2Dh coming from
TL,h. In other words, for a polyhedral domain, we would have TL,h = 0 and recover the estimates
in [11]. We also observe that the estimate in Lemma 3.9 is similar to the one obtained in Lemma
3.2, except that the right hand side involves terms related to the interpolation operator instead of the
source term and boundary data.

Step 4: Estimate of the pressure

The next step is to bound the projection of the error of the pressure. In order to do that, we need
a previous result (see Lemma 3.7 in [18]).

Lemma 3.10. We have
‖εû‖h ≤ C(h‖IL‖Dh + h‖EL‖Dh + ‖εu‖Dh).

Now we can state the estimate for the pressure.

Lemma 3.11. If Assumption (A.4) holds, then

‖εp‖Dh ≤ κ
{
ν−1‖β‖L∞(Ω)

(
3H1

p + Cτ,ν,βH
3
p

)
+ 2H2

p

}
‖εu‖Dh

+κ
(
5H1

p + Cτ,ν,βH
3
p

)
ΘIL ,

where H1
p , H2

p , H3
p and Cτ,ν,β were defined in Lemma 3.3.

Proof. We proceed in a similar way to the proof of Lemma 3.3. Since εp ∈ L2
0(Dh), there exists κ > 0

such that
‖εp‖Dh ≤ κ sup

w∈H1
0(Dh)\{0}

(εp,∇ ·w)Dh
‖w‖H1(Dh)

. (3.42)

We can write the numerator as

(εp,∇ ·w)Dh = (νEL,∇w)Th − (εu ⊗ δβ,∇Pw)Th

+(L− Lh,Pw ⊗ β0)Th + 〈εû, (Pw ⊗ δβ)n〉∂Th
+〈S(εu − εû),Pw − PMw〉∂Th ,

where the projection P is chosen as in Lemma 3.3. The result follows by applying the Cauchy-Schwarz
inequality, the trace inequality (1.7), Lemma 3.9 and Assumption (A.4).
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If Ω were polyhedral, this result reduces to the estimate of Lemma 3.10 in [18]. Before going to the
next subsection, we will obtain some conclusions that will be useful in what follows. Observe first,
proceeding as we did in (3.19), that ‖εp‖Γh,l . ‖εp‖Dh . Note also that the estimate of Lemma 2.10 can
be rewritten as

‖εp‖Dh . ‖εu‖Dh + ΘIL . (3.43)

Combining these expressions, from Lemma 2.9 we deduce that

‖EL‖Dh + ν−1/2〈Sβ(εu − εû), εu − εû〉1/2∂Th
+ ‖g̃ − g̃h‖Γh,l−1 . ΘIL + ‖εu‖Dh . (3.44)

3.4.2 A duality argument

We proceed to obtain estimates for the velocity by carrying out a duality argument. First we need
to define some terms that will appear in the estimates below. For any arbitrary φh ∈ V h, define

HL := νmax

{
sup

θ∈L2(Ω)\{0}

‖Π∗Φ− Φ‖Th
‖θ‖Ω

, sup
θ∈L2(Ω)\{0}

‖∇(φh − φ)‖Th
‖θ‖Ω

}
,

Hβ := ‖δβ‖L∞(Ω) sup
θ∈L2(Ω)\{0}

‖∇φh‖Th
‖θ‖Ω

.

Propositions 3.6 and 3.7 in [11] state that if tr(L) = 0, then

HL ≤ CνCHLh
min{k,1} and Hβ ≤ Ch|β|W 1,∞(Ω), (3.45)

where CHL is of order O(1) if h is small enough (see Proposition 3.6 in [11]). The main estimate of
this section is the following result:

Lemma 3.12. Let Hεu(R, h) := h1/2 +R2h3/2 +Rh1/2 +R1/2 +R3/2h. If Assumptions A and B hold,
then there exists h0 > 0 such that for all h < h0,

‖εu‖Dh . h1/2Hεu(R, h)ΘIL + h1/2
{
ν−1R‖Ip‖Dh + (τR+ h1/2)‖Iu‖Dh

}

+νRh‖β‖L∞(Ω)‖IuM‖L2(Γh).

This lemma implies that ‖εu‖Dh . hk+3/2 if the solution is smooth enough and if τ and R are of
order one, since the interpolation errors are of order hk+1. In the case of a polyhedral domain where
Γh fits Γ, we would have R = 0, g̃ = g̃h. As a consequence, Hεu(R, h) = h1/2 and the estimate in
Lemma 5.6 would read ‖εu‖Dh . h

(
ΘIL + ‖Iu‖Dh

)
. Hence, ‖εu‖Dh would be of order hk+2, which

agrees with the estimate stated in Theorem 2.6 in [11] for the polyhedral case.

Step 1: Estimate of the velocity

We first obtain an identity for the projection of the error in the velocity by using a duality argument.

Lemma 3.13. Let φh be an arbitrary element of V h. Then (εu,θ)Th = TL + Tβ + Tu,h, where

TL :=
(
L− Lh, νΠ∗Φ− νΦ

)
Th
−
(
νL− νΠL,∇(φh − φ)

)
Th
,

Tβ :=
(
(u−Πu)⊗ δβ,∇φh

)
Th
, and

Tu,h := 〈νELn− εpn− S(εu − εû),φ〉Γh − 〈ε
û, νΦn+ φn〉Γh − 〈(ε

û ⊗ β)n,φ〉Γh .
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Proof. Proceeding as in the proof of Lemma 3.4 of [11], we can write (εu,θ)Th = TL + Tβ + Λ, where

Λ := −(ν∇ · EL,φ−Π ∗φ)Th + 〈νELn,φ−Π ∗φ〉∂Th − 〈ε
û, νΠ∗Φn〉∂Th

+〈νELn− εpn− (εû ⊗ β)n− S(εu − εû),Π ∗φ〉∂Th − (∇εp,Π ∗φ− φ)Th

+〈εpn,Π ∗φ− φ〉∂Th − (εu,∇Π ∗φ)Th

−〈εu, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+
(
(φ−Π ∗u)⊗ β

)
n〉∂Th .

Using (3.38e) with µ = PMφ, we have that

〈νELn− εpn− (εû⊗β)n− S(εu− εû),PMφ〉∂Th = 〈νELn− εpn− (εû⊗β)n− S(εu− εû),PMφ〉Γh .

Then, adding and subtracting this term, we obtain

Λ = −(ν∇ · EL,φ−Π ∗φ)Th + 〈νELn,φ−Π ∗φ〉∂Th − 〈ε
û, νΠ∗Φn〉∂Th

+〈νELn− εpn− (εû ⊗ β)n− S(εu − εû),Π ∗φ− PMφ〉∂Th
−(∇εp,Π ∗φ− φ)Th + 〈εpn,Π ∗φ− φ〉∂Th − (εu,∇Π ∗φ)Th

−〈εu, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+
(
(φ−Π ∗u)⊗ β

)
n〉∂Th

+〈νELn− εpn− (εû ⊗ β)n− S(εu − εû),PMφ〉Γh .

Using the definition of the projections Π∗h and PM , error equations and rearranging terms, we can
rewrite Λ as

Λ = −〈εu − εû, ν(Φ−Π∗Φ)n+
(
(φ−Π ∗φ)⊗ β

)
n− S(φ−Π ∗φ)〉∂Th

−〈εû,Π ∗φn〉∂Th − 〈ε
u, (φ−Πφ)n〉∂Th − 〈ε

û, νΦn+ (β · n)(φ− PMφ)〉∂Th
+〈νELn− εpn− (εû ⊗ β)n− S(εu − εû),PMφ〉Γh .

Since εû is single valued on E0
h and νΦn+ (β · n)(φ− PMφ) is continuous on E0

h, then

〈εû, νΦn+ (β · n)(φ− PMφ)〉∂Th = 〈εû, νΦn+ (β · n)(φ− PMφ)〉Γh .

Analogously, 〈εû, φn〉∂Th = 〈εû, φn〉Γh . Adding and subtracting this term, we rewrite Λ as

Λ = −〈εu − εû, ν(Φ−Π∗Φ)n+ (φ−Π ∗φ)n+
(
(φ−Π ∗φ)⊗ β

)
n− S(φ−Π ∗φ)〉∂Th

+〈νELn− εpn− (εû ⊗ β)n− S(εu − εû),PMφ〉Γh − 〈ε
û, νΦn〉Γh

−〈εû, (β · n)(φ− PMφ)〉Γh .

The first term of the right hand side vanishes thanks to (3.24d) with µ = εu − εû. Then, rearranging
terms, we have

Λ = 〈νELn− εpn− S(εu − εû),φ〉Γh − 〈ε
û, νΦn〉Γh − 〈ε

û, φn〉Γh − 〈(β · n)εû,φ〉Γh ,

which completes the proof.
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Step 2: A new expression for Tu,h

As we did previously with TL,h, we proceed now to rewrite Tu,h in a suitable manner.

Lemma 3.14. We have that Tu,h =
13∑

i=1

Tiu,h, where

T1
u,h = −ν〈(g̃ − g̃h)/l,φ+ l∇φn〉Γh , T2

u,h = ν〈g̃ − g̃h,∇φn− PM (∇φn)〉Γh ,
T3
u,h = −ν〈δIL ,φ〉Γh , T4

u,h = −ν〈ILn,φ− PMφ〉Γh , T5
u,h = −〈Ipn,PMφ〉Γh ,

T6
u,h = −ν〈PMτIu,φ〉Γh , T7

u,h = −
〈(
IuM ⊗ β

)
n,PMφ

〉
Γh
, T8

u,h = −ν〈δEL ,φ〉Γh ,

T9
u,h = −〈εpn,φ〉Γh , T10

u,h = −〈Sβ(εu − εû),φ〉Γh , T11
u,h = −〈g̃ − g̃h,PM (φn)〉Γh ,

T12
u,h = −1

2

〈(
εû ⊗ β

)
n,φ

〉
Γh
, T13

u,h = −1

2

〈(
εu ⊗ β

)
n,φ

〉
Γh
.

Proof. Let us begin by noting that we can rewrite Tu,h as follows:

Tu,h = 〈νELn− εpn− Sβ(εu − εû),φ〉Γh − 〈ε
û, νΦn〉Γh − 〈ε

û, φn〉Γh

−1

2
〈(β · n)εu,φ〉Γh −

1

2
〈(β · n)εû,φ〉Γh

We use now that εû = PM (g̃− g̃h) on ∂Th and the fact that ELn = −(g̃− g̃h)/l− δIL − ILn− δEL (as
we already saw in the proof of Lemma 3.8), to obtain

Tu,h = −ν〈(g̃ − g̃h)/l,φ〉Γh − ν〈δIL ,φ〉Γh − ν〈I
Ln,φ〉Γh − ν〈δEL ,φ〉Γh

−〈εpn,φ〉Γh − 〈Sβ(εu − εû),φ〉Γh − 〈g̃ − g̃h, νPM (Φn)〉Γh (3.46)

−〈g̃ − g̃h,PM (φn)〉Γh −
1

2
〈(β · n)εu,φ〉Γh −

1

2
〈(β · n)εû,φ〉Γh .

We can associate the first and seventh terms. In addition, adding and subtracting l∇φn, and using
(3.22a), we have

−ν〈(g̃ − g̃h)/l,φ + lPM (Φn)〉Γh = −ν〈(g̃ − g̃h)/l,φ+ l∇φn− l∇φn+ lPM (Φn)〉Γh
= −ν〈(g̃ − g̃h)/l,φ+ l∇φn〉Γh + ν

〈
g̃ − g̃h,∇φn− PM

(
∇φn

)〉
Γh
.

On the other hand, using (3.24d) with µ = PMφ, we can write

ν〈ILn,φ〉Γh = ν〈ILn,φ− PMφ〉Γh + ν〈ILn,PMφ〉Γh
= ν〈ILn,φ− PMφ〉Γh + 〈Ipn,PMφ〉Γh + 〈SIu,PMφ〉Γh

+
〈(
IuM ⊗ β

)
n,PMφ

〉
Γh
.

Finally, replacing these two expressions in (3.46), we obtain

Tu,h = −ν〈(g̃ − g̃h)/l,φ+ l∇φn〉Γh + ν
〈
g̃ − g̃h,∇φn− PM

(
∇φn

)〉
Γh
− ν〈δIL ,φ〉Γh

−ν〈ILn,φ− PMφ〉Γh − 〈I
pn,PMφ〉Γh − 〈SI

u,PMφ〉Γh
−
〈(
IuM ⊗ β

)
n,PMφ

〉
Γh
− ν〈δEL ,φ〉Γh − 〈ε

pn,φ〉Γh − 〈Sβ(εu − εû),φ〉Γh

−〈g̃ − g̃h,PM (φn)〉Γh −
1

2
〈(β · n)εu,φ〉Γh −

1

2
〈(β · n)εû,φ〉Γh ,

which completes the proof.



3.4. Proofs 57

Step 3: Estimate of Tu,h, TL and Tβ

The next lemma establishes the estimate of Tu,h, TL and Tβ.

Lemma 3.15. It holds that

|Tu,h| . h1/2Hεu(R, h)ΘIL‖θ‖Ω + h1/2
{
R2h3/2 +Rh1/2 +R1/2 +R3/2h+R

}
‖εu‖Dh‖θ‖Ω

+
{
ν−1Rh1/2‖Ip‖Dh + τRh1/2‖Iu‖Dh + νRh‖β‖L∞(Ω)‖IuM‖L2(Γh)

}
‖θ‖Ω,

|TL| . HLΘIL‖θ‖Ω +HL‖εu‖Dh‖θ‖Ω, and

|Tβ| ≤ Hβ‖Iu‖Dh‖θ‖Ω.

Proof. The bound for Tu,h is similar to the last part of Lemma 3.4, when we bounded the term Tu.

By Lemma 3.14, we know that Tu,h =
13∑

i=1

Tiu,h. We first apply the Cauchy-Schwarz inequality to

each term Tiu,h. The first estimate follows from estimate in (2.21), Lemma 2.14, Assumption A, the
fact that ‖Ipn‖Γh,l2 ≤ Rh1/2‖Ipn‖Γh,h⊥ , the interpolation properties (3.35) and estimates (3.43) and
(3.44).
On the other hand, from the definition of TL, using Cauchy-Schwarz inequality and estimate (3.44) we
have

|TL| ≤
∣∣(L− Lh, νΠ∗Φ− νΦ)Th

∣∣+
∣∣(νL− νΠL,∇(φh − φ))Th

∣∣

≤ ν
(
‖EL‖Dh + ‖IL‖Dh

)
‖Π∗Φ− Φ‖Th + ν‖IL‖Dh‖∇(φh − φ)‖Th

= ν
(
‖Π∗Φ− Φ‖Th + ‖∇(φh − φ)‖Th

)
‖IL‖Dh + ν‖EL‖Dh‖Π

∗Φ− Φ‖Th

. ν

{
‖Π∗Φ− Φ‖Th
‖θ‖Ω

+
‖∇(φh − φ)‖Th

‖θ‖Ω

}
‖IL‖Dh‖θ‖Ω +

‖Π∗Φ− Φ‖Th
‖θ‖Ω

‖εu‖Dh‖θ‖Ω

. HLΘIL‖θ‖Ω +HL‖εu‖Dh‖θ‖Ω.

Analogously,

|Tβ| =
∣∣((u−Πu)⊗ δβ,∇φh

)
Th

∣∣ ≤ ‖δβ‖L∞(Ω)‖Iu‖Dh‖∇φh‖Th ≤ Hβ‖I
u‖Dh‖θ‖Ω,

which ends the proof.

Step 4: Proof of Lemma 2.11

Dividing the identity of Lemma 3.13 by ‖θ‖Ω,θ 6= 0, taking the supremum over θ and using the
estimates of Lemma 3.15, we obtain

‖εu‖Dh .
{
HL + h1/2Hεu(R, h)

}
ΘIL + ν−1Rh1/2‖Ip‖Dh

+
{

(τRh1/2 +Hβ)‖Iu‖Dh + νRh‖β‖L∞(Ω)‖IuM‖L2(Γh)

}

+
{
HL +R2h2 +Rh+R1/2h1/2 +R3/2h3/2 +Rh1/2

}
‖εu‖Dh .
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According to (3.45), for h small enough and k ≥ 1 we have HL . h and Hβ . h. In such a case, the
term multiplying ‖εu‖Dh contains only positive powers of h and hence, for h small enough, that term
is less than 1/2. Thus, rearranging terms, we obtain

‖εu‖Dh . h1/2Hεu(R, h)ΘIL + h1/2
{
ν−1R‖Ip‖Dh + (τR+ h1/2)‖Iu‖Dh

}

+νRh‖β‖L∞(Ω)‖IuM‖L2(Γh).

3.4.3 Conclusion of the proof of Theorem 3.5

First of all, adding and subtracting ΠL and Π p̃, using the triangle inequality, estimates (3.43) and
(3.44), and recalling the definition of ΘIL in (3.36), we get

‖L− Lh‖Dh + ‖g̃ − g̃h‖Γh,l−1 + ν−1‖p̃− p̃h‖Dh . ΘIL + ‖εu‖Dh + ν−1‖Ip‖Dh .

Moreover, if Assumption B holds, by adding and subtracting Πu, using triangle inequality and Lemma
3.12, we obtain

‖u− uh‖Dh . h1/2Hεu(R, h)ΘIL + ν−1Rh1/2‖Ip‖Dh
+ (τRh1/2 + h+ 1)‖Iu‖Dh + νRh‖β‖L∞(Ω)‖IuM‖L2(Γh).

Lemma 3.7 in [18] states that ‖εû‖h . h‖IL‖Dh +h‖EL‖Dh +‖εu‖Dh . This, together with the definition
of ΘIL , estimate (3.44) and Lemma 3.12, implies

‖PMu− ûh‖h . h1/2
{

(h1/2 + (1 + h)Hεu(R, h)
}

ΘIL + h1/2(1 + h)ν−1R‖Ip‖Dh

+ h1/2(1 + h)
{

(τR+ h1/2)‖Iu‖Dh + νRh1/2‖β‖L∞(Ω)‖IuM‖L2(Γh)

}
.

The error estimate ‖u−u∗h‖Dh ≤ ‖εu‖Dh +Ch‖L−Lh‖Dh +Chk+2|L|Hk+1(Ω) can be found in [19] and,
from Lemma 3.12, follows that

‖u− u∗h‖Dh . h1/2Hεu(R, h)ΘIL + h1/2
{
ν−1R‖Ip‖Dh + (τR+ h1/2)‖Iu‖Dh

}

+ h1/2
{
h1/2

(
νR‖β‖L∞(Ω)‖IuM‖L2(Γh) + ‖L− Lh‖Dh + h|L|Hk+1(Ω)

)}
.

Hence, since τ is of order one, we observe that if R is of order one, then Hεu(R, h) is also of order
one, whereas if R is of order h, Hεu(R, h) is of order h1/2. The estimates of Theorem 3.5 follow from
the fact that ΘIL and the interpolation errors are of order hk+1.

3.5 Numerical results

In this section we present two-dimensional numerical experiments to validate the theoretical orders of
convergence of the approximations provided by the HDG method. In order to satisfy (3.4), in all our ex-

periments we choose τ =
1

2ν
max
x∈Th

β(x)·n+1. We compute the errors ep := ‖p−ph‖Ω, eu := ‖u−uh‖Ω,
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eL := ‖L − Lh‖Ω, eû :=




∑

K∈Dh

hK‖PMu− ûh‖∂K





1/2

and eu∗ :=
{
‖u− u∗h‖2Dh + ‖u− uh‖2Dch

}1/2

and, in addition, for each variable, we calculate the experimental order of convergence e.o.c. =

−2
log
(
eT1/eT2

)

log(NT1/NT2)
, where eT1 and eT2 are the errors associated to the corresponding variable consid-

ering two consecutive meshes with NT1 and NT2 elements, respectively.

3.5.1 Example 1: dist(Γh,Γ) of order h2

In this example, we consider the circular domain Ω = {(x, y) ∈ R2 : x2 + y2 < 0.752}. The
computational boundary Γh is constructed by interpolating ∂Ω by a piecewise linear function and Dh
is the domain enclosed by Γh. In this case all the assumptions are satisfied.

The source term f and boundary data g are such that the exact solution is

p(x, y) = sin(x2 + y2) +
cos(0.752)− 1

0.752
, u(x, y) =

[
sin(x) sin(y)

cos(x) cos(y)

]
,

and the convective velocity is chosen to be β(x, y) =

[
1

1

]
. We will also consider different values of ν

to see how it affects the results. Tables 3.1, 3.2 and 3.3 show the results for ν = 1, 0.1 and 0.01, resp.
In this case, since we are interpolating the curved boundary with a piecewise linear computational
boundary, the predicted results by the theory are order hk+1 for the pressure, velocity and its gradient,
whereas the numerical trace and postprocessed velocity are predicted to converge with order hk+2. We
observe that those predicted orders are attained when ν = 1, but the experimental orders deteriorate
when ν decreases. This might happen because negative powers of ν appear in some of the estimates
of the errors (see section 3.4.3).

3.5.2 Example 2: dist(Γh,Γ) of order h

In this example we consider Ω :=
{

(x, y) ∈ R2
+ : 1.4 <

√
x2 + y2 < 2

}
and the exact solution

p(x, y) = ex
2+y2 − (e22 − e1.42)/(22 − 1.42), u(x, y) =

[
sin(3x)ey

−3 cos(3x)ey

]
.

The convective velocity β and the viscosity ν are chosen as in Example 1. The computational domain
Dh is set in such a way that re = 1,∀e ∈ Γh \ {(x, y) : x = 0 ∨ y = 0}. According to Theorem 3.5, the
predicted orders of convergence for this example are hk+1 for the pressure, velocity and its gradient,
and hk+3/2 for the numerical trace and the postprocessed velocity. In Tables 3.4, 3.5 and 3.6 we
observe the same behavior of the experimental orders of convergence for the different values of ν that
we observed in Example 1, this is, the orders predicted by the theory are attained when ν = 1, but
deteriorate when ν becomes smaller.
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k N ep order eu order eL order eû order eu∗ order

1 60 2.94e-02 − 3.66e-03 − 2.97e-02 − 6.95e-03 − 1.95e-03 −
129 9.48e-03 2.96 1.35e-03 2.60 1.32e-02 2.11 1.78e-03 3.55 4.83e-04 3.65

234 4.43e-03 2.55 7.09e-04 2.17 7.46e-03 1.92 7.21e-04 3.04 1.91e-04 3.12

485 2.27e-03 1.83 3.54e-04 1.91 3.85e-03 1.81 2.64e-04 2.75 7.10e-05 2.71

918 1.15e-03 2.12 1.75e-04 2.21 1.95e-03 2.13 9.52e-05 3.20 2.53e-05 3.24

1764 5.69e-04 2.17 8.85e-05 2.08 1.01e-03 2.00 3.53e-05 3.04 9.47e-06 3.01

3546 2.82e-04 2.01 4.46e-05 1.96 5.21e-04 1.91 1.33e-05 2.80 3.60e-06 2.77

7089 1.44e-04 1.93 2.24e-05 1.99 2.63e-04 1.97 4.79e-06 2.94 1.32e-06 2.90

14291 7.20e-05 1.98 1.11e-05 1.99 1.33e-04 1.96 1.72e-06 2.93 4.72e-07 2.93

2 60 6.99e-04 − 1.23e-04 − 8.35e-04 − 1.20e-04 − 4.77e-05 −
129 1.51e-04 4.00 2.61e-05 4.05 1.90e-04 3.87 1.41e-05 5.59 6.62e-06 5.16

234 4.79e-05 3.87 9.32e-06 3.46 7.05e-05 3.33 3.71e-06 4.49 1.87e-06 4.25

485 1.47e-05 3.23 2.94e-06 3.16 2.27e-05 3.11 8.56e-07 4.02 4.30e-07 4.03

918 5.31e-06 3.20 1.09e-06 3.11 8.36e-06 3.12 2.34e-07 4.06 1.20e-07 4.01

1764 2.00e-06 2.98 4.15e-07 2.96 3.16e-06 2.98 6.46e-08 3.94 3.34e-08 3.91

3546 7.40e-07 2.85 1.51e-07 2.90 1.17e-06 2.84 1.80e-08 3.66 9.15e-09 3.71

7089 2.55e-07 3.08 5.25e-08 3.05 4.08e-07 3.05 4.46e-09 4.03 2.25e-09 4.05

14291 9.16e-08 2.92 1.88e-08 2.93 1.47e-07 2.91 1.19e-09 3.76 5.89e-10 3.82

3 60 6.42e-05 − 6.71e-06 − 5.12e-05 − 5.65e-06 − 2.06e-06 −
129 8.83e-06 5.18 1.01e-06 4.95 7.58e-06 4.99 5.17e-07 6.25 2.03e-07 6.06

234 1.87e-06 5.21 2.77e-07 4.34 1.94e-06 4.57 9.09e-08 5.84 3.94e-08 5.50

485 3.97e-07 4.26 7.19e-08 3.70 4.84e-07 3.81 1.64e-08 4.69 7.74e-09 4.47

918 1.06e-07 4.15 1.76e-08 4.42 1.20e-07 4.38 2.96e-09 5.38 1.33e-09 5.51

1764 2.79e-08 4.07 4.37e-09 4.26 3.04e-08 4.20 5.35e-10 5.23 2.35e-10 5.32

3546 7.65e-09 3.71 1.15e-09 3.83 8.17e-09 3.76 1.10e-10 4.53 4.62e-11 4.66

7089 1.88e-09 4.05 2.91e-10 3.96 2.07e-09 3.96 1.96e-11 4.98 8.42e-12 4.92

14291 4.87e-10 3.85 7.29e-11 3.95 5.28e-10 3.90 3.65e-12 4.80 1.53e-12 4.87

Table 3.1: History of convergence of Example 1 with ν = 1.
Source: The data of this table were obtained by the student.

3.5.3 Example 3: Other choice of transferring paths

As we did in section 2.6.3 of chapter 2, we want to see if our method works even though some of the
assumtions are not necessarily satisfied. We consider again a kidney-shaped domain whose boundary
satisfies the equation

(2[(x+ 0.5)2 + y2]− x− 0.5)2 − [(x+ 0.5)2 + y2] + 0.1 = 0



3.5. Numerical results 61

k N ep order eu order eL order eû order eu∗ order

1 60 2.30e-02 − 6.47e-03 − 1.06e-01 − 2.36e-02 − 6.15e-03 −
129 7.36e-03 2.98 2.24e-03 2.77 5.76e-02 1.59 7.78e-03 2.90 2.01e-03 2.93

234 3.64e-03 2.36 1.09e-03 2.44 3.66e-02 1.53 3.54e-03 2.65 9.16e-04 2.64

485 1.88e-03 1.81 4.94e-04 2.16 2.14e-02 1.47 1.45e-03 2.44 3.74e-04 2.46

918 9.91e-04 2.01 2.26e-04 2.46 1.23e-02 1.73 5.95e-04 2.79 1.53e-04 2.81

1764 5.03e-04 2.08 1.08e-04 2.26 7.10e-03 1.69 2.46e-04 2.71 6.40e-05 2.67

3546 2.54e-04 1.95 5.22e-05 2.08 3.96e-03 1.68 1.00e-04 2.57 2.66e-05 2.52

7089 1.33e-04 1.86 2.52e-05 2.11 2.14e-03 1.78 3.88e-05 2.73 1.05e-05 2.68

14291 6.77e-05 1.93 1.21e-05 2.09 1.13e-03 1.81 1.47e-05 2.77 3.99e-06 2.76

2 60 5.95e-04 − 2.29e-04 − 3.19e-03 − 5.07e-04 − 1.93e-04 −
129 1.35e-04 3.87 4.29e-05 4.38 9.10e-04 3.28 7.52e-05 4.99 3.23e-05 4.68

234 4.35e-05 3.81 1.48e-05 3.56 3.74e-04 2.98 2.24e-05 4.07 1.03e-05 3.82

485 1.34e-05 3.23 4.31e-06 3.39 1.34e-04 2.81 5.53e-06 3.84 2.62e-06 3.76

918 4.89e-06 3.17 1.51e-06 3.29 5.51e-05 2.79 1.64e-06 3.82 8.08e-07 3.69

1764 1.87e-06 2.94 5.40e-07 3.15 2.27e-05 2.72 4.90e-07 3.69 2.46e-07 3.64

3546 7.01e-07 2.82 1.86e-07 3.05 8.96e-06 2.66 1.44e-07 3.51 7.12e-08 3.55

7089 2.44e-07 3.04 6.15e-08 3.20 3.30e-06 2.88 3.77e-08 3.87 1.87e-08 3.85

14291 8.87e-08 2.89 2.11e-08 3.05 1.24e-06 2.79 1.05e-08 3.65 5.11e-09 3.70

3 60 6.39e-05 − 1.01e-05 − 1.77e-04 − 2.53e-05 − 8.41e-06 −
129 8.76e-06 5.19 1.38e-06 5.20 3.34e-05 4.35 2.81e-06 5.74 1.01e-06 5.54

234 1.83e-06 5.26 3.64e-07 4.48 1.03e-05 3.94 5.68e-07 5.37 2.26e-07 5.02

485 3.77e-07 4.34 9.14e-08 3.79 2.99e-06 3.40 1.11e-07 4.47 4.96e-08 4.16

918 1.02e-07 4.10 2.11e-08 4.59 8.34e-07 4.00 2.21e-08 5.06 9.57e-09 5.16

1764 2.73e-08 4.03 5.02e-09 4.40 2.31e-07 3.93 4.31e-09 5.01 1.83e-09 5.07

3546 7.52e-09 3.70 1.28e-09 3.92 6.65e-08 3.57 9.31e-10 4.39 3.82e-10 4.48

7089 1.85e-09 4.05 3.15e-10 4.04 1.78e-08 3.81 1.73e-10 4.85 7.30e-11 4.78

14291 4.82e-10 3.84 7.75e-11 4.01 4.72e-09 3.78 3.33e-11 4.71 1.38e-11 4.76

Table 3.2: History of convergence of Example 1 with ν = 0.1.
Source: The data of this table were obtained by the student.

and a triangulation of a background domain B such that Ω ⊂ B. We set Dh as the union of all the
elements inside Ω. The family of transferring paths is constructed by the procedure in Section 2.4.1 of
[23] and, as we did in section 2.6.3, instead of (1.2), we use the boundary data 2.31.

In all the simulations the source term f and boundary data g are such that the exact solution is

p(x, y) = sin(x2 + y2)− cΩ and u(x, y) =

[
sin(x) sin(y)

cos(x) cos(y)

]
,
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k N ep order eu order eL order eû order eu∗ order

1 60 1.86e-02 − 9.38e-03 − 1.46e-01 − 3.72e-02 − 9.64e-03 −
129 5.98e-03 2.97 3.57e-03 2.53 9.08e-02 1.24 1.40e-02 2.56 3.65e-03 2.54

234 3.11e-03 2.20 1.81e-03 2.28 6.42e-02 1.16 6.98e-03 2.33 1.83e-03 2.31

485 1.56e-03 1.90 8.26e-04 2.16 4.36e-02 1.06 3.23e-03 2.11 8.26e-04 2.19

918 7.97e-04 2.10 3.89e-04 2.36 2.90e-02 1.27 1.51e-03 2.39 3.87e-04 2.38

1764 4.03e-04 2.09 1.83e-04 2.31 1.94e-02 1.23 7.02e-04 2.34 1.79e-04 2.37

3546 2.01e-04 2.00 8.75e-05 2.11 1.26e-02 1.23 3.27e-04 2.19 8.32e-05 2.19

7089 1.06e-04 1.84 4.21e-05 2.11 8.02e-03 1.31 1.49e-04 2.27 3.87e-05 2.21

14291 5.42e-05 1.92 1.92e-05 2.24 4.98e-03 1.36 6.43e-05 2.39 1.68e-05 2.38

2 60 4.60e-04 − 3.98e-04 − 4.94e-03 − 1.15e-03 − 3.86e-04 −
129 1.11e-04 3.71 9.53e-05 3.73 1.96e-03 2.42 2.73e-04 3.76 9.25e-05 3.73

234 4.17e-05 3.30 3.58e-05 3.29 9.10e-04 2.58 9.61e-05 3.51 3.43e-05 3.33

485 1.20e-05 3.41 9.57e-06 3.62 3.66e-04 2.50 2.52e-05 3.67 9.00e-06 3.67

918 4.29e-06 3.23 3.26e-06 3.37 1.67e-04 2.47 8.07e-06 3.58 3.01e-06 3.43

1764 1.62e-06 2.98 1.10e-06 3.32 7.70e-05 2.36 2.57e-06 3.50 9.88e-07 3.42

3546 5.99e-07 2.85 3.42e-07 3.35 3.42e-05 2.32 7.29e-07 3.61 2.91e-07 3.50

7089 2.09e-07 3.04 1.08e-07 3.32 1.45e-05 2.47 2.07e-07 3.63 8.73e-08 3.48

14291 7.63e-08 2.87 3.44e-08 3.28 6.23e-06 2.42 5.78e-08 3.64 2.54e-08 3.52

3 60 5.05e-05 − 1.39e-05 − 3.18e-04 − 5.09e-05 − 1.38e-05 −
129 7.11e-06 5.12 1.85e-06 5.27 6.76e-05 4.05 6.96e-06 5.20 1.78e-06 5.36

234 1.59e-06 5.03 4.95e-07 4.42 2.28e-05 3.65 1.64e-06 4.86 4.50e-07 4.61

485 3.27e-07 4.34 1.25e-07 3.77 7.55e-06 3.03 3.56e-07 4.19 1.09e-07 3.88

918 9.16e-08 3.99 3.04e-08 4.44 2.44e-06 3.54 7.80e-08 4.76 2.62e-08 4.49

1764 2.52e-08 3.95 7.19e-09 4.41 7.86e-07 3.47 1.72e-08 4.64 5.90e-09 4.56

3546 7.04e-09 3.65 1.83e-09 3.92 2.64e-07 3.13 4.10e-09 4.10 1.44e-09 4.04

7089 1.74e-09 4.04 4.42e-10 4.10 8.25e-08 3.36 8.70e-10 4.48 3.26e-10 4.29

14291 4.57e-10 3.81 1.05e-10 4.09 2.53e-08 3.37 1.88e-10 4.37 7.14e-11 4.33

Table 3.3: History of convergence of Example 1 with ν = 0.01.
Source: The data of this table were obtained by the student.

where cΩ :=
1

|Ω|

∫

Ω
sin(x2 + y2) dx dy was computed numerically considering a extremely fine triangu-

lation that fits the domain.

The results of this experiment are displayed in tables 3.7, 3.8 and 3.9, for the case of ν = 1, ν = 0.1

and ν = 0.01, respectively. We observe that when k = 2, the results seem to oscilate, as well as we
observed for this case in the context of Stokes problem (2). On the other hand, when ν = 1, the orders
of convergence of the pressure, velocity and its gradient are k+1, and around k+3/2 for the numerical
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k N ep order eu order eL order eû order eu∗ order

1 180 2.30e+00 − 8.38e-02 − 2.09e+00 − 1.71e-01 − 4.73e-02 −
868 4.32e-01 2.12 1.21e-02 2.46 2.93e-01 2.50 2.44e-02 2.47 7.18e-03 2.40

3780 9.72e-02 2.03 2.44e-03 2.18 7.27e-02 1.89 3.73e-03 2.56 1.11e-03 2.54

15748 2.25e-02 2.05 5.46e-04 2.09 1.81e-02 1.95 5.28e-04 2.74 1.58e-04 2.72

64260 5.28e-03 2.06 1.31e-04 2.03 4.47e-03 1.99 7.16e-05 2.84 2.17e-05 2.83

2 180 2.04e-01 − 5.96e-03 − 1.04e-01 − 1.27e-02 − 3.80e-03 −
868 2.19e-02 2.84 4.63e-04 3.25 1.30e-02 2.65 1.06e-03 3.16 3.18e-04 3.15

3780 2.33e-03 3.05 3.90e-05 3.36 1.55e-03 2.89 7.81e-05 3.54 2.35e-05 3.54

15748 2.54e-04 3.11 3.83e-06 3.25 1.84e-04 2.99 5.40e-06 3.74 1.64e-06 3.73

64260 2.82e-05 3.13 4.31e-07 3.11 2.18e-05 3.03 3.60e-07 3.85 1.10e-07 3.84

3 180 4.70e-02 − 1.77e-03 − 4.78e-02 − 3.19e-03 − 9.42e-04 −
868 1.28e-03 4.59 1.97e-05 5.72 6.15e-04 5.53 5.45e-05 5.17 1.63e-05 5.16

3780 6.86e-05 3.97 7.13e-07 4.51 3.78e-05 3.79 2.02e-06 4.48 6.06e-07 4.48

15748 3.75e-06 4.08 2.72e-08 4.58 2.33e-06 3.91 7.04e-08 4.70 2.13e-08 4.69

Table 3.4: History of convergence of Example 2 with ν = 1.
Source: The data of this table were obtained by the student.

k N ep order eu order eL order eû order eu∗ order

1 180 1.62e+00 − 2.66e-01 − 7.19e+00 − 6.26e-01 − 1.74e-01 −
868 3.66e-01 1.89 4.59e-02 2.23 1.39e+00 2.09 1.32e-01 1.98 3.89e-02 1.91

3780 8.43e-02 2.00 8.63e-03 2.27 4.45e-01 1.55 2.58e-02 2.22 7.65e-03 2.21

15748 1.97e-02 2.04 1.46e-03 2.49 1.31e-01 1.71 4.28e-03 2.52 1.28e-03 2.50

64260 4.72e-03 2.03 2.39e-04 2.57 3.59e-02 1.84 6.36e-04 2.71 1.92e-04 2.70

2 180 1.75e-01 − 2.48e-02 − 4.90e-01 − 5.58e-02 − 1.66e-02 −
868 2.04e-02 2.73 2.49e-03 2.92 8.32e-02 2.25 6.53e-03 2.73 1.94e-03 2.73

3780 2.22e-03 3.01 2.11e-04 3.35 1.23e-02 2.60 5.99e-04 3.25 1.79e-04 3.24

15748 2.46e-04 3.09 1.62e-05 3.60 1.66e-03 2.81 4.73e-05 3.56 1.42e-05 3.55

64260 2.79e-05 3.10 1.18e-06 3.72 2.11e-04 2.93 3.39e-06 3.75 1.03e-06 3.74

3 180 5.41e-02 − 1.80e-02 − 4.43e-01 − 3.41e-02 − 1.01e-02 −
868 1.28e-03 4.76 1.47e-04 6.11 4.53e-03 5.82 4.29e-04 5.56 1.27e-04 5.57

3780 6.83e-05 3.98 5.84e-06 4.39 3.23e-04 3.59 1.80e-05 4.31 5.36e-06 4.31

15748 3.71e-06 4.08 2.15e-07 4.63 2.17e-05 3.79 6.75e-07 4.60 2.03e-07 4.59

Table 3.5: History of convergence of Example 2 with ν = 0.1.
Source: The data of this table were obtained by the student.
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k N ep order eu order eL order eû order eu∗ order

1 180 1.55e+00 − 3.94e-01 − 1.07e+01 − 9.81e-01 − 2.74e-01 −
868 3.79e-01 1.79 8.86e-02 1.90 2.97e+00 1.63 2.50e-01 1.74 7.35e-02 1.67

3780 8.98e-02 1.96 2.24e-02 1.87 1.29e+00 1.13 6.75e-02 1.78 1.99e-02 1.77

15748 1.99e-02 2.11 5.14e-03 2.07 5.21e-01 1.27 1.60e-02 2.02 4.77e-03 2.00

64260 4.39e-03 2.15 1.05e-03 2.27 1.91e-01 1.43 3.32e-03 2.24 9.95e-04 2.23

2 180 1.94e-01 − 4.49e-02 − 9.93e-01 − 9.94e-02 − 2.90e-02 −
868 2.33e-02 2.69 5.55e-03 2.66 1.82e-01 2.16 1.41e-02 2.49 4.18e-03 2.46

3780 2.55e-03 3.01 6.39e-04 2.94 3.72e-02 2.16 1.78e-03 2.81 5.30e-04 2.81

15748 2.64e-04 3.18 6.84e-05 3.13 7.14e-03 2.31 2.03e-04 3.05 6.08e-05 3.04

64260 2.72e-05 3.23 6.51e-06 3.34 1.24e-03 2.49 2.00e-05 3.29 6.04e-06 3.28

3 180 3.60e-02 − 3.45e-02 − 9.02e-01 − 7.04e-02 − 2.05e-02 −
868 1.70e-03 3.88 4.67e-04 5.47 1.36e-02 5.33 1.25e-03 5.12 3.71e-04 5.10

3780 9.43e-05 3.93 2.62e-05 3.91 1.37e-03 3.12 7.65e-05 3.80 2.27e-05 3.80

15748 4.68e-06 4.21 1.28e-06 4.23 1.23e-04 3.38 3.95e-06 4.15 1.18e-06 4.14

Table 3.6: History of convergence of Example 2 with ν = 0.01.
Source: The data of this table were obtained by the student.

trace and postprocessed velocity. These results deteriorate when ν decreases and, for instance, table
3.9 shows that the order of convergence of the gradient of the velocity is lower than 2 when k = 1.

3.5.4 Example 4: Solving the steady–state incompressible Navier–Stokes equa-
tions through Picard’s iteration.

In this example, which is not covered by the error estimates of our work, we explore the performance
of the method in solving the steady–state incompressible Navier–Stokes equations, which can be written
as the following first order system:

L−∇u = 0 in Ω, (3.47a)

−ν∇ · L +∇ · (u⊗ u) +∇p = f in Ω, (3.47b)

∇ · u = 0 in Ω, (3.47c)

u = g on Γ, (3.47d)
∫

Ω
p = 0. (3.47e)

To do that, we carry out an iterative process. For a fixed mesh, we solve first a Stokes problem and
compute the postprocessed velocity, that we denote by u∗,0h . Then, for n = 0, 1, 2, . . ., we solve the
Oseen equations, using β := u∗,nh , and compute the postprocessed velocity, denoted by u∗,n+1

h , until
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k N ep order eu order eL order eu∗ order eû order

1 28 5.79e-02 − 1.06e-03 − 1.83e-02 − 3.03e-03 − 7.88e-04 −
154 9.50e-03 2.12 2.00e-04 1.96 4.30e-03 1.70 5.68e-04 1.97 1.52e-04 1.93

712 1.48e-03 2.43 6.93e-05 1.38 1.22e-03 1.65 6.95e-05 2.74 2.28e-05 2.47

3054 2.72e-04 2.33 1.53e-05 2.07 2.91e-04 1.97 8.30e-06 2.92 2.79e-06 2.89

12579 4.49e-05 2.54 3.61e-06 2.04 6.36e-05 2.15 9.19e-07 3.11 3.08e-07 3.11

50877 1.04e-05 2.09 8.86e-07 2.01 1.54e-05 2.03 1.23e-07 2.88 4.09e-08 2.89

2 28 3.72e-03 − 1.20e-04 − 1.47e-03 − 1.62e-04 − 5.09e-05 −
154 3.79e-04 2.68 1.22e-05 2.69 1.82e-04 2.45 2.67e-05 2.11 8.59e-06 2.09

712 3.73e-05 3.03 7.57e-07 3.63 2.28e-05 2.71 1.66e-06 3.63 5.35e-07 3.63

3054 2.98e-05 0.31 2.72e-07 1.41 1.86e-05 0.28 5.98e-07 1.40 1.91e-07 1.41

12579 1.19e-07 7.80 2.93e-09 6.40 1.12e-07 7.23 2.54e-09 7.71 8.09e-10 7.72

50877 1.19e-08 3.30 3.38e-10 3.09 1.13e-08 3.28 1.47e-10 4.08 4.68e-11 4.08

3 28 6.34e-02 − 2.30e-03 − 2.63e-02 − 3.63e-03 − 1.21e-03 −
154 4.01e-05 8.64 1.04e-06 9.04 2.18e-05 8.32 1.98e-06 8.82 6.46e-07 8.84

712 1.32e-06 4.46 2.12e-08 5.09 7.91e-07 4.33 4.45e-08 4.96 1.44e-08 4.97

3054 4.00e-08 4.81 3.72e-10 5.55 2.48e-08 4.75 7.48e-10 5.61 2.39e-10 5.63

12579 1.93e-09 4.28 1.35e-11 4.69 1.33e-09 4.14 2.85e-11 4.62 8.90e-12 4.65

50877 1.49e-10 3.67 8.47e-13 3.96 7.67e-11 4.08 1.99e-12 3.81 6.37e-13 3.77

Table 3.7: History of convergence of Example 3 with ν = 1.
Source: The data of this table were obtained by the student.

the relative error satisfies
‖u∗,n+1

h − u∗,nh ‖
‖u∗,nh ‖

< tol, where tol is a prescribed value. Once that precision

is achieved, we move to the next mesh.

We consider the circular domain Ω = {(x, y) ∈ R2 : x2 +y2 < 0.752}, and the computational domain
is constructed by interpolating ∂Ω by a piecewise linear function, as we did in Example 1. Note that,
according to the error estimates stated in Theorem 3.5, the orders of convergence of the velocity and
postprocessed velocity when solving Oseen equations are hk+1 and hk+2, resp. This implies that the
orders of convergence of the respective divergences are hk and hk+1. This means that ‖∇ · u∗h‖Dh
converges to zero more quickly than ‖∇ ·uh‖Dh , even though neither ∇·u∗h nor ∇·u∗h are exactly null
(as equation (3.47c) requires). This is why we use β = u∗,nh instead of β = unh in the n–th iteration.
The orders of convergence of the velocity and postprocessed velocity, together with their divergences
and the rest of the variables are displayed in Table 3.10. We observe that the results are the optimal
for the pressure, velocity and its gradient. Additionally, the expected order hk+2 for the numerical
trace and postprocessed velocity is also attained.
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k N ep order eu order eL order eu∗ order eû order

1 28 3.98e-02 − 4.52e-03 − 8.45e-02 − 1.37e-02 − 3.51e-03 −
154 8.44e-03 1.82 1.20e-03 1.56 2.65e-02 1.36 3.73e-03 1.52 1.04e-03 1.43

712 1.77e-03 2.04 3.12e-04 1.76 1.01e-02 1.26 6.97e-04 2.19 2.24e-04 2.00

3054 2.67e-04 2.60 3.74e-05 2.91 2.51e-03 1.92 7.78e-05 3.01 2.56e-05 2.98

12579 4.13e-05 2.64 5.48e-06 2.71 5.79e-04 2.07 8.65e-06 3.10 2.87e-06 3.09

50877 9.92e-06 2.04 1.10e-06 2.30 1.47e-04 1.97 1.24e-06 2.79 4.10e-07 2.79

2 28 8.39e-04 − 2.22e-04 − 3.05e-03 − 2.94e-04 − 9.39e-05 −
154 1.13e-04 2.35 2.84e-05 2.41 4.78e-04 2.17 6.03e-05 1.86 1.95e-05 1.85

712 1.98e-05 2.28 2.53e-06 3.16 1.02e-04 2.01 5.30e-06 3.18 1.70e-06 3.18

3054 7.34e-06 1.36 6.20e-07 1.93 4.56e-05 1.11 1.36e-06 1.87 4.34e-07 1.88

12579 1.07e-07 5.97 7.54e-09 6.23 8.57e-07 5.61 1.78e-08 6.12 5.63e-09 6.14

50877 1.11e-08 3.25 5.27e-10 3.81 9.29e-08 3.18 1.08e-09 4.02 3.41e-10 4.02

3 28 2.87e-04 − 9.61e-05 − 1.14e-03 − 1.55e-04 − 5.12e-05 −
154 4.52e-05 2.17 9.42e-06 2.72 2.07e-04 2.00 1.66e-05 2.62 5.47e-06 2.62

712 1.52e-06 4.43 2.32e-07 4.84 7.49e-06 4.33 5.15e-07 4.53 1.67e-07 4.56

3054 3.68e-08 5.11 2.93e-09 6.00 2.18e-07 4.86 6.24e-09 6.06 1.99e-09 6.08

12579 1.85e-09 4.23 9.39e-11 4.86 1.24e-08 4.05 2.62e-10 4.48 8.19e-11 4.51

50877 9.77e-11 4.21 2.95e-12 4.95 7.16e-10 4.08 8.37e-12 4.93 2.62e-12 4.92

Table 3.8: History of convergence of Example 3 with ν = 0.1.
Source: The data of this table were obtained by the student.
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k N ep order eu order eL order eu∗ order eû order

1 28 3.05e-02 − 6.31e-03 − 1.32e-01 − 1.83e-02 − 4.63e-03 −
154 8.41e-03 1.51 2.60e-03 1.04 5.73e-02 0.98 7.56e-03 1.04 2.15e-03 0.90

712 3.53e-03 1.13 1.32e-03 0.88 3.42e-02 0.67 3.37e-03 1.05 1.07e-03 0.91

3054 3.50e-04 3.18 1.53e-04 2.97 1.02e-02 1.67 3.87e-04 2.97 1.25e-04 2.95

12579 3.79e-05 3.14 1.87e-05 2.97 2.94e-03 1.76 4.78e-05 2.96 1.57e-05 2.93

50877 8.56e-06 2.13 3.43e-06 2.42 9.56e-04 1.61 8.75e-06 2.43 2.88e-06 2.43

2 28 6.83e-04 − 2.49e-04 − 4.23e-03 − 4.19e-04 − 1.38e-04 −
154 1.12e-04 2.12 6.89e-05 1.51 1.16e-03 1.52 1.52e-04 1.19 5.01e-05 1.19

712 7.98e-05 0.44 4.56e-05 0.54 1.70e-03−0.50 1.01e-04 0.53 3.21e-05 0.58

3054 6.13e-06 3.52 4.74e-06 3.11 2.59e-04 2.58 1.12e-05 3.02 3.63e-06 2.99

12579 8.63e-08 6.02 4.20e-08 6.68 4.46e-06 5.74 1.10e-07 6.54 3.49e-08 6.56

50877 8.98e-09 3.24 3.08e-09 3.74 6.19e-07 2.83 8.49e-09 3.66 2.71e-09 3.66

3 28 2.22e-04 − 1.23e-04 − 1.73e-03 − 2.24e-04 − 7.19e-05 −
154 8.00e-05 1.20 5.36e-05 0.97 1.38e-03 0.27 1.18e-04 0.75 3.84e-05 0.74

712 1.22e-06 5.46 7.07e-07 5.65 2.36e-05 5.31 1.59e-06 5.62 5.11e-07 5.64

3054 2.83e-08 5.17 1.23e-08 5.57 8.70e-07 4.54 2.68e-08 5.61 8.64e-09 5.60

12579 1.78e-09 3.91 8.05e-10 3.85 8.94e-08 3.22 2.18e-09 3.55 6.92e-10 3.57

50877 8.63e-11 4.33 2.18e-11 5.16 5.38e-09 4.02 6.25e-11 5.09 1.96e-11 5.10

Table 3.9: History of convergence of Example 3 with ν = 0.01.
Source: The data of this table were obtained by the student.
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CHAPTER 4

Dispersion analysis of HDG methods

In this chapter we carry out a dispersion analysis of HDG methods applied to the Helmholtz
equation. The focus is to particularly study the SFH (Single Face HDG) method, which consists
in setting the stabilization parameter τ of the HDG method equal to zero in all but one edge of
every mesh element.

4.1 Introduction

In many physical and engineering applications involving wave propagation, the mathematical model
is governed by the Helmholtz system

iku+∇φ = 0 in Ω, (4.1a)

ikφ+∇ · u = f in Ω, (4.1b)

φ = 0 on ∂Ω, (4.1c)

where 0 6= k ∈ C is the wavenumber, Ω ⊂ R2, u : Ω→ R2 is a vector unknown, φ : Ω→ R is a scalar
unknown, and f ∈ L2(Ω) is a given source term. For example, in acoustics, u represents linearized
velocity and φ represents pressure. When solving this kind of problems using a numerical method,
differences are observed between the discrete and exact wavenumbers. In this chapter we present a
dispersion analysis for HDG methods, where the focus is to study the Single Face HDG (SFH) method.
The main result of this chapter is that the SFH method does indeed exhibit rates comparable to the
HRT method for a particular choice of τ . The particular nonzero value of τ to be specified on the single
facet to obtain rates comparable to the HRT method is displayed, together with the accompanying
convergence rate, in the last row of Table 4.1. The rates obtained with other commonly used values of
τ are also given in Table 4.1 for comparison.

4.2 The HDG method

Let {Th}h>0 be a family triangulations of the domain Ω and denote by Eh the set of all the edges of
a triangulation Th. Let nK be the outward unit normal of a triangle K, writing n instead of nK when

69
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Table 4.1: Summary of convergence rates of wavenumber errors from [40] (first 3 rows) and this paper
(remaining rows). The “0”s indicate that the errors observed were close to machine precision. The row
in bold shows SFH rates comparable to the mixed HRT method. All the stated rates are based on
observations for p = 0, 1, 2, 3. The rates for the lowest order case were obtained from a closed-form
expression, whereas the rates for the higher order cases were obtained by numerically solving a small
nonlinear system.

Method τ Rates
Dispersive error Dissipative error Total error

LDG-H 1 2p+ 3 2p+ 2 2p+ 2

LDG-H
√

3i/2 2p+ 2 0 2p+ 2

HRT – 2p+ 3 0 2p+ 3

SFH 1 2p+ 3 2p+ 2 2p+ 2

SFH i 2p+ 2 0 2p+ 2

SFH i/kh 2p+ 3 0 2p+ 3

SFH 1/kh 2p+ 3 2p+ 3 2p+ 3

LDG-H i 2p+ 2 0 2p+ 2

LDG-H 1 2p+ 3 2p+ 2 2p+ 2

LDG-H i/kh 2p+ 1 0 2p+ 1

LDG-H 1/kh 2p+ 1 2p+ 1 2p+ 1

Source: The data in the first three rows were taken from [40]. The data in the rest of the rows were
obtained by the student.
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there is no confusion. In addition, for a given domain D, let Pp(D) denote the space of polynomials
of degree at most p defined on D. Next, define the following discrete spaces:

Vh =
{
v ∈ [L2(Ω)]2 : v|K ∈ [Pp(K)]2, ∀K ∈ Th

}
,

Wh =
{
ψ ∈ L2(Ω) : ψ|K ∈ Pp(K), ∀K ∈ Th

}
,

Mh =
{
ψ̂ ∈ L2(Eh) : ψ̂|e ∈ Pp(e), ∀e ∈ Eh and ψ̂|∂Ω = 0

}
.

The standard HDG method, i.e., the LDG-H method [17], produces an approximation (uh, φh, φ̂h)

of the exact solution (u, φ, φ|Eh) in the space Vh ×Wh ×Mh that satisfies
∑

K∈Th

ik(uh,vh)K − (φh,∇ · vh)K + 〈φ̂h,vh · n〉∂K = 0, (4.2a)

∑

K∈Th

(∇ · uh, ψh)K + 〈τ(φh − φ̂h), ψh〉∂K + ik(φh, ψh)K = (f, ψh)Ω, (4.2b)

∑

K∈Th

〈uh · n+ τ(φh − φ̂h), ψ̂h〉∂K = 0, (4.2c)

for all vh ∈ Vh, ψh ∈ Wh and ψ̂h ∈ Mh, where τ is a nonzero stabilization function defined on
∂Th := {∂K : K ∈ Th}. Here (·, ·)K and 〈·, ·〉∂K denote the inner products of L2(K) and L2(∂K),
respectively. It is traditional to choose τ ≥ 0, but for wave problems, as noted in [40], it may often be
advantageous to choose τ in the complex plane. Hence, we will not require that τ is non-negative.

Let τK denote the value of τ on ∂K. While τK : ∂K → C is a single-valued function on each K, note
that on each edge shared by two triangular elements, τ is generally double valued. We shall assume
that the restriction of τK to each edge of K is a constant function. When τK , for every K in Th, is
such that τK is zero on all edges except one, we obtain the SFH method.

In the next section, we will work with the condensed form of the method. The HDG method was
designed specifically to have this condensability feature. The condensed form is obtained by statically
condensing out uh and φh to get a single equation for the interface variable φ̂h. We refer to [17] for a
general description of this form. We will focus on the condensed form of the lowest order SFH method
next.

4.3 Dispersion analysis of the lowest order SFH method

In order to perform the dispersion analysis of the method (4.2), we follow the approach laid out
in [30, 40]. Consider an infinite triangulation made of isosceles right triangles K with hypotenuse of
length

√
2h and vertical and horizontal edges of length h, as shown in Fig. 4.1. On this infinite grid,

we will now derive the condensed form.

4.3.1 Condensed element matrix

We consider the SFH method associated to (4.2), where the stabilization parameter τ is taken to
be zero on all vertical and horizontal edges of every triangle. We first analyze the lowest order case
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Figure 4.1: Sketch of the mesh.

Source: Own elaboration.

(p = 0). As we shall see, it is possible to obtain a series expansion of the wavenumber error in closed
form in the p = 0 case. Later, we shall numerically study the high order cases.

Let K be a triangle with edges e1 (hypotenuse), e2(horizontal) and e3(vertical). For the polynomial
spaces [P0(K)]2, P0(K), P0(e1), P0(e2) and P0(e3), we consider the Dubiner basis functions (see [47]),
which for the lowest order case are given by

u1 =

[√
2

0

]
,u2 =

[
0√
2

]
, φ0 =

√
2 , φ̂1 = 1, φ̂2 = 1 , and , φ̂3 = 1,

respectively. For elements with the orientation of K1 displayed in Fig. 4.3, the element matrix associ-
ated to (4.2), in the [u1,u2, φ0, φ̂1, φ̂2, φ̂3]-ordering, can be written in block form as

M =

[
M11 M12

M21 M22

]
,

where

M11 =



ikh2 0 0

0 ikh2 0

0 0 −(ikh2 + 2
√

2τh)


 , M12 =




√
2h 0 −

√
2h

−
√

2h
√

2h 0

2τh 0 0,


 ,

M21 = MT
12, M22 =



−
√

2τh 0 0

0 0 0

0 0 0


 .

For elements with the orientation of K2, also displayed in Fig. 4.3, the matrices M11 and M22 are the
same, whereas due to the change of the normal vectors, the matrix M12 is given by

M12 =



−
√

2h 0
√

2h√
2h −

√
2h 0

2τh 0 0


 ,

and M21 = MT
12.

The condensation of all interior degrees of freedom is accomplished by taking the Schur complement
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S = M22−M21M
−1
11 M12. In both cases (of K1 and K2), the Schur complement is given by the matrix

S =




4τ2h

ikh+ 2
√

2τ
+

4i

k
−
√

2τh
−2i

k

−2i

k
−2i

k

2i

k
0

−2i

k
0

2i

k



,

a 3 × 3 matrix corresponding to the three interface (non-condensable) degrees of freedom, one per
edge. Note that while performing this calculation, we have assumed that M11 is invertible, which is
equivalent to assuming that

2
√

2τ + ikh 6= 0. (4.3)

We proceed with the derivation of the dispersion relations by making this assumption throughout.

4.3.2 Dispersion relation in the lowest order case

The above-mentioned infinite triangulation has three different types of interface degrees of freedom:
the ones associated to the diagonal edges (first type), the horizontal edges (second type) and the
vertical edges (third type), as displayed in Fig. 4.2. We denote by C1, C2 and C3 the infinite set of

Figure 4.2: The three types of stencils for p = 0.

Source: Own elaboration.

stencil centers for the three types of stencils present in this case. Then, we obtain an infinite system
of equations for the numerical trace values φ̂1,p1 , φ̂2,p2 and φ̂3,p3 at all p1 ∈ C1, p2 ∈ C2 and p3 ∈ C3.
Since we are interested in how this infinite system propagates plane wave solutions, we consider the
ansatz

φ̂j,pj = aj exp(ikh · pj), (4.4)

where a1, a2 and a3 are constants and the components of discrete wave vector kh = (kh1 , k
h
2 ) are given

by kh1 := kh cos(θ) and kh2 := kh sin(θ). Here kh is the unknown discrete wavenumber corresponding to
the exact wavenumber k, and θ is the angle of propagation of the plane wave solution. We now proceed
to determine an expression that relates kh and k. Since we have three types of degrees of freedom, we
need to construct three equations, but we will only explain the details of the construction of the first
one, associated to diagonal edges: Let’s denote by e1 and e2 the cartesian vectors, and suppose that
the point P is located at the position p1.
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Figure 4.3: Positions of the degrees of freedom in the stencil of the first type.

Source: Own elaboration.

Then, as seen in Fig. 4.3, the relative position of the point P12 (the location in K1 of the degree of
freedom of the second type) from P is p1 + h

2e2, and the relative position of the point P13 (the location
in K1 of the degree of freedom of the third type) from P is p1 − h

2e1. Hence, the contribution of K1

to the first equation is given by

S11φ̂1,p1 + S12φ̂2,p1+h
2
e2

+ S13φ̂3,p1−h2 e1
.

Proceeding in the same way, the contribution of K2 to the same equation is given by

S11φ̂1,p1 + S12φ̂2,p1−h2 e2
+ S13φ̂3,p1+h

2
e1
.

Since plane waves are exact solutions to the Helmholtz equation with zero sources, the right hand side
(f) of the equation is zero. Thus, we can write the first equation as

2S11φ̂1,p1 + S12

(
φ̂2,p1+h

2
e2

+ φ̂2,p1−h2 e2
)

+ S13

(
φ̂3,p1−h2 e1

+ φ̂3,p1+h
2
e1

)
= 0.

(4.5)

Since φ̂j,pj is given by (4.4) and

φ̂i,pj±h2 el
= ai exp

(
ikh ·

(
pj ±

h

2
el
))
,

we observe that we can simplify (4.5) to get

0 = 2S11a1 + S12

{
exp

(hi
2
kh · e2

)
+ exp

(
− hi

2
kh · e2

)}
a2

+S13

{
exp

(
− hi

2
kh · e1

)
+ exp

(hi
2
kh · e1

)}
a3

= 2S11a1 + S12

{
exp

(hi
2
kh sin(θ)

)
+ exp

(
− hi

2
kh sin(θ)

)}
a2

+S13

{
exp

(
− hi

2
kh cos(θ)

)
+ exp

(hi
2
kh cos(θ)

)}
a3.

Using that exp(iα) = cos(α) + i sin(α) for any α ∈ R, and some well known properties of complex
numbers, we can write our equation as

2S11a1 + 2S12 cos
(h

2
kh cos(θ)

)
a2 + 2S13 cos

(h
2
kh sin(θ)

)
a3 = 0.
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Finally, substituting

S11 =
4τ2h

ikh+ 2
√

2τ
+

4i

k
−
√

2τh, S12 = S13 =
−2i

k
,

multiplying the equation by k
2 (ikh+ 2

√
2τ), and rearranging terms, we obtain

{
(4i−

√
2τkh)(ikh+ 2

√
2τ) + 4τ2kh

}
a1 − 2i(ikh+ 2

√
2τ)c2a2

− 2i(ikh+ 2
√

2τ)c1a3 = 0,

where cj = cos(hkhj /2), j = 1, 2, and

kh1 = kh cos(θ), kh2 = kh sin(θ). (4.6)

This is the equation for the first type of degrees of freedom. The other two equations may be derived
in the same way.

The three equations together form a system

F



a1

a2

a3


 = 0

where F is the so-called dispersion matrix, given by

F =




(4i−
√

2τkh)(ikh+ 2
√

2τ) + 4τ2kh −2i(ikh+ 2
√

2τ)c2 −2i(ikh+ 2
√

2τ)c1

−c2 1 0

−c1 0 1


 .

Its determinant is

det(F ) = −2i(2
√

2τ + ikh)(c2
1 + c2

2) + (2
√

2τ + ikh)(4i−
√

2τkh) + 4τ2kh.

We are interested in non-trivial solutions of this system. Hence we conclude that the dispersion relation
relating kh to k in the SFH method is

det(F ) = 0. (4.7)

Note that since the entries of F depend on kh, the above forms a nonlinear equation for the discrete
wavenumber kh.

4.3.3 Asymptotic expansion of the wavenumber error

To get useful qualitative information about kh, we must further manipulate (4.7). By virtue of (4.3),
we may multiply (4.7) by −[2i(2

√
2τ + ikh)]−1 and simplify to obtain

c2
1 + c2

2 +
i
{(

2
√

2τ + ikh
)
(4i−

√
2τkh) + 4τ2kh

}

2
(
2
√

2τ + ikh
) = 0. (4.8)
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The identity i
{(

2
√

2τ + ikh
)
(4i−

√
2τkh) + 4τ2kh

}
= (
√

2(kh)2 − 8
√

2)τ − 4ikh now motivates us
to set

R = −

(√
2(kh)2 − 8

√
2
)
τ − 4ikh

2
(
2
√

2τ + ikh
) ,

and rewrite (4.8) as

0 = c2
1 + c2

2 −R
= (c2

1 − 1) + (c2
2 − 1) + (2−R)

= (c2
1 − 1) + (c2

2 − 1) + (2−R)
(
cos2 θ + sin2 θ

)

=
{

(c2
1 − 1) + (2−R) cos2(θ)

}
+
{

(c2
2 − 1) + (2−R) sin2(θ)

}
.

Thus, we identify two sufficient conditions for det(F ) = 0 to hold, namely

c1 = (1− d1)1/2, c2 = (1− d2)1/2, (4.9)

where d1 = (2−R) cos2(θ) and d2 = (2−R) sin2(θ).

The two sufficient conditions take similar forms. As we shall see now, they are simple enough to
understand by Taylor expansion. In analogy with (4.6), let

k1 = k cos(θ), k2 = k sin(θ).

By (4.9) and the definitions of cj , dj , we have

khj h = 2 cos−1(
√

1− dj), dj =

√
2τ(kjh)2

4
√

2τ + 2i(kh)
.

As kh→ 0, clearly dj → 0, so using the Taylor expansion of arccosine near 1, we obtain

kh1h = cos(θ)(kh)− i
√

2 cos(θ)

8τ
(kh)2 +

8τ2 cos3(θ)− 9 cos(θ)

192τ2
(kh)3 +O(kh)4

kh2h = sin(θ)(kh)− i
√

2 sin(θ)

8τ
(kh)2 +

8τ2 sin3(θ)− 9 sin(θ)

192τ2
(kh)3 +O(kh)4

These relations, together with kh = (kh1 )2 + (kh2 )2, yield

khh− kh =
i

4
√

2τ
(kh)2 +

2τ2 cos(4θ) + 6τ2 − 9

192τ2
(kh)3 +O(kh)4 (4.10)

as kh→ 0. This is the main result of this subsection.

The series expansion (4.10) immediately shows that the wavenumber error is of order 2 (equalling
2p + 2 when p = 0) for any nonzero τ . Next, note how τ appears in the first and second terms
of the expansion (4.10). In the first term, it only appears in the denominator (while in the second
term it appears in equal degrees in the denominator and numerator). This leads us to an important
observation: If we set

τ =
i

kh
(4.11)
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in (4.10), then we should obtain the higher rate of convergence |khh − kh| = O(kh)3 as kh → 0.

Moreover, we see that all terms in the series expansion of khh− kh, except the first, have even powers
of τ so Im(khh − kh) = 0, if τ is set by (4.11) or any real multiple of it, i.e., the dissipative errors
should vanish. We will gather numerical confirmation of these statements in the next subsection.

Actually, if we set

τ = O

(
i

(kh)s

)
(4.12)

with any s ≥ 1 in (4.10), we continue to obtain |khh− kh| = O(kh)3 (since the rate is now limited by
the second term on the right hand side of (4.10)). Thus our analysis also shows that the dispersion
analysis for the staggered DG method [14] is comparable to the mixed method. In fact, [13] showed
that as τ →∞, the resulting HDG method is closely related to the staggered DG method. Therefore,
in our numerical studies, we shall also include the case (4.12) for a few values of s.

4.3.4 Numerical computation of kh for the lowest order SFH method

Since the above-derived error expansion is only asymptotic, we now proceed to check the practical size
of wavenumber errors by direct numerical computation. We solve the nonlinear dispersion relation (4.7)
numerically to find kh. Recall that kh ≡ kh(θ) is a function of the propagation angle θ. In all the
cases we present below, we consider θ ∈ Θ = {jπ/40 : j = 1, . . . , 20}. The exact wavenumber is set so
that kh ∈

{
π/2j+2 : j = 0, . . . , 8

}
. (Note that the dependence on k occurs in the form of dependence

on kh in the dispersion relations.) Define

εdisp = max
θ∈Θ
|Re(kh(θ)h)− kh|, εdissip = max

θ∈Θ
|Im(kh(θ)h)|,

εtotal = max
θ∈Θ
|kh(θ)h− kh|.

We report the numerically computed values of these numbers for the following cases.

Case 1: τ = i. Equation (4.7) can now be simplified to the form

det(F ) = 2(2
√

2 + kh)(c2
1 + c2

2)− (2
√

2 + kh)(4−
√

2kh)− 4kh = 0.

This is the form used in our nonlinear solve. For small kh, equation specifies values of c2
1 + c2

2 that
admit real solutions for kh. The values of kh found by the numerical root finder, reported in Table 4.2,
confirms that εdissip is 0 up to machine precision. The total error εtotal appears to go to 0 at the rate
O(kh)2, as expected from the asymptotic expansion (4.10).

Case 2: τ = 1. In this case the determinant simplifies to

det(F ) =
{

2kh(c2
1 + c2

2)− 4k
}

+ i
{
−4
√

2(c2
1 + c2

2) + 8
√

2− 2(kh)2
}
,

and its no longer clear that solutions of the dispersion relation are real. Searching for roots in the
complex plane, we computed kh. These results are compiled in Table 4.2. Clearly, the dissipative
errors seem to dominate in this case. As before, εtotal = O(kh)2.



4.3. Dispersion analysis of the lowest order SFH method 78

Table 4.2: Results for τ = i and τ = 1 in the lowest order SFH method.
τ = i τ = 1

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 8.34e-02 - 4.42e-16 - 8.34e-02 - 1.25e-02 - 1.13e-01 - 1.13e-01 -
π/23 2.37e-02 1.82 7.56e-16 - 2.37e-02 1.82 1.57e-03 2.99 2.75e-02 2.03 2.75e-02 2.04

π/24 6.34e-03 1.90 1.03e-15 - 6.34e-03 1.90 1.97e-04 3.00 6.83e-03 2.01 6.83e-03 2.01

π/25 1.64e-03 1.95 2.90e-15 - 1.64e-03 1.95 2.46e-05 3.00 1.70e-03 2.00 1.70e-03 2.00

π/26 4.18e-04 1.97 9.54e-15 - 4.18e-04 1.97 3.08e-06 3.00 4.26e-04 2.00 4.26e-04 2.00

π/27 1.05e-04 1.99 1.16e-14 - 1.05e-04 1.99 3.85e-07 3.00 1.06e-04 2.00 1.06e-04 2.00

π/28 2.65e-05 1.99 3.55e-14 - 2.65e-05 1.99 4.81e-08 3.00 2.66e-05 2.00 2.66e-05 2.00

π/29 6.64e-06 2.00 2.92e-14 - 6.64e-06 2.00 6.02e-09 3.00 6.66e-06 2.00 6.66e-06 2.00

π/210 1.66e-06 2.00 1.96e-13 - 1.66e-06 2.00 7.52e-10 3.00 1.66e-06 2.00 1.66e-06 2.00

Source: The data of this table were obtained by the student.

Table 4.3: Results for τ =
i

kh
and τ =

1

kh
in the lowest order SFH method.

τ =
i

kh
τ =

1

kh
kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 6.60e-02 - 6.09e-16 - 6.60e-02 - 6.18e-03 - 9.01e-02 - 9.03e-02 -
π/23 9.11e-03 2.86 1.40e-15 - 9.11e-03 2.86 2.12e-03 1.55 1.09e-02 3.05 1.11e-02 3.02

π/24 1.17e-03 2.96 1.60e-15 - 1.17e-03 2.96 3.03e-04 2.80 1.34e-03 3.02 1.38e-03 3.01

π/25 1.47e-04 2.99 2.79e-15 - 1.47e-04 2.99 3.90e-05 2.96 1.67e-04 3.01 1.72e-04 3.00

π/26 1.84e-05 3.00 6.20e-15 - 1.84e-05 3.00 4.92e-06 2.99 2.09e-05 3.00 2.15e-05 3.00

π/27 2.31e-06 3.00 2.42e-14 - 2.31e-06 3.00 6.16e-07 3.00 2.61e-06 3.00 2.69e-06 3.00

π/28 2.88e-07 3.00 1.29e-14 - 2.88e-07 3.00 7.70e-08 3.00 3.27e-07 3.00 3.36e-07 3.00

π/29 3.60e-08 3.00 1.89e-14 - 3.60e-08 3.00 9.63e-09 3.00 4.08e-08 3.00 4.20e-08 3.00

π/210 4.50e-09 3.00 8.42e-14 - 4.50e-09 3.00 1.20e-09 3.00 5.10e-09 3.00 5.24e-09 3.00

Source: The data of this table were obtained by the student.
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Table 4.4: Results for τ =
i

(kh)3
and τ =

i

(kh)4
in the lowest order SFH method.

τ =
i

(kh)3
τ =

i

(kh)4

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 3.94e-02 - 6.70e-16 - 3.94e-02 - 2.95e-02 - 3.47e-16 - 2.95e-02 -
π/23 8.95e-04 5.46 8.27e-16 - 8.95e-04 5.46 1.91e-03 3.95 8.12e-16 - 1.91e-03 3.95

π/24 2.65e-04 1.76 5.59e-16 - 2.65e-04 1.76 3.10e-04 2.64 1.20e-15 - 3.10e-04 2.64

π/25 3.79e-05 2.81 1.73e-15 - 3.79e-05 2.81 3.93e-05 2.96 4.71e-15 - 3.93e-05 2.96

π/26 4.88e-06 3.00 3.10e-15 - 4.89e-06 2.96 4.92e-06 3.00 6.33e-15 - 4.92e-06 3.00

π/27 6.14e-07 3.00 3.05e-15 - 6.14e-07 3.00 6.17e-07 3.00 1.50e-14 - 6.17e-07 3.00

π/28 7.70e-08 3.00 1.62e-14 - 7.68e-08 3.00 8.28e-08 2.89 1.62e-14 - 8.28e-08 2.89

π/29 8.94e-09 3.10 5.30e-14 - 8.95e-09 3.10 - - - - - -

Source: The data of this table were obtained by the student.

Case 3: τ = i/kh. This is the interesting value of τ found in (4.11). Here the determinant simplifies
to

det(F ) =

(
2
√

2

kh
+ kh

)(
2(c2

1 + c2
2)− 4 +

√
2

)
− 4

kh
.

The results are now in Table 4.3. As expected from our discussions following the asymptotic expan-
sion (4.10), the dissipative errors are zero to machine precision and moreover, we obtain the higher rate
of convergence of O(kh)3 for the total error. Moreover, the same behavior is observed when choosing
τ as in (4.12), as we see in Table 4.4 for the specific values τ = i/(kh)3 and τ = i/(kh)4.

Case 4: τ = 1/kh. This case differs from the previous case only by a scalar multiple. Hence,
reviewing the expansion (4.10), we expect to obtain higher order convergence for the total error in this
case also. The determinant in this case is

det(F ) = 2

(
2
√

2

kh
+ ikh

)
(c2

1 + c2
2)−

(
2
√

2

kh
+ ikh

)
(4i−

√
2) +

4

kh
.

The results, displayed in Table 4.3, show that although εdissip is no longer zero, the total error εtotal

goes to zero at the faster rate O(kh)3.

4.4 Wavenumber errors in the higher order SFH method

In order to go beyond the p = 0 case, we will use the technique of [40]. The main idea is to obtain
an analogue of (4.7) with a larger matrix F . This will then be numerically solved for the discrete
wavenumber kh = kh(θ). As we did in the lowest order case, we will use the same infinite lattice of
isosceles right triangles, and the ansatz that the degrees of freedom interpolate a plane wave traveling
in the θ direction with wavenumber kh.
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4.4.1 The dispersion relation

We describe the technique in detail for a method with L different node types. Recall that the lowest
order SFH method had three node types. The first order SFH method, with p = 1, will have six node
types. As p increases, L will increase as well. Let us denote the solution value at a node of the lth

type, 1 ≤ l ≤ L, located at rh ∈ R2, by ψl,r. With our ansatz that these solution values interpolate a
plane wave, we have that

ψl,r = ale
ikh·rh,

for some constants al.

We will now construct the equation of a fixed stencil within the lattice. Suppose that it corresponds to
a node of the tth type, 1 ≤ t ≤ L, that is located at jh. For 1 ≤ l ≤ L, define the set Jt,l = {r ∈ R2 : r

is a node of type s located at (j + r)h}. For r ∈ Jt,l, denote the stencil coefficient of the node at
location (j + r)h by Dt,l,r. Since plane waves are exact solutions to the Helmholtz equation with zero
sources, the stencil’s equation is

L∑

l=1

∑

r∈Jt,l

Dt,l,rψl,j+r = 0.

Finally, we remove all dependence on j in this equation by dividing by eikh·jh, so there are L equations
in total, with the tth equation given by

L∑

l=1

al
∑

r∈Jt,l

Dt,l,re
ikh·rh = 0. (4.13)

Thus, we can now define the L× L matrix F (kh) by

[F (kh)]t,l =
∑

r∈Jt,l

Dt,l,re
ikh[cos(θ),sin(θ)]·rh,

and observe that (4.13) has a non-trivial solution a1, . . . , aL if and only if kh is such that

det(F (kh)) = 0. (4.14)

This is the analogue of (4.7) for higher p. We need to solve it to determine kh for any given θ.

4.4.2 Numerical computation of kh for the higher order SFH method.

We will use the same values for the exact wavenumber kh and the angle θ as in the lowest order
case, namely, θ ∈ {jπ/40 : j = 1, . . . , 20} and kh ∈

{
π/2j+2 : j = 0, . . . , 8

}
. We also measure the

errors εdisp, εdissip and εtotal, defined before. Due to the increased complexity, we are unable to write
down analytical expressions for the determinant in each case, as we did in Section 4.3.4. The results
for p = 1, 2 and 3 are shown in Tables 4.5–4.7, Tables 4.8–4.10 and Tables 4.11–4.13, respectively. We
continue to consider the standard case of τ = 1, in addition to the nonstandard cases of τ = i, τ = i/kh

and τ = 1/kh. Recall that the latter two cases were motivated by the asymptotic expansion (4.10) in
the lowest order case. The tabulated results show that these choices continue to remain superior in
the higher order case also.
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Table 4.5: Results for τ = i and τ = 1 for the SFH method with p = 1.
τ = i τ = 1

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 2.37e-03 - 4.96e-16 - 2.37e-03 - 3.71e-04 - 2.69e-03 - 2.72e-03 -
π/23 1.62e-04 3.87 1.64e-15 - 1.62e-04 3.87 1.14e-05 5.02 1.73e-04 3.96 1.74e-04 3.97

π/24 1.05e-05 3.94 3.39e-15 - 1.05e-05 3.94 3.55e-07 5.01 1.09e-05 3.99 1.09e-05 3.99

π/25 6.72e-07 3.97 5.61e-15 - 6.72e-07 3.97 1.11e-08 5.00 6.84e-07 4.00 6.84e-07 4.00

π/26 4.24e-08 3.99 8.49e-15 - 4.24e-08 3.99 3.46e-10 5.00 4.28e-08 4.00 4.28e-08 4.00

π/27 2.66e-09 3.99 1.75e-14 - 2.66e-09 3.99 1.09e-11 4.99 2.67e-09 4.00 2.67e-09 4.00

π/28 1.67e-10 4.00 3.11e-14 - 1.67e-10 4.00 4.51e-13 4.59 1.67e-10 4.00 1.67e-10 4.00

π/29 1.04e-11 4.00 8.21e-14 - 1.04e-11 4.00 4.93e-13 - 1.04e-11 4.00 1.05e-11 4.00

π/210 9.22e-13 3.50 3.07e-13 - 9.72e-13 - 6.43e-13 - 7.39e-13 3.82 9.00e-13 -

Source: The data of this table were obtained by the student.

Taken together, these results and those of Section 4.3.4, indicate that for τ = i/kh, the dissipative
error is zero, and the total error goes to zero at the rate

εtotal = O(kh)2p+3, kh→ 0

for p = 0, 1, 2 and 3. For the remaining values of τ considered, we get convergence of the total error
at one less rate. These are the rates we summarized in the introduction (see Table 4.1). To our
knowledge, the SFH method with τ = i/kh is the only DG method to give such rates comparable to the
mixed (HRT) method.

4.5 Results for LDG-H method

In this section we consider (4.2) with τ set to the same nonzero positive constant on every edge
and numerically explore the relation between kh and k. This was already done in [40] for p = 0, 1

and τ = 1,
√

3i/2. A natural question that arises, in view of the previously described results on SFH
method, is whether the LDG-H exhibits better rates if the new-found parameter τ = i/kh is used.

To answer this, we compute the wavenumber errors of the LDG-H method for the same four values of
τ we have been considering in Section 4.3–4.4 for p = 0, 1, 2 and 3. The results are in Tables 4.14–4.21.
We find that for the imaginary values of τ , the dissipative errors are zero. However, the best rates for
the total error that we could observe was O(hp)2p+2, one order less than the best rates observed for
the SFH method. We also note that the values of τ = i/kh and τ = 1/kh that gave better rates for
the SFH method, do not give good rates for the LDG-H method, which is expected since the LDG-H
method with τ = O(1/(kh)) is not optimal [19, 43].

All the rates observed individually in Tables 4.14–4.21 are summarized together in Table 4.1 of the
introduction, where the cases from other sections are also included to facilitate comparison.
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Table 4.6: Results for τ =
i

kh
and τ =

1

kh
for the SFH method with p = 1.

τ =
i

kh
τ =

1

kh
kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 1.91e-03 - 7.29e-16 - 1.91e-03 - 2.21e-04 - 2.13e-03 - 2.14e-03 -
π/23 6.58e-05 4.86 2.68e-15 - 6.58e-05 4.86 1.99e-06 6.79 6.84e-05 4.96 6.84e-05 4.97

π/24 2.11e-06 4.96 4.09e-15 - 2.11e-06 4.96 9.17e-08 4.44 2.15e-06 4.99 2.15e-06 4.99

π/25 6.62e-08 4.99 7.82e-15 - 6.62e-08 4.99 3.09e-09 4.89 6.72e-08 5.00 6.72e-08 5.00

π/26 2.07e-09 5.00 8.19e-15 - 2.07e-09 5.00 9.84e-11 4.97 2.10e-09 5.00 2.10e-09 5.00

π/27 6.48e-11 5.00 1.99e-14 - 6.48e-11 5.00 3.06e-12 5.01 6.56e-11 5.00 6.56e-11 5.00

π/28 1.95e-12 5.05 2.33e-14 - 1.95e-12 5.05 1.95e-13 3.97 2.06e-12 4.99 2.07e-12 4.99

π/29 3.56e-13 - 4.39e-14 - 3.57e-13 - 4.05e-13 - 8.88e-14 - 4.08e-13 -
π/210 1.03e-12 - 1.60e-13 - 1.03e-12 - 5.19e-13 - 3.31e-13 - 5.21e-13 -

Source: The data of this table were obtained by the student.

Table 4.7: Results for τ =
i

(kh)3
and τ =

i

(kh)4
in the SFH method with p = 1.

τ =
i

(kh)3
τ =

i

(kh)4

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 1.22e-03 - 4.80e-16 - 1.22e-03 - 9.65e-04 - 4.51e-16 - 9.65e-04 -
π/23 9.70e-06 6.97 1.78e-15 - 9.70e-06 6.97 3.32e-06 8.12 1.73e-15 - 3.32e-06 8.12

π/24 5.74e-08 7.40 5.05e-15 - 5.74e-08 7.40 9.06e-08 5.19 3.42e-15 - 9.06e-08 5.19

π/25 2.74e-09 4.39 3.66e-15 - 2.73e-09 4.39 3.13e-09 4.86 6.76e-15 - 3.13e-09 4.86

π/26 9.56e-11 4.84 6.23e-15 - 9.56e-11 4.84 7.99e-11 5.29 1.92e-14 - 7.99e-11 5.29

π/27 6.54e-12 3.87 2.07e-14 - 6.54e-12 3.87 4.18e-10 - 2.35e-14 - 4.18e-10 -

Source: The data of this table were obtained by the student.

Table 4.8: Results for τ = i and τ = 1 for the SFH with p = 2.
τ = i τ = 1

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 2.35e-05 - 1.55e-15 - 2.35e-05 - 2.67e-06 - 2.51e-05 - 2.53e-05 -
π/23 3.87e-07 5.92 1.25e-15 - 3.87e-07 5.92 2.11e-08 6.98 4.02e-07 5.97 4.03e-07 5.97

π/24 6.20e-09 5.97 2.96e-15 - 6.20e-09 5.97 1.66e-10 7.00 6.32e-09 5.99 6.32e-09 5.99

π/25 9.79e-11 5.98 3.78e-15 - 9.79e-11 5.98 1.29e-12 7.00 9.89e-11 6.00 9.89e-11 6.00

π/26 1.50e-12 6.03 1.41e-14 - 1.50e-12 6.03 6.21e-14 - 1.56e-12 5.99 1.56e-12 5.99

π/27 1.54e-13 - 3.98e-14 - 1.54e-13 - 1.02e-13 - 5.40e-14 - 1.02e-13 -

Source: The data of this table were obtained by the student.
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Table 4.9: Results for τ =
i

kh
and τ =

1

kh
for the SFH with p = 2.

τ =
i

kh
τ =

1

kh
kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 1.88e-05 - 1.16e-15 - 1.88e-05 - 1.77e-06 - 1.98e-05 - 1.99e-05 -
π/23 1.58e-07 6.90 1.90e-15 - 1.58e-07 6.90 5.35e-09 8.37 1.58e-07 6.97 1.58e-07 6.97

π/24 1.26e-09 6.97 2.80e-15 - 1.26e-09 6.97 2.50e-11 7.74 1.24e-09 6.99 1.24e-09 6.99

π/25 9.87e-12 6.99 1.30e-14 - 9.87e-12 6.99 1.64e-13 - 9.71e-12 7.00 9.71e-12 7.00

π/26 1.16e-13 - 1.92e-14 - 1.16e-13 - 8.44e-14 - 8.54e-14 - 1.18e-13 -
π/27 8.72e-14 - 1.79e-14 - 8.90e-14 - 1.40e-13 - 3.30e-14 - 1.44e-13 -

Source: The data of this table were obtained by the student.

Table 4.10: Results for τ =
i

(kh)3
and τ =

i

(kh)4
in the SFH method with p = 2.

τ =
i

(kh)3
τ =

i

(kh)4

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 1.21e-05 - 9.32e-16 - 1.21e-05 - 9.62e-06 - 1.26e-15 - 9.62e-06 -
π/23 2.68e-08 8.81 1.55e-15 - 2.68e-08 8.81 1.20e-08 9.64 1.86e-15 - 1.20e-08 9.64

π/24 6.71e-11 8.64 2.79e-15 - 6.71e-11 8.64 2.86e-11 8.72 2.73e-15 - 2.86e-11 8.72

π/25 8.34e-13 6.33 3.62e-15 - 8.34e-13 6.33 4.06e-12 2.82 6.09e-15 - 4.06e-12 2.82

π/26 1.35e-12 - 1.27e-14 - 1.35e-12 - 5.88e-11 - 7.91e-15 - 5.88e-11 -

Source: The data of this table were obtained by the student.

Table 4.11: Results for τ = i and τ = 1 for the SFH with p = 3.
τ = i τ = 1

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 1.20e-07 - 2.70e-15 - 1.20e-07 - 1.12e-08 - 1.25e-07 - 1.26e-07 -
π/23 4.87e-10 7.94 2.80e-15 - 4.87e-10 7.94 2.23e-11 8.98 4.99e-10 7.97 4.99e-10 7.98

π/24 1.94e-12 7.97 4.62e-15 - 1.94e-12 7.97 3.29e-14 - 1.96e-12 7.99 1.96e-12 7.99

π/25 6.06e-14 - 1.35e-14 - 6.06e-14 - 1.03e-13 - 1.16e-14 - 1.03e-13 -

Source: The data of this table were obtained by the student.
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Table 4.12: Results for τ =
i

kh
and τ =

1

kh
for the SFH with p = 3.

τ =
i

kh
τ =

1

kh
kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 9.61e-08 - 9.47e-16 - 9.61e-08 - 7.89e-09 - 9.84e-08 - 9.88e-08 -
π/23 1.98e-10 8.92 2.71e-15 - 1.98e-10 8.92 7.60e-12 10.02 1.96e-10 8.97 1.96e-10 8.98

π/24 3.95e-13 8.97 3.44e-15 - 3.95e-13 8.97 5.99e-14 - 3.81e-13 9.01 3.85e-13 8.99

π/25 6.25e-14 - 5.77e-15 - 6.26e-14 - 2.50e-14 - 8.20e-15 - 2.52e-14 -

Source: The data of this table were obtained by the student.

Table 4.13: Results for τ =
i

(kh)3
and τ =

i

(kh)4
in the SFH method with p = 3.

τ =
i

(kh)3
τ =

i

(kh)4

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 6.14e-08 - 1.34e-15 - 6.14e-08 - 4.91e-08 - 1.32e-15 - 4.91e-08 -
π/23 3.51e-11 1.08 3.55e-15 - 3.51e-11 1.08 1.68e-11 1.15 2.81e-15 - 1.68e-11 1.15

π/24 5.41e-14 9.34 2.61e-15 - 5.41e-14 9.34 3.45e-13 5.60 3.93e-15 - 3.45e-13 5.60

π/25 5.00e-13 - 5.66e-15 - 5.00e-13 - 4.46e-14 2.95 1.06e-14 - 4.46e-14 2.95

Source: The data of this table were obtained by the student.

Table 4.14: Results for τ = i and τ = 1 for the LDG-H with p = 0.
τ = i τ = 1

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 1.41e-01 - 6.39e-16 - 1.41e-01 - 6.16e-02 - 1.74e-01 - 1.84e-01 -
π/23 3.08e-02 2.20 1.77e-15 - 3.08e-02 2.20 8.73e-03 2.82 4.80e-02 1.85 4.88e-02 1.92

π/24 7.23e-03 2.09 1.44e-15 - 7.23e-03 2.09 1.13e-03 2.95 1.23e-02 1.96 1.24e-02 1.98

π/25 1.75e-03 2.04 1.55e-15 - 1.75e-03 2.04 1.42e-04 2.99 3.11e-03 1.99 3.11e-03 1.99

π/26 4.32e-04 2.02 3.44e-15 - 4.32e-04 2.02 1.79e-05 3.00 7.78e-04 2.00 7.79e-04 2.00

π/27 1.07e-04 2.01 1.60e-14 - 1.07e-04 2.01 2.23e-06 3.00 1.95e-04 2.00 1.95e-04 2.00

π/28 2.67e-05 2.01 2.29e-14 - 2.67e-05 2.01 2.79e-07 3.00 4.87e-05 2.00 4.87e-05 2.00

π/29 6.67e-06 2.00 3.00e-14 - 6.67e-06 2.00 3.49e-08 3.00 1.22e-05 2.00 1.22e-05 2.00

π/210 1.67e-06 2.00 1.01e-13 - 1.67e-06 2.00 4.36e-09 3.00 3.04e-06 2.00 3.04e-06 2.00

Source: The data of this table were obtained by the student.
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Table 4.15: Results for τ =
i

kh
and τ =

1

kh
for the LDG-H with p = 0.

τ =
i

kh
τ =

1

kh
kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 2.39e-01 - 7.28e-16 - 2.39e-01 - 7.97e-02 - 1.93e-01 - 2.09e-01 -
π/23 1.51e-01 0.67 1.46e-15 - 1.51e-01 0.67 3.33e-02 1.26 8.83e-02 1.13 9.43e-02 1.15

π/24 7.98e-02 0.92 1.37e-15 - 7.98e-02 0.92 1.59e-02 1.07 4.30e-02 1.04 4.59e-02 1.04

π/25 4.05e-02 0.98 3.07e-15 - 4.05e-02 0.98 7.84e-03 1.02 2.14e-02 1.01 2.28e-02 1.01

π/26 2.03e-02 0.99 7.53e-15 - 2.03e-02 0.99 3.91e-03 1.00 1.07e-02 1.00 1.14e-02 1.00

π/27 1.02e-02 1.00 1.09e-14 - 1.02e-02 1.00 1.95e-03 1.00 5.33e-03 1.00 5.68e-03 1.00

π/28 5.08e-03 1.00 2.73e-14 - 5.08e-03 1.00 9.76e-04 1.00 2.67e-03 1.00 2.84e-03 1.00

π/29 2.54e-03 1.00 6.68e-14 - 2.54e-03 1.00 4.88e-04 1.00 1.33e-03 1.00 1.42e-03 1.00

π/210 1.27e-03 1.00 6.10e-14 - 1.27e-03 1.00 2.44e-04 1.00 6.67e-04 1.00 7.10e-04 1.00

Source: The data of this table were obtained by the student.

Table 4.16: Results for τ = i and τ = 1 for the LDG-H with p = 1.
τ = i τ = 1

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 2.90e-03 - 4.80e-16 - 2.90e-03 - 7.69e-04 - 4.82e-03 - 4.88e-03 -
π/23 1.79e-04 4.02 1.40e-15 - 1.79e-04 4.02 2.37e-05 5.02 3.16e-04 3.93 3.17e-04 3.95

π/24 1.11e-05 4.01 3.01e-15 - 1.11e-05 4.01 7.36e-07 5.01 1.99e-05 3.98 2.00e-05 3.99

π/25 6.89e-07 4.01 4.10e-15 - 6.89e-07 4.01 2.30e-08 5.00 1.25e-06 4.00 1.25e-06 4.00

π/26 4.29e-08 4.00 4.50e-15 - 4.29e-08 4.00 7.18e-10 5.00 7.82e-08 4.00 7.82e-08 4.00

π/27 2.68e-09 4.00 4.00e-14 - 2.68e-09 4.00 2.24e-11 5.00 4.89e-09 4.00 4.89e-09 4.00

π/28 1.67e-10 4.00 3.54e-14 - 1.67e-10 4.00 9.13e-13 4.62 3.05e-10 4.00 3.05e-10 4.00

π/29 1.04e-11 4.01 5.14e-14 - 1.04e-11 4.01 6.05e-13 - 1.91e-11 4.00 1.91e-11 4.00

π/210 1.47e-12 - 1.14e-13 - 1.47e-12 - 9.16e-13 - 1.20e-12 3.99 1.49e-12 3.68

Source: The data of this table were obtained by the student.



4.5. Results for LDG-H method 86

Table 4.17: Results for τ =
i

kh
and τ =

1

kh
for the LDG-H with p = 1.

τ =
i

kh
τ =

1

kh
kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 4.47e-03 - 4.63e-16 - 4.47e-03 - 9.86e-04 - 5.57e-03 - 5.65e-03 -
π/23 6.80e-04 2.71 1.59e-15 - 6.80e-04 2.71 8.79e-05 3.49 6.40e-04 3.12 6.46e-04 3.13

π/24 8.90e-05 2.93 1.36e-15 - 8.90e-05 2.93 9.98e-06 3.14 7.81e-05 3.03 7.88e-05 3.04

π/25 1.13e-05 2.98 5.10e-15 - 1.13e-05 2.98 1.22e-06 3.04 9.71e-06 3.01 9.78e-06 3.01

π/26 1.41e-06 3.00 6.11e-15 - 1.41e-06 3.00 1.51e-07 3.01 1.21e-06 3.00 1.22e-06 3.00

π/27 1.76e-07 3.00 1.98e-14 - 1.76e-07 3.00 1.89e-08 3.00 1.51e-07 3.00 1.53e-07 3.00

π/28 2.21e-08 3.00 5.99e-14 - 2.21e-08 3.00 2.36e-09 3.00 1.89e-08 3.00 1.91e-08 3.00

π/29 2.76e-09 3.00 5.11e-14 - 2.76e-09 3.00 2.94e-10 3.00 2.36e-09 3.00 2.38e-09 3.00

π/210 3.45e-10 3.00 1.77e-13 - 3.45e-10 3.00 3.74e-11 2.98 2.96e-10 3.00 2.98e-10 3.00

Source: The data of this table were obtained by the student.

Table 4.18: Results for τ = i and τ = 1 for the LDG-H with p = 2.
τ = i τ = 1

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 2.64e-05 - 8.49e-16 - 2.64e-05 - 5.58e-06 - 4.54e-05 - 4.58e-05 -
π/23 4.12e-07 6.01 2.82e-15 - 4.12e-07 6.01 4.45e-08 6.97 7.33e-07 5.95 7.34e-07 5.96

π/24 6.39e-09 6.01 7.56e-15 - 6.39e-09 6.01 3.50e-10 6.99 1.15e-08 5.99 1.16e-08 5.99

π/25 9.94e-11 6.01 7.11e-15 - 9.94e-11 6.01 2.72e-12 7.01 1.81e-10 6.00 1.81e-10 6.00

π/26 1.63e-12 5.93 5.96e-15 - 1.63e-12 5.93 3.44e-14 6.30 2.83e-12 6.00 2.83e-12 6.00

π/27 1.22e-13 - 7.05e-14 - 1.22e-13 - 1.28e-13 - 6.86e-14 - 1.36e-13 -

Source: The data of this table were obtained by the student.

Table 4.19: Results for τ =
i

kh
and τ =

1

kh
for the LDG-H with p = 2.

τ =
i

kh
τ =

1

kh
kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 4.04e−05 - 1.34e−15 - 4.04e−05 - 7.23e-06 - 5.26e-05 - 5.31e-05 -
π/23 1.54e−06 4.72 1.40e−15 - 1.54e−06 4.72 1.68e-07 5.42 1.49e-06 5.14 1.50e-06 5.14

π/24 5.03e−08 4.93 3.88e−15 - 5.03e−08 4.93 4.85e-09 5.12 4.54e-08 5.04 4.57e-08 5.04

π/25 1.59e−09 4.98 1.35e−14 - 1.59e−09 4.98 1.48e-10 5.03 1.41e-09 5.01 1.42e-09 5.01

π/26 4.98e−11 5.00 1.27e−14 - 4.98e−11 5.00 4.61e-12 5.01 4.40e-11 5.00 4.43e-11 5.00

π/27 1.80e−12 4.79 3.33e−14 - 1.80e−12 4.79 1.63e-13 4.82 1.41e-12 4.96 1.41e-12 4.97

Source: The data of this table were obtained by the student.
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Table 4.20: Results for τ = i and τ = 1 for the LDG-H with p = 3.
τ = i τ = 1

kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 1.30e-07 - 1.54e-15 - 1.30e-07 - 2.34e-08 - 2.27e-07 - 2.28e-07 -
π/23 5.08e-10 8.00 1.87e-15 - 5.08e-10 8.00 4.68e-11 8.97 9.10e-10 7.96 9.11e-10 7.97

π/24 2.00e-12 7.99 5.43e-15 - 2.00e-12 7.99 1.14e-13 8.68 3.58e-12 7.99 3.58e-12 7.99

π/25 7.71e-14 - 9.44e-15 - 7.75e-14 - 5.68e-14 - 1.91e-14 - 5.99e-14 -

Source: The data of this table were obtained by the student.

Table 4.21: Results for τ =
i

kh
and τ =

1

kh
for the LDG-H with p = 3.

τ =
i

kh
τ =

1

kh
kh εdisp rate εdissip rate εtotal rate εdisp rate εdissip rate εtotal rate
π/22 1.98e-07 − 8.52e-16 − 1.98e-07 − 3.04e-08 − 2.63e-07 − 2.65e-07 −
π/23 1.87e-09 6.72 2.35e-15 - 1.87e-09 6.72 1.78e-10 7.41 1.86e-09 7.15 1.87e-09 7.15

π/24 1.53e-11 6.94 9.38e-15 - 1.53e-11 6.94 1.28e-12 7.12 1.41e-11 7.04 1.42e-11 7.04

π/25 6.20e-14 - 1.05e-14 - 6.20e-14 - 7.77e-14 - 1.16e-13 - 1.27e-13 -

Source: The data of this table were obtained by the student.



Conclusions and future works

Conclusions

In the first part of this thesis we applied and analyzed a high order HDG method for the Stokes
equations, and then we did the same for the Oseen equations. In both cases, a curved domain was
considered. The curved domain was approximated by a polyhedral subdomain. We showed that, under
certain assumptions, the numerical schemes were well–posed and provide orders of convergence k + 1

for the pressure, velocity and its gradient; and order k+3/2 for the numerical trace of the velocity and
for the element–by–element post–processed velocity. We also provided numerical results validating the
error estimates and showing that the method performs optimally even though some of the assumptions
cannot be totally guaranteed. In addition, we used Oseen equations to perform a Picard’s iteration and
numerically solve the incompressible Navier–Stokes equations, and the method also provided optimal
orders of convergence. We observe that one of the adventages of our approach is that the mesh does
not need fit the domain which is convenient for complicated geometries or evolving boundary. In
addition, it can be easily coupled to a standard HDG code for polygonal domains and handling the
curved boundary reduces to compute line integrals of locally extrapolated polynomials.

In the second part of the thesis we carried out a dispersion analysis of HDG methods. In particular,
we focused on the Single Face HDG (SFH) method, and an analytic expansion for the wavenumber
error was obtained for the lowest order case. That expansion showed that the rates achieved by this
method with a specific value of the stabilization parameter τ are the same than those of the Hybrid
Raviart–Thomas (HRT) method. The numerical experiments validate this behavior also for higher
orders.

Future work

According to the work done in the context of curved domains, we have the following future works:

1. The development of a suitable preconditioner to the linear system: we think that the main
limitation of our technique is the bad conditioning of the linear system when the polynomial
degree increases.

2. Symmetrizing the method: when the global system is assembled, the resultant matrix is not
symmetric, and hence the system cannot be solved with some of the well known efficient methods
such as conjugate gradient.
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3. Analysis of Navier–Stokes equations: since our numerical experiments in chapter 3 showed op-
timal results when solving Navier–Stokes equations, it is natural to think in carrying out the
theoretical analysis of the application of our technique to that problem.

4. Application to more problems: related to the previous item, it would be interesting to continue
applying our technique to other interesting problems in the context of Fluid Mechanics.

In turn, in the context of dispersion analysis, the following topics are considered to be done in the
future:

1. Other problems: there are many other equations describing wave propagation whose dispersion
properties have not been studied yet (Maxwell, acoustic wave equation, among others).

2. Study of equations modelling seismic waves and tsunamis: since Chile is a highly seismic country,
it is particularly interesting to study the dispersion properties HDG methods applied to equations
modelling seismic waves and tsunamis.



Conclusiones y trabajos futuros

Conclusiones

En la primera parte de esta tesis aplicamos y analizamos un método HDG de alto orden para las
euaciones de Stokes, y luego hicimos lo mismo para las ecuaciones de Oseen. En ambos casos, se
consideró un dominio curvo. Este dominio es aproximado por un subdominio poliédrico. Mostramos
que, bajo ciertos supuestos, los esquemas numéricos están bien planteados y entregan órdenes de
convergencia k+ 1 para la presión, velocidad y su gradiente; y orden k+ 3/2 para la traza numérica de
la velocidad y para la velocidad postprocesada, calculada elemento a elemento. También mostramos
ensayos numéricos en los que se validan las estimaciones de los errores, y en los que se ve que el
método se comporta de manera óptima aún en casos en que algunos de los supuestos no pueden ser
completamente garantizados. Además, usamos las ecuaciones de Oseen para realizar la iteración de
Picard con el fin de resolver las ecuaciones de Navier–Stokes incompresibles, y el método también
entregó órdenes de convergencia óptimos. Observamos que una de las ventajas de nuestro método es
que la malla no necesita ajustarse al dominio, lo cual es conveniente cuando se trabaja con geometrías
complicadas o con fronteras que evolucionan en el tiempo. Además, puede ser fácilmente acoplado con
un código HDG para dominios poligonales y la manipulación de la frontera curva se reduce al cálculo
de integrales de línea de polinomios extrapolados localmente.

En la segunda parte de esta tesis llevamos a cabo un análisis de dispersión de métodos HDG. En
particular, nos enfocamos en el método Single Face HDG (SFH), y para el orden más bajo se pudo
obtener una expansión analítica para el error del número de onda. Esa expansión mostró que las
tasas logradas por este método para un valor específico del parámetro de estabilización τ son las
mismas que las del método Raviart–Thomas híbrido (HRT). Los experimentos numéricos validan este
comportamiento también para órdenes más altos.

Trabajos futuros

De acuerdo al trabajo realizado en el contexto de dominios curvos, tenemos los siguientes trabajos
futuros:

1. El desarrollo de un precondicionador adecuado: pensamos que la principal limitación de nuestra
técnica es el mal condicionamiento de la matriz del sistema lineal cuando el grado polinomial
aumenta.
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2. Simetrizar el método: cuando el sistema global es ensambado, la matriz resultante no es simétrica,
y por lo tanto, el sistema no puede ser resuelto usando alguno de los métodos eficientes bien
conocidos, como por ejemplo el gradiente conjugado.

3. Análisis de las ecuaciones de Navier–Stokes: dado que nuestros experimentos numéricos en el
capítulo 3 muestran resultados óptimos cuando se resuleven las ecuaciones de Navier–Stokes,
resulta natural pensar en llevar a cabo el análisis teórico de la aplicación de nuestra técnica a ese
problema.

4. Aplicación a más problemas: relacionado con el punto anterior, sería interesante continuar apli-
cando nuestra técnica a otros problemas interesantes en el contexto de la Mecánica de Fluidos.

A su vez, en el contexto de análisis de dispersion, los siguientes temas están considerados para ser
hechos en el futuro:

1. Otros problemas: hay muchas otras ecuaciones que describen propagación de ondas cuyas propiedades
dispersivas no han sido estudiadas todavía (Maxwell, ecuación de la onda acústica, entre otras).

2. Estudio de ecuaciones que modelan ondas sísmicas y tsunamis: dado que Chile es un país alta-
mente sísmico, resulta particularmente interesante estudiar las propiedades dispersivas de méto-
dos HDG aplicados a ecuaciones que modelan ondas sísmicas y tsunamis.



Appendices
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APPENDIX A

HDG implementation

The HDG method (2.4) can be implemented similarly to the standard HDG method for polygonal
domains [52]. The boundary data g̃h defined in (1.2) produces a slight modification in the global
system, as we will see. We first construct the local matrices associated to an element K ∈ Th and the
boundary data will be imposed after the global matrix is assembled. To fix ideas we briefly describe the
two dimensional case. Let K ∈ Th with edges e1, e2 and e3, NL = dim(Pk(K)), Nu = dim(Pk(K)),
Np = dim(Pk(K)) and Nûh = dim(Pk(e1)) = dim(Pk(e2)) = dim(Pk(e3)). Let {Ψj}NL

j=1, {ψj}
Nu
j=1,

{ψj}
Np
j=1 and {ξelj }

Nûh
j=1 (l = 1, 2 and 3) the basis function of Pk(K), Pk(K), Pk(K) and Pk(el),

respectively. In our numerical experiments we considered Dubiner basis [47] for the polynomial spaces
in K and Legendre basis for the polynomial space on the edges. We write now the unknowns restricted
to K as linear combination of the basis functions, i.e., Lh|K =

∑NL
j=1 α

K
j Ψj , uh|K =

∑Nu
j=1 β

K
j ψj ,

p̃h|K =
∑Np

j=1 γ
K
j ψj and ûh|el =

∑Nûh
j=1 λ

el
j ξ

el
j . We decompose p̃h|K = ph

K + ρh, where phK ∈ P0(K)

and ρh ∈ Pk(K) ∩ L2
0(K). Since Dubiner basis are orthogonal on K and ψ1 is a constant, then

ρh =
∑Np

j=2 γ
K
j ψj . Thus, the system associated to (2.4a)-(2.4c) is of the form

AK



αK

βK

γK


 = EK



λe1

λe2

λe3


+ FK , whereAK ∈ RNT×NT ,EK ∈ RNT×3Nûh , (A.1)

FK ∈ RNT and NT := NL +Nu+Np. On the other hand, the local contribution of the global equation
(2.4g) can be written in the following matrix form

BK



αK

βK

γK


−HKph

K = ΛK



λe1

λe2

λe3


 , whereBK ∈ R3Nûh

×NT ,HK ∈ R3Nûh (A.2)

and ΛK ∈ R3Nûh
×3Nûh . Since the matrix on the left hand side of (A.1) is invertible, we express the

unknowns αK , βK and γK in terms of λel and substitute them in (A.2) to obtain a local system of
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the form

MK



λe1

λe2

λe3


+ HKph

K = bK , where MK ∈ RNûh
×Nûh and bK ∈ RNûh . (A.3)

Now, let Ne and NK be the number of edges and elements of the triangulation. We denote by
λl (l = 1, ... , Ne) the global unknowns associated to the l-th edge. We define the global vectors
λ = [(λ1)t, ..., (λNe)t]t and σ = [pK1

h , ..., p
KNK
h ]t. Thus, once the above local matrices are computed,

we assembly on the edges of the triangulation and obtain the global system of the form

[
M H

] [λ
σ

]
= b, where M ∈ R(NeNûh

)×(NeNûh
),H ∈ R(NeNûh

)×NK (A.4)

and b ∈ R(NeNûh
). In addition, equation (2.4f) can be written as [|K1| ... |KNK |]σ = 0, which,

together with (A.4) and the boundary condition, fully determines λ and σ.

We proceed now to impose the boundary condition. Let e ∈ E∂h and Ke the triangle where it belongs.
We assume that the only boundary edge of K is e and denote by e1 and e2 the other two edges. If K
had two boundary edges the procedure is analogous. From (2.4d) and (2.31) we have that

Λeλe = bg − JeαK
e
,

where

bg :=

{∫

e

∫ l(x)

0
g(x̄(x)) · ξei (x) ds dx

}Nûh

i=1

and

Je :=

{∫

e

∫ l(x)

0
Ψj(x+ st(x))t(x) · ξei (x) ds dx

}Nûh

i=1

.

Here, we see how the basis functions Ψj (defined in K) are being evaluated (extrapolated) along the

path x + st(x). From (A.1) we write αK in terms of λe1 , λe2 and λe, say αK = K



λe1

λe2

λe


 + r, and

obtain the system

[[
ΘNûh

×3Nûh
ΘNûh

×3Nûh
Λe
]

+ JeK
]


λe1

λe2

λe


 = bg − Jer. (A.5)

Finally, we substitute the rows in (A.4) associated to the global degrees of freedom of the edge e by the
equations in (A.5). This resulting global system is not symmetric (unless Je = Θ). If Ω were polygonal,
then Je = Θ and the (A.5) becomes Λeλe = bg which is one of the ways to impose Dirichlet boundary
conditions.



APPENDIX B

Integration over curved regions

In order to compute the approximation phDh and errors in Dch, integrals over K̃
e
ext must be calculated.

We write K̃e
ext as a union of three disjoint regions T1, T2 and S as Fig. B.1 shows. The same quadrature

rules considered in the calculation of the local matrices of the method are used now in the triangles
T1 and T2. Now, let eS and ΓS denote the straight and curved part of the boundary of S, resp. For
a point x in Γh, we construct σnS (x), where nS is the unit normal of eS pointing to ΓS . Thus, for a
smooth enough function q defined on S, we approximate

∫

S
q(x)dx =

∫

eS

∫ l(x)

0
q(x+ tnS)nS dt dx

using one-dimensional quadrature on both integrals.

Figure B.1: Examples of K̃e
ext divided in triangles T1 and T2, and a region S (dashed area).

Source: Own elaboration.
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