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Introduction

thin structure is a three-dimensional object with one preponderant dimension, such as a wire,
rod, beam, a combination of wires or two preponderant dimensions such as in thin films, thin
plates, shell structures etc.

In this thesis, we are interested in studying physical phenomena which take place in such domains,
more precisely, phenomena of ferro-electricity and hyper-elasticity in the union of thin structures of a
one-dimensional nature.

Although the study of ferroelectricity dates back to the 1920s, only recently theoretical models
for such phenomena in thin structures have been proposed. Gaudiello and Hamdache [46] pro-
posed a rigorous 2D —variational model for a thin film starting from classical non-convex and nonlocal
3D—variational model of the electric polarization in a ferroelectric material, via an asymptotic process.

Let hoh

Qn:(,ux:|—2n)2n|:) neN,
be a 3D ferroelectric device with open polygonal cross-section w C R? and small thickness h,, where
h, €]0,1[, n € N, is a parameter tending to zero. Since the free energy associated with Q, is non-

convex, nonlocal and it is given by (for instance, see [22, 71, 76]).

En:p=(p1,P2,P3) € (H] (—O-n))3
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where @p is the unique solution of the problem

op € H'(Qn), JQ @p dx =0, J (-Dgp+p)-Dg) dx =0, Vo € H'(Qy),

foreveryn € Nand p € (LZ(QH))3, o= —% is the reduced temperature which verifies 0 < oc < 1

since temperature T is assumed smaller than Curie temperature Tc, 3 > 0 is a positive constant, g,, €
(L?(Qy))? is an external electric field and p is the spontaneous electric polarization field. Depending
on the initial boundary conditions, the limit problem can be either nonlocal or local. For the boundary
condition,

p-v=0 onoQ, 2

11
imposing appropiate convergence assumptions on the rescaled exterior field in Q = w x ]— [,
they prove that
limmin{En(p) pe(H'(Q))? p-v=0 on aQ} =min{€-(q) : q € Poo},

n

where the functional E,, is the rescaled version of &, defined in (1) which is given by

2
Euip | (Biotap? -+ dive pP o (1P ~1)" = IDnil + (6 p)) i,
Q

where ¢, is the unique solution of the problem

op € H'(Q), chpdx:o, JQ((—Dn¢p+p)-Dnc|>) dx =0, Ve H'(Q),

2
Poo = {q € (H1(Q)> , qisindependent of x3 and q - v/ = 0 on dw x ]—;, % [},

{q e (H'(w))?:q-v' =00n aw}

and

1

2 2
500:qu (Blrotqlz+|divq|2—i—cx<|q|2—1) —ID(pq|2+J

w —

((f1,f2) dx3 - q)) dx’.

1
2

Also, in 2015, the same authors [47] proposed a reduced model for electrical polarization in a ferro-
electric wire, where starting from a non-convex and nonlocal 3D—variational model for the electric po-
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larization in a ferroelectric material, via an asymptotic process they obtain a rigorous 1D—variational
model for a thin wire. Precisely, here let

1

Qn = (hn(,U) X :|—2, E

[, neN,

be a 3D ferroelectric cylindrical device with small cross-section h, w and thickness 1, where h,, €]0, 1],
n ¢, is a parameter tending to zero and w C R? is an open polygonal set. Starting from the free
energy associated with Q,, is non-convex, nonlocal (1) with the boundary condition (2) and imposing

11
appropiate convergence assumptions on the rescaled exterior field in Q = w x }—2, 3 [, they prove

that
limmin {E.(p):p € (H'(Q)), p-v=0 on 20} =min{Ew(q):q e HH(1— 143D},

where the functional E,,, is given by (3) and

1

2 1 1
|q/* dx3 —J 939 dxs,

2 2 47 2 3
dm—kocwlj (|q|2—1) dX3+<€> IwIJ

1
2

EmeMMr

dx;

N|=
=

1
2

with g = (97, 9;, g3) and where ¢ is the dielectric permeability.

Recently, Carbone et. al. [16] starting from a non-convex and nonlocal 3D—variational model
for the electric polarization in a ferroelectric material (1), and using an asymptotic process based
on dimensional reduction analyze junction phenomena for two orthogonal joined ferroelectric thin
films and obtain three different 2D—variational models for joined thin films, depending on how the
reduction happens.

Another important phenomenon of interest for the scientific community is elasticity of thin struc-
tures plates, shells, rods and beams. Although two-dimensional or one-dimensional models for elastic
structures have been widely known for a long time since Euler, Kirchhoff, Love, Von Karman and oth-
ers, rigorous justification of these reduced models starting from three-dimensional elasticity has made
progress only in the last 30 years. Given a body Q" c R?® made of the same nonlinear hyperelastic
material with thickness h, for a deformation u € H'(Q";R3) of the thin structure the elastic energy

per unit thickness is given by
EMu) = 1J W(Vu) dx,
h Jon

where W is the so-called stored energy function. The general objetive is to obtain an asymptotic rep-
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resentation of the energy as h — 0 in the variational sense, usually, in the '—convergence framework
under specific hypothesis on the forces to which the structure is subjected.

As regards rigorous one-dimensional reduced models, one of the first results in this direction is
due Acerbi et al. [1] who deduced a nonlinear model for elastic strings by means of a reduction from

three dimensions to one. They denote by X the reference configuration of the string:
L={(x1,x2,%3) : 0 <x1 < 1,% =x3 =0},

and by Z. the “thick" elastic body L. = {(x1,x2,x3):0 <x; <1,x5 +x} < ¢?}. They assume the
stored strain energy, associated to a displacement field w, to be given by a functional of the form

J f(Vu) dx,

where f : R3*3 — [0, +00] is a suitable function, in general not convex. Assuming also that the exterior
loads derive from a potencial of the form u? + g(x)u, the equilibrium configuration of the body X, is
given by the solution u, of the minimization problem

min {J [f(Vu) +u? + g(x)ul dx} ,

where the minimum is taken over all functions u belonging to some Sobolev Space W'P(Z,;RR?) and
they prove that if ¢ — 0, then u, converges in an appropriate sense to a function u, defined on X, and
this function uy turns out to be a solution of the variational (limit) problem

min {J (5% (') + u? + g(x1,0,0)u] dxg } ,
>

where fy(z) = inf{f(z|alB); x, p € R3} and f3* denotes the convex envelope of f.

The two-dimensional analogue was studied by Le Dret and Raoult [58, 59], who derived nonlinear
models for thin homogeneous plates membranes and shells membranes. In the main work [59], they
deduced that the total energy behavior in terms of the rescaled displacement v for a family of shells
Q. with thickness ¢ > 0 made of the same nonlinear hyperelastic homogeneous material which is
subjected to surface forces g(¢) and generated by the diffeomorphism ¥ : Q, — Q. given by

W(x1,x2,%3) = P(x1,%2) + x303(X71,X2),

where Q. = wx] — ¢, e[ with w C R? open and bounded set, is given in curvilinear coordinates and
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over the rescaled domain Q = wx] —1,1[ by

Je)(v) = JQW <<a1v|azv|ai"> Ale)™ + I> det A(e)dx

- J eg(e) - (v+¥(e)) [ICof Ale)esldo,
S+

where,
Ale)(x) = V¥(x1,x2, ex3) = A(x1,%2) + £x3 (0az(x1,x2)[02a3(x1,%2)[0) .

Under assumptions specific on the surface forces g(¢) and the stored energy function W, by
dimension-reduction and '—convergence, the authors obtained that the sequence J*(e) '—converges
in the strong topology of LP(Q;R3) when ¢ — 0. Let J*(0) be its '—limit. For allv € LP(Q;R3), J*(v)(0)
is given by

() ZJ QW (x, (a7 + 01v]az + 0,v)) Vadx dx; — J G- (P +v)Vadxidxy, ifve Vi,

+00, otherwise,
where Vy = {v e WIP(Q;R3); a3v = o} ,

i 1,p LT3
welP(QRY, (o)) = O IV EWTIORY,

+00, otherwise,

G = g(x1,x2,1) + g(x1,x2,—1), y/a = det A(x) and QW, is the quasiconvex envelope of Wy : @ x
R — R
Wo(x,F) = inf W ((ﬂz)A—‘ (x)> .
z€R3
During recent years interesting contributions on this nonlinear elasticity framework have been
made by Friesecke et al. [38, 37, 40], Babadjian and Baia [7], Lewicka et al. [60, 62, 61], Hornung
and Velci¢ [73, 74, 75, 54, 55] among others.

Based on the above two contexts involving ferroelectric material and nonlinear hyperelasticity for
homogeneus material it is worth asking the following questions:

1. Is it possible to determine new ferroelectric models for T—junction of thin wires extending that
given by Gaudiello et al. in [47] for a thin wire only?
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2. Is it possible to determine new nonlinearly hyperelastic models for T—junction of thin beams
extending that given by Acerbi et al. in [1]?

Our main results in the thesis concern 3D — 1D models related to ferroelectric and nonlinearly
hyperelastic problems in thin multi-structures which are obtained through dimension-reduction and
I'—convergence.

The work is structured into three chapters whose contents are briefly described below.

Chapter I is essentially an introduction to '—convergence theory essential for the study of the
problems of thin structures and multi-structures. We also briefly describe the basic ferroelectric, elastic
and hyperelastic models which form the starting points of the analysis.

In Chapter II, starting from a 3D—variational model for ferroelectric devices and using an asymp-
totic process based on dimensional reduction, we analyze junction phenomena in a fin-like structure
composed of two orthogonal joined ferroelectric thin cylinders (see Figure 3.1). Such a structure ap-
pears in some types of non-planar transistor used in the design of modern processors, the so-called Fin
Field Effect Transistor (FinFET). We obtain different 1D—variational models depending on the various
boundary conditions. In Section 2.2, the initial problem is rescaled on a fixed domain independent
of the thickness parameter. Section 2.3 is devoted to the introduction of the constant 1 defined in
(2.9) which appears in the limit of the nonlocal term. Section 2.4 is the heart of the chapter. In
accordance with any of the several boundary conditions on the polarization, different limit behaviors
of the polarization are expected, and consequently also different behaviors of the nonlocal term could
be produced. Indeed, in Proposition 2.4.2, we prove that if the potential generating the nonlocal
term is the solution to problem (2.2), then really the limit of the nonlocal term depends on boundary
conditions on the polarization and we give a very general formula for the limit of the nonlocal term
which covers all the possible cases coming from several boundary conditions on the polarization. If
the potential generating the nonlocal term is the solution to problem (2.3), in Proposition 2.4.3, we
prove that the limit of the nonlocal term is independent of the boundary conditions on the polarization
and, precisely, it is always zero. Finally, using the main ideas of the I'-convergence method introduced
in [33] (see also [12], [32], and [17]), in Sections 2.5, 2.6, 2.7, and 2.8 we study the asymptotic be-
havior of problems (2.4), (2.5), (2.6), and (2.15), respectively, obtaining L2-strong convergences on
the rescaled polarization p,, on the rescaled potential ¢, and on their rescaled gradients. In Section
2.9, we just sketch what happens when the potential generating the nonlocal term is the solution to
problem (2.3). The results of this chapter appear in our article [18].

Finally, in Chapter III, we consider a nonlinearly hyperelastic material structure having the form
of a T—shaped multi-domain composed of two orthogonal joined thin beams whose thicknesses go to
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zero. We show, under appropiate hypotheses on the loads, that the deformations that minimize the
total energy weakly converge in a Sobolev space towards the minimum of a 1D—dimensional energy.
This energy is obtained by '—convergence. The chapter is organized as follows: Section 3.2 begins
with the basic background about our multidomain in the context of 3D elasticity. Then it is followed
by a rescaling of the problem and we define the appropiate Sobolev spaces for the deformations and
displacements involved in the rescaled problem. The main result (Theorem 3.1) of the chapter is given
in Subsection 3.2.4. We begin Section 3.3 with Lemma 3.1 and Propositions 2.6.1, 2.4.1 and, Theorem
3.1 is proved with their help. Finally, in Section 3.4, we end by computing the 1D—stored energy in
the case of the Saint Venant-Kirchhoff material for the junction (Proposition 2.6.2). The results of this
chapter have been submitted for publication.
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Abstract

In this work, firstly we study the junction phenomena for two joined thin structures in two kind of context, the
first: ferroelectricity, starting from a non-convex and nonlocal 3D-variational model for the electric polarization
in a T—junction of two orthogonal thin wires made of ferroelectric material, and using an asymptotic process
based on dimensional reduction, we obtain different 1D variational models depending of the initially boundary
condition, and the second context: hyperelasticity, starting from 3D nonlinear elasticity equations and using
dimensional reduction and '—convergence analyze junction phenomena for two orthogonal joined thin beams
and we obtain a 1D variational model composed of the elastic energy of the vertical beam and the horizontal
beam.

Keywords: electric polarization, ferroelectric devices, hyperelasticity, thin wires, junctions, dimension reduc-

tion, gamma-convergence.
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Resumen

En este trabajo primeramente estudiamos el fenémeno de la unién para dos estructuras en dos tipos de contex-
tos, el primero: ferroelectricidad, iniciando desde un modelo tridimensional variacional no local y no convexo
para la polarizacién eléctrica en una unién en forma de T de dos cables ortogonales hechos de material fer-
roeléctrico, y usando un proceso asintético basado en reduccién dimensional, obtenemos distintos modelos 1D
dependiendo de las condiciones de frontera iniciales. El segundo contexto: hiperelasticidad, a partir de las
ecuaciones de elasticidad tridimensional y usando reduccién de dimensién y '—convergencia analizamos el
fenémeno de la unién para dos vigas ortogonales unidas y obtenemos un modelo variacional 1D compuesto de
la energia elastica de la viga vertical y la viga horizontal.

Palabras Claves: polarizacion eléctrica, dispositivos ferroeléctricos, hiperelasticidad, cables delgados, uniones,

reduccién de dimensién, gamma-convergencia.
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Chapter

Background material

This chapter is devoted to summarize the material that constitutes the background for the rest of the
thesis. The contents of Section 1.1 are the notations used throughout the work. In Section 1.2, we
introduce the main method that has been used in this thesis: the direct method of the calculus of
variations and '—convergence. In this direction, we recall some properties of '—convergence. Finally,
in Section 1.3, we recall the notion of a thin structure and the corresponding three dimensional
ferroelectric and nonlinear hyperelastic models in existence. A more detailed description of some of
the contents of this chapter can be found in [12, 13, 32, 5], among others.

1.1 Notation

Throughout this thesis, we denote by N, R, R* and R™*" the sets of natural, real, positive real numbers
and the space of real m x n matrices endowed with the usual Euclidean norm for a m x n-matrix F
as |[Fl| = VurFTF respectively. In this work, h = {h,}?°; stands for a generic decreasing sequence of
positive numbers such that nlgr()lo hn = 0. We will write a generic point x € R3 as

x = (x',x3), where x'€R? and x3;€R,

and we will use the notation V' to denote the gradient with respect to x’. For every r € R, [r] is
its the greatest integer part. With a slight abuse of notation, for every x’ € R?, [x'] and |x/] are the
points in R? whose coordinates are given by the greatest and least integer parts of the coordinates of
x', respectively. We denote by SO(3), the set of proper rotations, that is

3
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SO(3):={Re R*3:R"TR=1d and detR = 1}.

Given a matrix M € R3*3, M’ stands for 3 x 2 submatrix of M given by its first two columns. For

every M € R™™ sym M is the n x n symmetrized matrix defined as

M +MT
symM = %

We adopt the convention that C designates a generic constant, whose value may change from expres-

sion to expression in the same disscusion.

1.2 The Direct Method of the Calculus of Variations and
'—Convergence

In this section, we give a brief introduction to the direct method of the calculus of variations,
'—convergence and their basic properties motivated by the works in Chapter 2 and Chapter 3. Let

(X,d) be a metric space and let f : X — R be a function not identically equal to oo, where R is
the extended real line, [—o0,+00]. The direct method provides conditions on X and f to ensure the
existence of a minimum point for f. Tonelli’s direct method may be summarized in four steps:

Step 1: Consider a minimizing sequence {u,} C X, that is, a sequence such that

lim f(uy) = inf f.
n—oo ueX

Step 2: Prove that {u,} admits a subsequence {un,} that converges with respect to some (possibly
weaker) topology T to some point uy € X.

Step 3: Establish the sequential lower semi-continuity of f with respect to T.

Step 4: In view of Steps 1-3, conclude that 1y is a minimum of f because

inf f = lim f(un) = lim f(un,) > f(uo) > inf f.

ueX n—oo j—o0 ueX

We now turn our attention to describe the behavior of a family of minimization problems depend-
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ing on a parameter, for example,
inf{fn(u) : u € Xy},

for h > 0. The goal is to approximate these problems by using a limit theory as h — 0 leading to an
“effective energy" f, with the limiting problems described by

min{f(u) : u € X}

A suitable notion of convergence for the family of functionals fy so that the limiting functional may
be treated using the direct method, as outlined above, is '—convergence. Below we briefly recall
the principal notions and results but a more detailed explanation can be found in [12, 13, 32]. Our
exposition follows closely that of Braides [13] as the main ideas presented there are very transparent
and understandable.

The "'—convergence introduced by De Giorgi and Franzoni [33] is designed to address the con-
vergence of minimum problems: it may be convenient in many situations to study the asymptotic
behavior of a family of problems

mpy = min{fy(x) : x € Xy} (1.1

not through the study of the properties of the solutions xy, but by defining a limit energy f, such that,
as h — 0, the problem
my = mil‘l{fo X e XQ} (1.2)

is a ‘good approximation’ of the previous one; i.e. m;, — mp and x, — xo, where x, is itself a solution
of my. This latter requirement might involve the extraction of a subsequence if the ‘target’ minimum
problem admits more than a solution. Of couse, in order to make this procedure a sense, we required a
equi-coerciveness property for the energies f},; i.e., that we may find a pre-compact minimizing sequence
( that is, fl,(xn) < inffy + o(1)) such that the convergence x;, — xo can take place.

Then, the natural notion of the '—limit fy, of f,, with respect to a topology X, is given by the
following two conditions:

(i) liminf inequality: for every x € X, and for every x;, — x we have

In other words, fy is a lower bound for the sequence fy, in the sense that fo(x) < fh(xn) +
o(1), whenever x;, — x. If the family f,, is equi—coercive, then this condition immediately
implies one inequality for the minimization problems: if (xy) is a minimizing sequence and
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(upon subsequences) x, — xo then

inffo < fo(Xo) < 11hm i(I)‘lffh(Xh) = 11hm 1(I)lf iI‘lffh (14)

(ii) limsup inequality or existence of a recovery sequence : for every x € Xy we can find a sequence
Xn — x such that

fo(x) > lim sup fn(Xn). (1.5)
h—0

Note that if (1) and (ii) hold then in fact fo(x) = lim;,_,o fr (X1 ), so that the lower bound is sharp.

From (1.5), we get in particular that fy(x) > limsup inf f,, and since this holds for all x, we
h—0
conclude that

inffy > lim sup inf fy,. (1.6)
h—0

An f, satisfying (1.5) is an upper bound for the sequence (fy) and its computation is usually

related to an ansatz leading to the construction of the squence Xj,.

From the two inequalities (1.3) and (1.6) we obtain the convergence of the infima my, in (1.1)
to the minimum my in (1.2). Not only that: we also obtain that every cluster point of a minimizing
sequence is a minimum point for fy. This is the fundamental theorem of I'—convergence, that is
summarized by the implication

' — convergence + equi-coerciveness —> convergence of minimum problems.

A hidden element in the procedure of the computation of a '—limit is the choice of the right
notion of convergence x; — x. This is actually one of the main issues in the problem: a convergence
is not given beforehand and should be chosen in such a way that it implies the equi-coerciveness of
the family f;,. The choice of a weaker convergence, with many converging sequences, makes this
requirement easier to fullfill, but at the same time makes the liminf inequality more difficult to hold.
In the following, we will not insist on the motivation of the choice of the convergence, that in most
cases will be a strong LP—convergence (the choice of a separable metric space makes life easier). The
reader is anyhow advised that this is one of the main points of the '—convergence approach. Another
related issue is that of the correct energy scaling. In fact, in many cases the given functionals f}, will
not give rise to an equi-coercive family with respect to a meaningful convergence, but the right scaled
functionals, e.g., h™*fy, will turn out to better describe the behaviour of minimum problems. The

correct scaling is again usually part of the problem.

Applications of '—convergence to artial differtential equations can be generally related to the
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behaviour of the Euler-Lagrange equations of some integral energy. The prototype of such problems
can be rewritten as

my, = inf {JQ fr(x, Du)dx — J

(gyu)ydx:u=¢@ on GQ}. (1.7)
Q

1.2.1 Definition and properties of '—convergence

We have seen at the beginning of Section 1.2 how a definition of '—convergence can be given in terms
of properties of the functions along converging sequences. That one will be the definition, we will
normally use. For the sake of completeness, we give a more general definition of '—convergence,
following Braides [12] or Dal Maso [32] for a family of functions fy : X — [—o0, 0] defined on a
topological space X. In that case we say that f;, '—converges to f : X — [—oo,00] at x € X as h — 0 if
we have

f(x) = sup liminf inf fi,(y) | = sup sup inf inf fy(y)
UeN(x) h—0 yelu UeN (x) 0<p h<pyelu

= sup limsup inf fy(y) [ = sup infsup inf fi(y) |, (1.8)
UeN(x) h—o Yeu UeN (x) 0<P h<p yeu

where N (x) denotes the family of all neighbourhoods of x in X. In this case, we say that f(x) is the
I'—limit of f}, at x and we write
f(x) =T — lim f;,(x). (1.9
h—0

If (1.9) holds for all x € X then we say that f;, '—converges to f (on the whole X). Note that we
sometime will consider families of functionals fy, : X, — [—00, co], where the domain may depend on
h. In this case, it is understood that we identify such functionals with

~ frn if x € Xn
fr(x) = _
+oo if X\ Xh,

where X is a space containing all X}, where the convergences takes place.

THEOREM 1.1. (see [13]) (equivalent characterizations of '—convergence) Let X be a metric space and
let fr, T : X — [—o00, 00]. Then the I'—convergence of f}, to f, in the sense of the definition given above, is
equivalent to any of the following conditions
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(a) we have

f(x) = inf{liminffh(xh) IXp — x} = inf{limsup fhixn) : xp — x} : (1.10)
h—0 h—0
(b) we have
f(x) = min {liminffh(xh) DX — x} = min {lim sup fn(xn) : xp — x} : (1.11)
h—0 h—0

(c) (sequential T'—convergence) we have

(i) (liminf inequality) for every sequence (xy) converging to x

f(x) < liminf fy(xn); (1.12)
h—0
(ii) (limsup inequality) there exist a sequence (xy) converging to x such that

f(x) > limsup 1, (xn); (1.13)
h—0

(d) the liminf inequality (c)(i) holds and

(i)’ (existence of a recovery sequence) there exist a sequence (xy) converging to x such that
f(X) = lim fh(Xh). (114)
h—0

(e) the liminf (c)(i) holds and

(ii)” (aproximate limsup inequality) for all 1 > 0 there exists a sequence (xy) converging to x
such that
f(x) > lim sup f(xn) —n. (1.15)
h—0

Moreover, the T'—convergence of fy, to f on the whole X is equivalent to

(f) (limits of minimum problems) inequality

inff > lim sup inf f,, (1.16)
u h—o U

holds for all open sets U and inequality

inff < sup {liminf inff, :UDK/U open} (1.17)
K h—0 U
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holds for all compact sets K.

Finally, if d denote a distance on X and we have a uniform lower bound f(x) > —c (1 + d(x,xo)P)

for some p > 0 and xo € X, then the '—convergence of fy, to f on the whole X is equivalent to
(g) (convergence of Moreau-Yosida transforms) we have

f(x) = sup liminf in)f( {fr(y) +Ad(x,y)P}
ye

A>0 h—0

= suplimsup inf {f,(y) + Ad(x,y)P}. (1.18)
A>0 h—oo YeX

Now we recall some of the main properties and results involving '—convergence.

THEOREM 1.2. (¢f [13]) (Compactness) Let (X, d) be a separable metric space, and for all j € N let
fj : X — R be a sequence of functions. Then there exist an increasing sequence of integers (ji) such that
I" — limy fj, (x) exists for all x € X.

PROPOSITION 1.2.1. (see [12]) (Urysohn property) We have I' — lim; f; = f if and only if for every
subsequence (fj, ) there exists a further subsequence which T'—converges to f.

DEFINITION 1.1. A family fy, : X — R is called positively homogeneous of degree d > 0 if for all x € X
and A > 0 we have f;,(Ax) = A4fy(x) for all h > 0.

PROPOSITION 1.2.2. (c¢f. [13]) If each element of the family (f},) is positively homogeneous of degree d
(respectively, convex, a quadratic form) then their I'—limit is f( is positively homogeneous of degree d
(respectively, convex, a quadratic form).

DEFINITION 1.2. We will say that a sequence fy, : X — R is equi—coercive if for all t € R there exists a
compact set K¢ such that {f;, <t} C K.

THEOREM 1.3. (see [13]) (Fundamental theorem of '—convergence) Let (X, d) a metric space and let (fy,)
be a equi-coercive family of functions on X, and let f =T — limy,_,o fy; then

minf = lim (inffh) . (1.19)
X h—0 \ X

Moreover, if (xy,) is a precompact sequence such that limy,_,o i, (xy) = limy,_,o infx f, then every limit of
a subsequence (xy) is a minimum point for f.
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In many cases, without scaling I'-limit provides a functional with a lot of minimizers. In this case,
a further T—limit of higher order’, with a different scaling, may bring more information, as formalized
in the following result by Anzellotti and Baldo in [5] (see also [6]).

THEOREM 1.4. (cf. [13])(Development by '—convergence) Let (X,d) now be a metric space. Let fy, :
X — R be a family of d—equi—coercive functions and let f* = I'(d) — limp_,o Fr. Let my, = inff}, and
mo = min F°. Suppose that for some &, > 0 with &, — O there exists the T'—limit

i, — m?
1 / . h

— _1

f ra’ hlrr(l) o

(1.20)

and that the sequence f| = (f, — m®)/8y, is d'—equi—coercive for a metric d’ which is not weaker than
d. Define m' = minF' and suppose that m' # +oo; then we have that

mp = m® + &pm' + o(8y) (1.21)

and from all sequences (xy) such that fy(xp) — mp = 0(dy) (in particular this holds for minimizers, if

any) there exists a subsequence converging in (X, d’) to a point x which minimizes both f° and f'.

1.3 Thin structures, ferroelectric and nonlinearly hyperelastic
model

1.3.1 Thin structures

A thin structure is a three-dimensional object with one preponderant dimension, such as a wire, rod,
beam, a combination of wires or two preponderant dimensions such as in thin films, thin plates, shell
structures etc. In these structures, some physical phenomena take place that are generally described
by variational problems. By starting from 3D models and using asymptotic mathematical methods,
one tries to obtain 1D or 2D limit problems describing the physical phenomena in a thin structure.
The reduced models are justified by reasons of simplicity and economy, and are also necessary from a
numerical point of view. In this thesis, we are interested in ferroelectric problems and in nonlinearly
hyperelastic problems in thin structures which are unions of components of a one-dimensional nature.
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1.3.2 Ferroelectric model

Ferroelectricity is a property of some materials to have a spontaneous electrical polarization that can
be reversed by the application of an external electric field. Hysteresis phenomena appear, so the
behavior of these materials is very similar to the one of ferromagnetic materials. Analogously, a Curie
temperature Tc appears, too.

The idea of existence of materials which can have stable electric polarization is as old as the
study of electrical phenomena. The quest was perhaps opened by S. Gray in the middle of eighteenth
century. O. Heaveside is quoted as the creator of term “electret” for this kind of materials in 1885,
borrowing the name from magnet, by analogy. T. Iguchi obtained the first electret at the beginning of
the 1920s by mixing and heating some inorganic natural materials. In the 1920s, J. Valasek discovered
the presence of a hysteresis cycle (and so the first ferroelectric material) in Rochelle salt, a common
salt but chemically and crystallographically complex enough. Immediately later, another ferroelectric
salt was discovered (KH;PO,4). Then the study of ferroelectric phenomena using some theoretical
models were proposed. In the 1940s, the family of ferroelectric material enlarged, e.g. ferroelectric
properties were demonstrated in barium titanate (BaTiO3) and lead titanate (PbTiO3). These simple
materials opened the way for industrial use of materials with ferroelectric properties and also the
modeling of these materials was more intensively studied. Properties of ferroelectric materials are
now applied in a wide variety of contexts. In particular, due to the switching effect of hysteresis cycle,
thin ferroelectric materials are used in electronic circuits with miniaturized and integrated forms in
memory and storage devices as, for instance, radio frequency identification cards (RFID). Moreover,
also the ferroelectric tunnel junction (FTJ) seems to offer great opportunities. We refer to [9, 22, 30],
about the history and applications of ferroelectric material. Recently, the mathematical modeling (in
the static case) of thin structures of ferroelectric materials was studied starting from a non-convex
and nonlocal 3D-variational model for the electric polarization. Via an asymptotic process based on
dimensional reduction, 2D-variational models for thin films were obtained in [46], and 1D-variational
models for thin wires were obtained in [47].

Now, we summarize the essential features of the model that we consider (see also [9, 22, 30, 63,
68, 71, 76]). We do not take into account any deformation of the ferroelectric material. The electric
displacement D is given by D = ¢oE + P, where ¢y > 0 is the vacuumpermeability, E is the applied
external field, and P is the spontaneous electric polarization in a ferroelectric body B. Assume that E
is the gradient of a potential 1 , i.e.

E = D, (1.22)
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and that the electric field generated by P derives from a potential @p satisfying the electrostatic equa-
tion
div (—¢oDep +P) = 0. (1.23)

We limit ourselves to the case where no strong electric field has been applied on B, but only a very weak
electric field acts on it (e.g. it is the case of iron in the ferromagnetism, before the magnetization, by
analogy). Then we can assume that there are not Weis domains (i.e. regions with different polarization
separated by well-defined interfaces), but only transition regions. In this framework, we can assume
that the polarization does not generate an electric field outside B. Consequently, equation (1.23) holds

true in B, and the boundary conditions
P.v=0, Dep-v=0 onoB (1.24)

can be added, where v denotes the unit outer normal on 0B.

One assumes that P minimizes the energy functional
2
J <f3|rotP|2 +|divP]? + « (|1>|z - 1) ) dx +J DY + Depl*dx, (1.25)
B R3

where « and 3 are two positive constants independent of the external field and of the temperature.
Here, [, (BlrotP? + |divP[*) dx reduces to the classical energy [, [IDP*dx when = 1 (see (1.22)), so
roughly speaking this term penalizes the spatial variation of P. The term « [ (IPI2 — 1)2 dx obliges |P|
to be near to 1, and it can induce a phase transition of P. So the body is driven to have regions of uni-
form polarization separated by thin transition layers. The term [; D) + Dp|?dx is the electrostatic
energy. As this last term is concerned, we have

J DY + Dopl?dx = J |E[?dx + 2J Dy - Dpdx + J IDop|?dx, (1.26)
R3 R3 B B
thanks to (1.22). On the other hand, using (1.23) and (1.24) give
1
J Dy - Depdx = J D1 - Pdx. (1.27)
B €0 JB

Consequently, inserting (1.26) and (1.27) in (1.25), and remarking that [g; |E[*dx is constant with
respect to P, the energy functional minimized by P becomes

2 2
J <f3|rotp|2+|divp|2+<x(|p|2—1) )dx—i—J ID@plzdx+J E - Pdx, (1.28)
B B € JB
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where [ IDpl|*dx is the electrostatic energy induced by P, and the external energy | s E - Pdx favors
the polarization parallel (but in opposite sense) to E.

1.3.3 Nonlinearly hyperelastic model

We consider an elastic body that occupies the closure of a bounded, open, connected subset Q of R3
with a sufficiently smooth boundary in the absence of applied forces, henceforth called the reference
configuration of the body. Any other configuration that the body might occupy when subjected to
applied forces will be defined by means of a deformation, that is, a mapping

O:0 R

that is orientation preserving (i.e., det V@ (x) > 0 for all x € Q) and injective on the open set Q (i.e., no

interpenetration of matter occurs). The image ®(Q) is called the deformed configuration of the body
defined by the deformation ®@. “The difference” between a deformed configuration and the reference
configuration is given by the displacement, which is the vector field defined by

u:==o —id,

where id : Q — Q is the identity map.

We now give the basic definitions and notions of elastic materials and refer to Ciarlet [24] for a
more detailed description of the same. Let T(x) and X(x) be the first and second Piola-Kirchhoff stress

tensor at x respectively. A material is elastic if there exist a function T(x) : Q x Ri“ — R3*3 such that
T(x) :=T% (x, VO(x)), forallx € Q c R>.

Equivalently, a material is elastic if there exists a function ¥ : Q x Ri“ — R3*3 such that
I(x):=I% (x,VD(x)), forallx e Q c R3.

Either function T# or # is called the response function of the material.
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1.3.3.1 Frame-indifference

A response function can not be arbitrary, because a general axiom in physics asserts that any “ob-
servable quantity" must be independent of the particular orthogonal basis in which it is computed.
This property, which must be satisfied by all elastic materials, is called the axiom of material frame-
indifference. The following theorem translates this axiom in terms of the response function of the
material.

THEOREM 1.5. [24, Section 3.3.] An elastic material satisfies the axiom of material frame-indifference if
and only if
T# (x, QF) = QT” (x,F) forallx € QandQ € SO(3) and F e R33,

or equivalently,

2#(x,QF) = £¥(x,F) forallx € QandQ € SO(3) and F € R¥.

This axiom restricts the form of the response function. We now examine how its form can be

further restricted by other properties that a given material may posses.

1.3.3.2 Isotropic material

An elastic material is isotropic at a point x of the reference configuration if the response of the material
“is the same in all directions". An elastic material occupying a reference configuration Q is isotropic
if it is isotropic at all points of Q. The following theorem gives a characterization of the response
function of an isotropic elastic material:

THEOREM 1.6. [24, Section 3.4.] An elastic material occupying a reference configuration Q is isotropic
if and only if

T# (x,FQ) = T*(x,F)Q forallx € QandQ € SO(3) and F € R,
equivalently,

(x,FQ) = Q"I*(x,F)Q forallx € QandQ € SO(3) and F € R3*.
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1.3.3.3 Natural state

The response function of an elastic material can be further restricted if its reference configuration is
a natural state, according to the following definition: A reference configuration Q is called natural
state, or equivalently is said to be stress-free (see [24, Section 3.6.]), if

T#(x,1) =0 forallx € Q,

or equivalently, if and only if
#(x,1) =0 forallx € Q.

1.3.3.4 The equations of nonlinear three-dimensional elasticity

Assuming that the constituting material has known response function given by T or by £# and that
the body is held fixed on Iy := 0Q \ Ty, one can deduce combining the equations of equilibrium given
in [24, Theorem 2.6-1.] with the constitute equations of the material seen above (frame-indifference,
isotropic, heterogeneous and natural state) that the deformation arising in the body in response to the

applied forces of densities f and g satisfies the nonlinear boundary value problem:

—divT(x) =f(x), xe€Q,
(D(X) =x, x€lp, (1.29)
T(x)n(x) =g(x), x €T,

where I is a da—measurable subset of the boundary of Q, Ty = 0Q \ I,

T(x) = T#(x, VO(x)) = VO (x) ¥ (x, VD(x)) forallx € Q.

1.3.3.5 Hyperelastic material

An elastic material is hyperelastic if there exist a function W : Q — R3*® — R, called the stored
energy function, such that its response function T# can be fully reconstructed from W by means of

the relation W
TﬂxHZBme for all (x,F) € Q x R3*3,
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where % denotes the Fréchet derivative of W with respect to the variable F. In other words, at each
x € Q, 2% (x,F) is the unique matrix in R>*3 that satisfies

ow
W(x,F+H) =W(x,F) + ﬁ(x, F) : H+ ox(|H|)
forall F € Riw and H € R3*3 (a detailed study of hyperelastic materials can be found in e.g. [24,
Chap. 4]).

John Ball [8] has shown that the minization problem formally associated with the equations of
nonlinear three-dimensional elasticity (see (1.29)) when the material constituting the body is hyper-
elastic has solutions if the function W satisfies certain physically realistic conditions of polyconvexity,
coerciveness, and growth.

The major interest of hyperelastic materials is that, for such materials, the equations of nonlinear
three-dimensional elasticity are, at least formally, the Euler equation associated with a minimization
problem (this property only holds formally because, in general, the solution to the minimization prob-
lem does not have the regularity needed to properly establish the Euler equation associated with the
minimization problem). To see this, consider first the equations of nonlinear three-dimensional elas-
ticity (see (1.29)), where, for simplicity, we have assumed that the applied forces do not depend on
the unknown deformation ®.

A weak solution ® to the boundary problem (1.29) is then the solution to the following variational
problema, also known as the principle of virtual works:

JQT#(-,VCD) : Vvdx :J

f-vdx+J g-vda (1.30)
Q

I
for all smooth enough vector fields v : O — R3 such that v = 0 on I},. If the matrial is hyperelastic,
then T (x, VO (x)) = aailﬁ/(x, V®(x)), and the above equation can be written as

where ]’ is the Fréchet derivative of the functional | defined by

J(¥) = Lz W (x,V¥(x)) dx — J

f.de—J g V¥da, (1.31)
Q

I

for all smooth enough vector fields W : QO — R3 such that ¥ = id on I},. The functional ] is called the
total energy.
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Therefore the variational equations associated with the equations of nonlinear three-dimensional
elasticity are, at least formally, the Euler equations associated with the minimization problem

J(®) = min J(¥),

where M is an appropiate set of all admissible deformations ¥ : Q — R3.
The first term in equation (1.31)
E(V) :—J W (x, V¥(x)) dx (1.32)
Q

is called the elastic energy for a three-dimensional body QO made of the same nonlinearly hyperelastic
material which satisfies the axiom of material frame-indifference and is a natural state, i.e. for all
x € Q, we have W(x,RF) = W(x,F) and W(x,I) =0 for all F € R3*3, R € SO(3).
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printed versions) in ESAIM: Mathematical Modelling and Numerical Analysis.
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Abstract. In this chapter, starting from a non-convex and nonlocal 3D variational mathematical
model for the electric polarization in a ferroelectric material, and using an asymptotic process based
on dimensional reduction, we analyze junction phenomena for two orthogonal joined ferroelectric
wires. Depending on the initial boundary conditions, we get several limit problems.

Keywords: electric polarization, nonlocal problems, optimal control, wire, junctions.

2010 AMS subject classifications: 35Q61; 78A25; 49J20.

2.1 Introduction

In this paper, starting from a non-convex and nonlocal 3D variational mathematical model for the
electric polarization in a ferroelectric material, and using an asymptotic process based on dimensional
reduction, we analyze junction phenomena, from an energetic point of view, for two T-joined ferro-
electric wires. Depending on the initial boundary conditions, we get several limit problems. We refer
to [9], [22], [30], [63], [68], [71], and [76] (see also the introduction in [16]) about general history,
applications, and mathematical modeling of the electric polarization in ferroelectric structures.
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Let {hnnen CJO, 1] be a sequence such that

limh, =0.
n
For every n € N, set (see Figure 3.1)

2
Q¢ =h, |5, 3 x 0,1, QY=]-33[xha(]-3,3[x]-1,0), Q.=0Q3uUQf.

The multidomain Q,, models a ferroelectric structure consisting of two joined orthogonal paral-
lelepipeds Q¢ and Q2. The first parallelopiped has constant height along the direction x3, the second
one has constant height along the direction x;, while both of them have a small cross section of area
hZ and are joined by the small surface h,, ] —%, % [2 x {0}. Several energetic approaches can be consid-

“hy /zﬂ‘z_._

Figure 2.1 The set Q,,.

ered. We begin with a standard choice for the functional representing the energy. Precisely, consider
the following non-convex and non-local energy associated with Q,,

3 2
£.:Pe (H‘ (Qn)) - L (lD PP+ « (|P|2 . 1) +Dpl? + Fy - p) dx, 2.1)
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where « is a positive constant, F,, € (Lz(Qn)) , - denotes the inner product in R?, and @p is the unique

solution, up to an additive constant, to

min{J <—;|D(p|2 +P. D(p) dx: ¢ e H' (Qn)}, (2.2)
or alternatively @p is the unique solution to the following problem

min{J <—;ID(p|2 +P. D(p) dx: ¢ € Hg(Qn)}. (2.3)

Note that in (2.2) and in (2.3) the vacuum permeability constant is assumed equal to 1.

The direct method of calculus of variations ensures that the following problems

3
min {5n(p) Pc (H‘(Qn)) } (2.4)
3
min {5n(p) L Pc (H1 (Qn)) ,P.-v=0on E)Qn} , (2.5)
and .
min {5n(p) . Pc (H‘ (Qn)) . P//e;on aQn}, (2.6)

admit solutions, where v denotes the unit outer normal on 0Q,, e3 = (0,0, 1), and // is the symbol of

parallelism.
Note that (2.4), (2.5), and (2.6) are optimal control problems.

With respect to the conditions on @p, we note that considering minimization problem (2.2) pro-

vides
div (—D@p+P) =0, inQ,,

2.7)
(—Dep+P)-v=0, onodQ,,
and so the classical boundary flow balance condition, while minimization problem (2.3) provides
div (—Dep+P) =0, in Q,,
(2.8)
@p =0, on 0Q),,

and so the classical boundary condition of "grounded domain".
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We precise that our modeling is restricted to the cases where the external field F,, is weak with
respect to the intensity of the intrinsic polarization P. So, in our choice of energetic functional, we
can omit to take into account formation of Weiss domains and walls, but we admit only transition
regions. Moreover, considering minimization problem (2.5) entails the action of a very weak external
field F, on a body which was not previously polarized (see also introduction in [16]). Considering
minimization problem (2.6) entails the action of an external field F,, on a body previously polarized
along an assigned direction. The external field is not strong enough to change the orientation of the
polarization on the boundary. Eventually, considering minimization problem (2.4) entails the action
of a stronger electric field F,,.

The goal of this paper is to study the asymptotic behavior, as n to oo, of these problems. To this
aim, the external field F,, is rescaled on

NI

0su 0P = (J=5, 3 X010 u (]-4, 3 [ x1 = 1,00)

((see (2.18)) and the rescaled field is assumed to converge to (f¢ f°) weakly in
(L2 (Q‘l))3 x (L2 (Qb))3 (see (2.30)). Moreover, let

3 1 a
E.q%c (H1 (]0,1[)) - L <‘ii3

2

2
+oc(lg®P=1)"+n (lat? +las?) + |q§|2> dx3
[2 fadx1 dXz . qa) dX3,
1 S (lag®

b. b 1 _ —1
eriae (0 (| -3o)) - [, (5

0
+J J fodxpdx; - q° | dx,

7% ]*%,%[X}*],O[

E':q°c <H] <]°;D>3 HE (’(cit?:

2

(1P =1) 4 1ab +n (1g3 + |qg|2)> dx,

2 +x (Iqbl2 — 1)2 +1qP* +n (Ic|5’|2 + Iq?l2)> dxy
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where 1 is the constant defined by

n= J] Dy (2.9)

202

T being the unique solution to a suitable variational problem (see (2.31)).

As far as the first problem (2.4) with the constraint (2.2) is concerned, we prove that

. . 1 3 LI
111llnm1n{|Qn|€n(P) :Pc (H] (Qn)> } = Emln{E“(qa) +EX(q") + Eb(qY) : ( |
2.10

(q% a®) € (H'00,10)* x (H! (]=3,1))",  a°(0) = q°(0)} .

More precisely, (see Theorem 2.1) we study the asymptotic behavior of the rescaled polarization. On
the vertical wire we obtain a limit polarization p* = (p{,p5,p5) independent of (x7,x;). On the
b
1

horizontal wire we obtain a limit polarization p® = (p?, p%, p?), independent of (xz,x3). Moreover,

and (p%,pP) is a solution to the 1-dimensional vector valued problem in the right-hand side of (2.10).

As far as the second problem (2.5) with the constraint (2.2) is concerned, we prove that

; : ! ) 1 3 _
11Trlnm1n{|Qn|5n(P) :Pe (H (Qn)) :P-v=0on aQn}

1 1 a a a
— > min {E(0,0,48) : 4§ € H(10, 1D | (2.11)

1 1.
+5 mm{E{)(q?,o,O) S0 e H} (}—%,0[)}+§ rmn{E?(q?,O,O) :qf € Hy (]0)%[)}-

More precisely, (see Theorem 2.2) on the vertical wire we obtain a limit polarization (0, 0, p§) where
p§ is independent of (x1,x,) and is a solution to the first 1-dimensional scalar problem in the right-
hand side of (2.11). On the first half of the horizontal wire we obtain a limit polarization (P?v 0,0)
where p]b’1 is independent of (x, x3) and it is a solution to the second 1-dimensional scalar problem in
the right-hand side of (2.11). On the second half of the horizontal wire we obtain a limit polarization
(p?)r, 0,0) where P]b,r it is independent of (x,,x3) and is a solution to the third 1-dimensional scalar
problem in the right-hand side of (2.11). Then, in this case we obtain three uncoupled problems.
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As the third problem (2.6) with the constraint (2.2) is concerned, we prove that

lim min L5 (P): Pe (H1(Q ))3 : P//e3on0oQ
|Qn| n . n . 3 n

n

1 . 2.12
= > min {E9(0,0,q5) + EP(0,0, q3) + EX(0,0,q5) : (2.12)

(9$,9%) € H'(10,10) x H' (]—1,3[) , q$(0) = q%(0)}.

More precisely, (see Theorem 2.3) on the vertical wire we obtain a limit polarization (0,0, pS) where
p$ is independent of (xj,%;). On the horizontal wire we obtain a limit polarization (0, O,pg’) where
p? is independent of (x,x3). Moreover, p$(0) = p%(0) and the couple (p¢,p}) is a solution to the
1-dimensional scalar problem in the right-hand side of (2.12).

We point out that all the limit problems remained non-convex, but the nonlocal behavior disap-
peared, i.e. the limit problem is not longer a control problem. Indeed, the nonlocal control term

J IDpl*dx (2.13)
On
produce the following weights in the limit minimization problems

J; (ﬂ <|Q§1I2+ |q§1|2> n |q§‘|2) dxs,

]

Ji (Ia52 7 (Ja37 +1a57) ) axi, J: (Ia52 7 (1a37 +1a57) ) ax.

N

We just notice that the asymptotic behavior of problem (2.4) under the boundary condition
P//(1,0,0) or P//(0,1,0) on 9Q, can be treated similarly to the asymptotic behavior of problem
(2.6). This easy task is left to an interested reader.

If we associate problems (2.4), (2.5), and (2.6) with the constraint (2.3), we prove that the non-
local term (2.13) does not give any contribution to the limit problem.

Another very significant choice for an energetic approach consists in explicitly considering the en-
ergetic contribution for the polarization field given by the divergence term and the curl term. Consider
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the following non-convex and non-local energy associated with Q,,

Sp:Pe (H(Qn) =
(2.14)
2
J <[3|rotP|2+|divPI2+cx<|P|21) +|D(pp|2+Fn-P> dx,

n

where o and {3 are two positive constant and @p is a solution to (2.2) or alternatively to (2.3). For
sake of simplicity, we limit ourselves to the cases where there is an equivalence between the term
DP|?

I ”_(L_Z(Qn))
conditions on 0Q),,

, and the term ||rot PH?Lz Q) —+||div PII%Z( an) This equivalence is assured by the boundary

P.v=0or PAv=0,

with /A denoting the cross product in R? (for instance, see [29]). Then, the direct method of calculus
of variations ensures that also the following problem

min {sn(p) . Pe (H‘ (Qn)>3, P.v=0on aQn} (2.15)

admits solution. In the case where @p is a solution to (2.2), in Theorem 2.4 we obtain the identity
result 1 ,
lim min {Sn(P) :Pe <H1 (Qn)) : P-v=0on GQn}
n ‘Qn|
(2.16)

(P):Pe (H](Qn)>3 . P.v=0on aan}

. . 1
= hTan min { mé’n

where the limit it is given by (2.11). Moreover, (2.16) is true when @p is the solution to (2.3), too.

By considering this kind of results, we can explicitly note that the energetic curl term does not
give any contribution to the limit problem and the constant 3 weighting this energetic term does not
appear in the limit problem.

If in problems (2.5) and (2.15) the boundary condition P - v = 0 is replaced by P/A v = 0 on 0Q),,,

it is easily seen that the limit of the energy is zero (for instance, compare [47]).

The chapter is organized in the following way. In Section 2.2, previous problems are rescaled on
a fixed domain independent of n. Section 2.3 is devoted to introduce the constant nj defined in (2.9)
which appears in the limit of the nonlocal term. Section 2.4 is the heart of the paper. According to
the several boundary conditions on the polarization, different limit behaviors of the polarization are
expected, and consequently also different behaviors of the nonlocal term could be produced. Indeed,
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in Proposition 2.4.2 we prove that if the potential generating the nonlocal term is solution to problem
(2.2), then really the limit of the nonlocal term depends on boundary conditions on the polarization
and we give a very general formula for the limit of the nonlocal term which covers all the possible cases
coming from several boundary conditions on the polarization. If the potential generating the nonlocal
term is the solution to problem (2.3), in Proposition 2.4.3 we prove that the limit of the nonlocal term
is independent of the boundary conditions on the polarization and, precisely, it is always zero. Finally,
using the main ideas of the I'-convergence method introduced in [33] (see also [12], [17], and [32]),
in Sections 2.5, 2.6, 2.7, and 2.8 we study the asymptotic behavior of problems (2.4), (2.5), (2.6), and
(2.15), respectively, obtaining [2-strong convergences on the rescaled polarization p,, on the rescaled
potential ¢, , and on their rescaled gradients. In Section 2.9 we just sketch what happens when the
potential generating the nonlocal term is the solution to problem (2.3).

Ferroelectric thin films and wires were studied in [46] and [47], respectively. The junction of
ferroelectric thin films was examined in [16].

The 3D model of ferromagnetic microstructures is close to our model. For the limit behavior of
ferromagnetic problems in thin structures involving wires we refer to [3], [4], [19], [20], [42], [43],
[45], [50], [69], [70], and the references therein. For other optimal control problems on a network of
half-lines sharing an endpoint, we refer to [2] and the references therein. For other recent problems
in a thin T-like shaped structure, we refer to [15] and the references therein.

2.2 The rescaled problems

In the sequel, often we omit the symbol - to denote the inner product in R3,

As in [28], Problems (2.4), (2.5), (2.6), and (2.15) are reformulated on a fixed domain through
the maps
X = (XUXZ’X?)) €0 = ]_%) : [2 X]O) 1[— (hnxl)hnXZ)X3) € Int(QSL))

(S]]

(2.17)

X = (X1)X2ax3) € Qb = ]7%)%[2 X ]*1)0[ — (XhhnXZ)hnXS) € QPL)
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where Int(Q%) denotes the interior of Q2. Precisely, for every n € N set

pee (HaY) - (1610“ 1 op° ap“> e (@)™, xens),

D N
hn aX] ’ hn aXZ’ aX3

3e

k op® 1 op® 1 op® 3k
DY :p?e (H'(Q° L At L2(Q° kel
ept e (HO) = (S o ho o ) € (K@), ke(1,3)

1opf | 10p7 9p5
— — Lo(Q°
hn a)q + hn aXZ + aX3 < ( )’

3
divi,: p® = (pf, ps, p$) € (H'(Q))

op? opY op}
Pi i P2 _{_l P3 GLZ(Qb),

aX1 hn aXZ hn aX3

3
div® - p® = (p}, p%, p3) € (H‘(Qb))

3 1 9pg  dps 9p¢ 1 dpg 1 0ps 1 9p§ 3
roty : p¢ = (pf, p$,ps) € (H'(QY)” — (~—pi—~pl,p‘—p3 pz—p‘> e (L2 (Q9)7,

rot? : p° = (p},p3,p3) € (H' (Qa))3 - (— T T Ae. A Ae. b) € (LZ(Qb))S‘

hn aXZ hn aX3 ’ hn aX3 aX1 ’ aX1 hn 6xz
i x = (x1,%2,%x3) € Q% — Fp(hnxy, hnxz, x3),

fg X = (XhXZ)XS) € Qb — Fn(Xhhan,hnXs))

and define the sets

Pr = {(p%p%) € (H'(Q9)* x (H'(Q®) : p*(x1,%2,0) = p(hnx1, x2,0) on | =3, 1[*},
Pr = {(p“,pb) e (H'(Q9)* x (H'(Q")*: pe- v = 0on a0\ (]33 [ x [0})

provt =000 20"\ (]34 (01) py =0on (=3, 3[\] -, [) < ]-3, 3] x ()

2
PG(XI»XZ;O) :pb(hnxhxl)o) on ]_%)%[ })

(2.18)
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Pr = {(p“,pb) e (H'(Q9)* x (H'(Q)*: p®//e3 0n 2Q° \ (]*%»%[2 x {0}> )

P®//e3on 008\ (=4, 3 [ x {0}) ,pt =p§ =0on (J=3, 3[\ ], % [) x ]-3, 3[ x 0},

Nj—=

2
pe(x1,%2,0) = p°(hnx1,x2,0) on |5, 1 [ }>

Un = {(6%,0") € H'(Q) x H'(Q") : §°(x1, X2, 0) = 0 (hnx1, x2,0) on ] =3, 3 [}, (219)
and
us = {(d)“,cbb) € H'(09) x H'(Q%): ¢ =00n 009\ (]-1,3[* x {0}),

$° = 0 on 9Q°\ (}—%,;[2 x{O}),
(2.20)
¢°=0o0n (J—3,3[\]-% 5 [) x ]33 {0},

$%(x1,%2,0) = $°(hnx1,%2,0) on }—%»%[2 }»

where v¢ and v® denote the unit outer normals on 9Q® and 9QP, respectively. Then &, and S,
defined in (2.1) and (2.14), respectively, are rescaled by

2
En: (p%,pP) € P — hﬁJ (\Dg PP 4 o (P2 = 1) + DEDE w2 + fﬁpa) dx

a

(2.21)
2
+hij (ID5 PP + e ("2 = 1)+ DB o 2 + 2D dx,
Qb
and
Snt(p%p°) € Pn —
. 2
W | (Blrort peP? + v poP + o (p°F 1)+ D806 o P+ 2P ) (222

. 2
+hij (Blroth PP +1divy PP + o (Ip"F = 1)* +DE b0 o + F2p®) dx,
Q
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respectively, where <c])E1 ,d) ) is the unique solution to

<¢?v“,pb)’¢})p“,pb)) € Un, JQ d)Fp“,pb)dX =0,

V(h% ) € Un,

which rescales the weak formulation of (2.7), i.e.

op € H'(Qn), J opdx =0, J (—Dep+P)Dodx =0, Ve € H'(Qyn).

The Lax-Milgram Theorem provides that (2.24) admits solutions and it is unique.

Jﬂa (—Dﬁd)?pa)pb] + pa) De¢p%dx + le <_D$1d)](3pa’pb) + pb) DY ¢pPdx =0,

(2.23)

(2.24)

The main goal of this paper becomes to study the asymptotic behavior, as n diverges, of the

following problems
min{En((pa,pb)) : (p%p°) € Pn}>

min ¢ En((p%,p°)) :

)

and

{ € Pn
min { Ex ((p%,p*) : eP*},
{ }-

min { Sy ((p% p°)) : ) € Py,

(2.25)

(2.26)

(2.27)

(2.28)

Moreover, we also study the asymptotic behavior, as n diverges, of previous problems when in

(2.21) and in (2.22) (d)?pa o) q;}’pa pb)) is the unique solution to

(@80 pe Py o) € US,

V(% ¢°) € Uy,

JQG (—Dfiq)f‘paypb) + pa> DEpAdx + Lb (—Dﬁq)}’paypb) + pb> D2 ¢pPdx =0,

(2.29)
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which rescales the weak formulation of (2.8), i.e.

oreHYQu), | (-Dep+PIDedx=0, Yo € QL.

In the sequel, we assume

f8 — ¢ weaklyin (I2(Q9)),

(2.30)
f2 — f* weakly in (LZ(Qb))3.
2.3 Preliminaries

Let (y,z) denote the coordinates in R?. Obviously, each one of the following problems

H! LT dydz =0
TE :|2,2|: y J]_;’]Z[ZT ydz = U,
(2.31)
117]?
ZDqu)dydz:J , Dy¢ dydz, Ve H (]—>[>»
J];,;[ -0 22
H! LI dydz =0
s € }_2’2[ ’ J;,;[ZS =5
(2.32)
112
ZDSDd)dde:J zDzd)dde) Vd)EH] <:|_)|: ))
J];,;[ il 22
tc € H' L tedydz =0
o ]_2’2[ ’ J];,;[z T
(2.33)
J] L1p DtCDd)dydz:J

11
D H' [ |—=, =
i ]11[2C ¢ dydz, Vo e (] 2,2[>,
272 2°2
with ¢ = (c1, ¢2) € R?, admits a unique solution.
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Note that (compare also [21])

consequently
, 1177
Ds(y,z) = (_(DZT)(Z> _y)) (DUT)(Z, _y))) a.c. 1m ]_ 2[ )
from which one obtains

I

- |Ds|2dydz = J] , DTDdedZ =0. (234)

n=|

In the sequel, we shall use the following result.

. |Dr|2dydz and J

1

Nl=
—

1
2

[N]]

1
2

[N}

1
2

Then, we set

,IDsPdydz = J] ,IDr*dydz. (2.35)

N|—
—

1
2

N|—=
—

)

=

LEMMA 2.1. Let v and s be the unique solutions to (2.31) and (2.32), respectively. Then, for every
¢ = (c1,¢2) in R, the unique solution t. to (2.33) is given by

te =cir+c3s.
We recall the Poincaré Lemma in an open bounded set (for instance, see [27], Th. 6.17-4)
2
LEMMA 2.2. Let & € (Lz G—%, ! [2>> such that rot & = 0. Then, there exists w € H! (]—%, ! [2) such

that & = Dw. Moreover, w is unique up to an additive constant.

2.4 Two convergence results for the nonlocal term

This section is devoted to studying the asymptotic behavior of the nonlocal term generated by the
potential solution to problem (2.23) or to problem (2.29).

Let
U= {(W ") € H'00,10 x H'(]=4, 3 [+ $°(0) = °(0)} (2.36)
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and

Ureg = {(wa,wb) € C(10,1]) x C([=3, 7) = WPl_1 g € C=5,01), WPy 1) € C(I0, 7)),
(2.37)
$e(0) =¢b(0)}.

PROPOSITION 2.4.1. Let U and U, be given by (2.36) and (2.37) respectively. Then Uy, is dense in U.

Proof. Let ({¢,?) € U. The goal is to find a sequence {(P%,P8)nen C Uyeg such that
(Wi, W) = (¢, $°)  strongly in H'(10,10) x H'(]—3, 3[)- (2.38)

To this end, split ° = ¢ + ° in the even part and in the odd part with respect to x; (compare [44]

and [57]). Note that ¢ and {° belong to H'(]—4, }[), and

Pe(0) = $°(0) = h*(0), °(0) =0.

Consequently, a convolution argument allows us to build three sequences {(Slhnen C C*°(10,1[),
{C&nen € C(]—3, 1) and {¢%}nen C C°(]—1, 3 [) such that

e [e'e) 1 e ) l
{cnl[,%,oJ}neN cc=(=3,0), {Cloy }neN c (0, 1),
(¢ —Pp*  strongly in H' (10, 1[),
¢& — e stronglyinH'(]—3, %) 239
8 — ¢® stronglyinH'(]— %, 3D,
Ca(0) =CR(0), C(0)=0, ¥neN.
This implies (2.38), setting V¢ = (& and P2 = & + C°. 0

PROPOSITION 2.4.2. Let {(q%,q0)men  C  (12(Q%9)° x (I2(Q)), and let (q%,q°) =
((9%,9%,4%), (47,95, 9%)) € (1_2(0_‘1))3 X (I_Z(Qb))3 be such that q° is independent of (x1,x2), q° is
independent of (x;,x3) and

(%4%) — (a%,a°)  strongly in (12(Q%) x (L2(Q")). (2.40)
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Moreover, for n € N let (d) (qa d)bq qb ) be the unique solution to

,a%)?

a b
(d)(q%,qﬁ)’d)(qﬁ,q,‘:))eun’ JQ blqa,qudx =0,

(2.41)
J (DR +an) Dﬁ¢“dx+Lb (~DE Py qn) T a5) DEO Ax =0 ¥(H%, 6°) € Un,
where U, is defined in (2.19). Then,
X3 1 X3
Wagap — | asae [ ([ aswar) o strongly in (H'(Q9))
0 0 0
X1 1 X3 0
$lqa qv) HJ q‘f(t)dt—J <J qg(t)dt) dX3—J qy(t)dt stronglyin (H'(QY)),
* -3 o \Jo -1
(2.42)

— q§Dr + q9Ds strongly in (LZ(Q‘I))2 ,

L ad)&ﬂﬂ‘ﬁ) L aq)?qn»qn
hn aX1 ’ hn aXZ

— q3DT+q5D strongly in (I_Z(Qb))2 ,

)>
b b
1 0 (qs,q8) 1 0blqa,q)
)hn

hn 0x2 0x3

and

2
3 a a
lim (J'Qa ’Dnd)(qﬁ,q}i)

2
a b
le ‘Dnd’(qﬁ,q}i)

1
) =], (st e las?) axso+ | las o
; 0

2 z 2 2
|7 dab e en| (Jas o+ fay)?) e
: : (2.43)
where 1 and s are the unique solutions to (2.31) and (2.32), respectively, T and s are defined by

T= i1 5= i1 ' —1] x]0, 11,
T=r1|Xx2,X3 > ) s=s|%x2,X3 > , a.e. in 23

and n is defined in (2.35).

Proof. In this proof, C denotes any positive constant independent of n € N.

Choosing (¢¢, $p°) = (cb“q @ ,d)bq o ) as test function in (2.41), applying Young inequality, and
using (2.40) give

IDR (g qo)lli2@ens < €5 IDRdPa gollizarys <€, VneN. (2.44)
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The first estimate in (2.44) implies

1d(4e qo)llH1 (@) £ C, VneN, (2.45)

since J d>( qa,qp)dx =0 and the Poincaré-Wirtinger inequality holds.
Q ny Tl

The next step is devoted to proving
||¢}’q%’qg)||H1(Qb) <C, VneN. (2.46)

The junction condition in (2.19) gives

2
Bl qp) (X1, %2,0) ‘ dxjdx;

2
(I)Fq%vq-,bl)(xl’xz) O) dX] dXz e hnL

‘hnj]_

1[2

)

Nl
N

2
dla b)(X],XZ)O)’ dx;dx;, VneN.

1 1[2 (qnaqn
22
(2.47)
Then, (2.47), (2.45) and the trace theorem provide
b
||¢ (qs,qb ||L2(],Tn’h7n[ 11,1 [x{o}) < \ﬁC vn € N,
which implies
||(|) (qs,qt ||H1( M (] 1 1 1,0)) <C, VneN, (2.48)

by virtue of the second estimates in (2.44). Consequently, by virtue of trace theorem,

b
||d) (qe,q® ||[_2({0}><] 1, f[X}_]’O[) < C, vn € N,

which combined again with the second estimates in (2.44) proves (2.46). Estimates (2.44), (2.45),
and (2.46) ensure the existence of a subsequence of N, still denotes by {n} and (in possible dependence
on the subsequence) (1%, T°) € U defined in (2.36), (£%, (%) € (L2(Q%))? and (&Y, ¢P) € (L2(QY))? such
that

(‘b?q%,qw 4"(’qa,qm) — (1% 7°) weakly inH'(Q%) x H'(QP), (2.49)

( 1 0ggqn 1 0%y,

45) — (&%, (%) weakly in (LZ(QQ)>Z (2.50)
h, 0x; 'h, 0x ’ ’
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1 ad) 1 ad)b a b . 2
(h aqu’q“ e éngn) — (&%, () weakly in (LZ(Qb)> , (2.51)
n n

and

1
J T%dx3 = 0. (2.52)
0

Note that the junction condition T¢(0) = t°(0) can be obtained arguing as in [42], while (2.52) follows

fromJ q)(q a gb v)dx =0.

a

The next step is devoted to identify (t¢,1°). To this end, for every couple (p*,p®) € Ureg where
Ueg is defined in (2.37), consider a sequence {{injnen C H'(Q%) (depending on (}%,?)) such that

(un,pr) € Uy, Vn € N,

W, — P strongly in L2(QY), (2.53)

T 0un 1 Opn Opn dp? : 2 3
L O 1 0.0, %) strongly in (12(Q9))°.
<h.n o oy axg )\ 00 g, ) stronglyin (L*(%)

For instance, setting

Nl—
Nl—
—
N
X
3
—
—

P (x3) ifx = (x1,x2,x3) € |—
Hn(x) = (2.54)

P ) X2 9 ()

. 2
e o ifx = (x1,%2,%3) € |1, 3" x [0, hnl,

the first two properties in (2.53) can be immediately verified by the properties of Uyeg, while the last
ones follows from

2

19 dy°®
J Hn —J i(h@q) (1—X3) dx
11 120 nal | I OX1 =1 ARxI0ha( | dX1 hn
dwb 2 M

:J ﬁ(hnm) dx1dsz (1—X3> dxs <Hll)b|\w1oo 1pm,  VneN,

-1ip | dx 0 hn I=3:30

10
J Hn dx =0, VYneN,
]7% 2x Ohn h aXz
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2 1 2 1 2
= [ o e tha) 9P d’“—J L ) = 5(0) + 97 (0) — P ()|
< 2 (IR ogy + 10y 3 ) o VN

where again the properties of Ueg played a crucial role.

Now, fixing (%, P°) € Ureg, choosing (un,W®) as test function in (2.41) with p, satisfying (2.53),
passing to the limit as n diverges, and using (2.40), (2.49)-(2.51), one obtains

1 1 b b
dt“ dy® 2 dt dv
— d - ——dx; =0. 2.55
Jo < dx3+q3> dx3 XSJFJ}( dx +q1> dg T (2:59)

By virtue of Proposition 2.4.1, equation (2.55) holds true also with any test function in U. The
uniqueness of the solution of this problem is ensured by (2.52) and the junction condition t°(0) =
7°(0). Consequently, (¢, T°) is given by

o]
Tb_JX qb(t )dt—ﬂ (

which combined with (2.49) proves that

N\—‘

X3 1 X3
$lga qn) — L qs(t)dt — L <J q?(t)dt) dxs weakly in (H'(Q®)),

0
b b 1
blag,q) — J] q (t)dt—L <

2

(2.56)

X3 0
J q%(t)dt) dxs —J ] q¥(t)dt weakly in (H'(QY)).
0 32

Let us identify (&9, (%). To this aim, starting from the following evident relation

0 (1 0 g 0 [ 1 0b{a g
—_— 7‘ = ¢ in D/ (Q“
aXZ <hn a)q aX1 hn aXz n ( )’ VTLGN,
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and using (2.50), one obtains that

d
J Eaa:;dx:JQ e (pdx, Yo € C2(Q9).

(2.57)

By taking ¢(x) = d(x,x)x(xs) with ¢ € g (]-3, ]

Cye (]—%, ] [2> is separable, it follows from (2.57) that

! 1[2> and x € C5°(10,1[) and recalling that

for x3 a.e. in ]0, 1]
0
J , Ea(thz)Xs)afd)(Xth)dM dx; =
- X2

e cs (1-440).

Consequently, by virtue of the Poincaré Lemma recalled in Lemma 2.2, it results that

for x3 a.e. in 0,1, Iw(-,-,x3) € H! (]_%)Hz) :

J zwa(x1,x2,X3)dx1 dXz b~ O, (2.58)
340

aw“( s ,X3) awa(')')x3) : 1172
‘z-va('a ')X3) = X ) Ca(')')x.’)) = 9%, ) a.e. }_j’ j[ :

Passing to the limit in (2.41) with (¢%, $°) = (hnex,0) where ¢ € H! (]—%, Il ) and x € Cg°(10,10),

and using (2.40), (2.56) and (2.50) give

J; <L_ L(E%,¢9) (6@ aq)) dx dxz) xdx3 :J; <(q?>qg)L_1)

op 0
1 <87(2 af) dx;q dx2> xdxs,

ox;’ 0

2

=

1 [2) . Wx € C(10,10).
(2.59)
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. 2\ . .
Consequently, since H' (] —%, %[ ) is separable, one obtains that

for x3 a.e. in ]0, 1],

[ Sl

2°2

a(Pa@)

32, 22 ) axidva= (a7 () a3 ) |

1=3.%

vp e H (]-3,30),

(2.60)
from which, by virtue of (2.58), it follows that for x3 a.e. in ]0, 1[, w®(-, -, x3) solves the following
problem

2
we(,x3) € H! (]*%y%[ ) ) J] o ZWa(X1>X2»X3)dX1dX2 =0,
T 22
ow? dwh) (0¢ O — (q%(x3), 8 J ¢ 3¢ (2.61)
J]}»HZ ( o ax > (aX1 ) axz> dxqdxz2= (q7'(x3), 43 (x3)) _1ap (aX1 ) axz> dxqdx;
2
vo e H' (]-1,1[").

Then, by virtue of Lemma 2.1, it results that, for x3 a.e. in |0, 1],
1 2
W) = )ty ) + agfuslsly ), aein |55 (2.62

with r (resp. s) the unique solution to (2.31) (resp. (2.32)).

Finally, since Tonelli theorem assures that q{Dr; + q$Ds; belong to (L2(Q%))?, using Fubini theorem
with (2.58) and (2.62) one entails that

1
[ o - (J z(éa,Ca)cpddez) ds
Qe Jo \J]-3,3T

1
= J o (qiDr + q$Ds) @dxjdx; | dx3
Jo ]*z:j[

= (qiDr + q3Ds) @dx, VYo € C°(Q%),
Qa

that is
(£%,C%) = qf(x3)Dr(x1,%2) + q5(x3)Ds(x1,x2), a.e. in Q°. (2.63)
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Then, combining (2.50) with (2.63) provides

1ad)?q“,qb) 1ad)?q“,qb) a a . 5 )2
<hn x; hn Ox, q7Dr + q3Ds weakly in (L (Q )) . (2.64)

Now, limits (2.40), (2.56), (2.64) imply

1
limJ ng)gqaqb)qﬁdx:J (q¢Dr + qSDs)(q?,qg)dx+J g9 dxs. (2.65)
Qa o Qa 0

n

On the other side, using equation (2.61) with test function q$(x3)r(-,-) + q5(x3)s(-, ), for x3 a.e. in
10, 1], and taking into account (2.62), (2.34), and (2.35) give

1
|, (arDr+ asDs)iat ag)ax = | larDr+ agDsPax=n | (ot +lag)an @66

Then, combining (2.65) and (2.66) provides

1 1
limJ ng)?qaqb)qux_nj (Iag” + la3P) dX3+J g5 1% dx; (2.67)
n Jqa o 0 0

Similarly, to identify (&P, C?) one has

forx; a.e.in |3, 5[, IwP(xi,,-) e HT (]—4, 5[ x] —1,00) :

J WP (x1,%2,x3)dx2dx3 = 0,

-1, [x)-1,00 (2.68)
owP(xq, -, ) W (x1,-, -) . 11

&b(xl)')'):T’) Cb(xb')'):T;’ a.e. ln]_Z’Z[X]_])O['

Passing to the limit in (2.41) with (¢, ¢*) = (0, hn@x) where ¢ € H' (]—1,3[x]—1,0[) and x €
Ce (]—%,O[ U }O,%D (note that (0, h,@X) € U, for n large enough), and using (2.40), (2.56) and
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42
(2.51) give
: b dp 0¢
J_1 (J]_] g o[(i NaS) <ax )3y )dxde3) xdx;
: dp (2.69)
:J ] <(q5,q§’)£ it (6;')2 a;p)dxzdm> xdxi,
Vo e H' (J=3,3[x]=1,00), W¥xeCg (]-30[uU]0,3[)

0 0
<(P) ((;) dx;dxs,

(2.70)

from which, by virtue of (2.68), it follows that for x; a.e. in |—3, 5[, w®(xs-,-) solves the following

problem

Wb(XT)') EH] (]*%»%[X}*‘I)O[) ) J' Wb(X],Xz,X3)dX2dX3:0,
=33 [x1-1,00

oW dwb\ /0 0 dp 0
| ( ) (‘p, “’) dadxs = (a30u), a3 | (‘p , “’) dxzdx,
],%Y%[X] 1,0( 6xz aX3 aXZ aX3 }7%,%[><]71,0[ aXZ aX3

Yo € MY (|-, 3[x1-1,00),

Then, by virtue of Lemma 2.1, it results that, for x; a.e. in |— N B

Wh {1, ) = 00T ) glSC ), e in |5, 3|31 1,00

where T =1 (x2,%3 + 3), § = s (x2,%3 + 3).

Then, arguing as above, one obtains

1 ad) qn)qn 1 ad)(bqg)qg) b= b= . 2 b 2
<hn o hn  0x3 q3 DT +- q3D5s weakly in (L (Q )) (2.71)
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and

1
I2 48|* dx1 + [p [q5DF + g5 Dsdx

1 1

2 2 2 2 2

J 1 ‘q]b‘ dx +TIJ 1 (‘qg‘ +‘q§‘ >dX1.
T2 T2

Passing to the limit in (2.41) with (¢¢, $p°®) = (c])ﬁqa qb),an . qb)) and using (2.67) and (2.72) one
obtains the convergence of the energies

2
lim (J dx>
n Qa

= lim (J . Prblgg,qp dndx+ JQQ Daq)%’q%,qwqux)

: b qa b
lim Lb Dnd(ga,qy) ndx

(2.72)

a a
Dnd’(q%,q%)

2 at.b
dx + Jﬂb ‘Dnd’(q%,qh)

n
1 (2.73)
2 o 2 | b2 b br<2
J lq7Dr + q3Ds dX+J g3 dX3+J ] ‘Gh’ dx; +J |q8DT + ¢S Dsl*dx
Qa 0 -3 Qb
Va2 L ap "o AT 3 o2 | b]?
:nL (|q1| +|q2|>dX3+L 1q51 dX3+J , ’q1‘ dX]—i-T]J : <‘q2) +‘q3‘ >dX1.
= -2
Finally, (2.42) and (2.43) follow from (2.56), (2.64), (2.71), and(2.73). O

PROPOSITION 2.4.3. Let {(q%,qd)lhen C (LZ(QCL))3 x (L2(Q%)3, and let (q%q°) =
((q%, 95, q%), (a8, 4%, q})) € (12(Q%)° x (12(QY))® be such that q° is independent of (x1,x), q° is
independent of (x2,x3) and

(% a%) = (a%,a%)  strongly in (12(0) x (L2(0)). (2.74)

Moreover, for n € N let (d)f‘qa b cb}’qa qb]) be the unique solution to

(d’a )*¢(bq%,qg)) € uy,

(94,98

J ( El(’lld:?qa qb) q?l) E‘?ld:adx J ( EELCIJan qb) qg)tgd:bdx O) ;((I](l)cbb) € L[QU
a ldn Qb ln
(2.75)
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where U?L is defined in (2.20). Then,

Plgg,qy) — O strongly in (H1 (Qa)> y Blyaqn) — O strongly in (H] (Qb)> ,
] aq) qn)qn ] aq)?q%)qg) . 2 a 2
(hn o1 he 0x, — (0,0) strongly in (L*(Q%))", 2.76)
1 000aan) 1 90 q 2
n» n _ min O O t Z . Lz Qb
(h‘n aXZ h‘n. aX3 — ( ) ) strongly in ( ( )) )
and
lim Doy \D‘%bb “ax) =0 (2.77)
n \Jga | ™7 ladaR) v | lafaR) o :

Proof. In this proof, C denotes any positive constant independent of n € N.

Choosing (&%, ¢°) = (b o) PPy

(qe qb ) as test function in (2.75), applying Young inequality, and
using (2.74) give

IDRd(a qo)lli2@ens < €5 IDRdLa golli2@vys <€, VneN. (2.78)

Consequently, taking into account the boundary conditions satisfied by (cb (qa,qb ,d)b (qsqt ) and the
trace theorem, one derives that

(q>(aqn i Pl qn)) —+ (0,0) weakly in H'(Q%) x H'(QY), (2.79)

and the existence of a subsequence of N, still denotes by {n} and (in possible dependence on the
subsequence) (&9, (%) € (L2(Q%))? and (&Y, ¢®) € (12(QP))? such that

]aq)?q%,qﬁ) 164) (94,9%) a ra . )2
(hn ox1 ha 0% (8%, ¢*) weakly in (12(Q°))", (2.80)

16¢Fq“>q}1) 1ad)q,qn b b ) 20 b\ 2
<hn o, he  oxs (&°, ¢°) weakly in (L (Q )) . (2.81)
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Let us prove that

J £%q%dx =0, J (“q$dx =0, J gvqbdx =0, J *qbdx = 0. (2.82)
Qa Qa Qv Qv
Indeed, let
n—I1 ﬂ
( J dt)([l i1 [(X3)> , x3za.e. in]O,1, VYneN.
i=0 n

It is well known that
gn — qf strongly in L%(]0,1[),

as n diverges. Consequently, taking also into account (2.80), one has

; 1 ad)q q3)
J Eqidx = hmJ ¢(x)gn(><3)dx
Qa n a aX]

=1 t)dt— _ "(gf,ar) d
lmZ( J thn L_1 [ZX]%)'L 10X () X)

22 n

and the last integrals are zero due to the boundary condition on cba a.qb

(q2,q%)" It is so proved the first

equality in (2.82). Similarly, one proves the other ones.

Now (2.80), (2.81), and a l.s.c. argument provide
2
lim (J dx>
n Qa

a2 a2 b|?
> jEPax+ | coPax + ‘z, \ dx +
Qa Qa Qb Qb

2
a a
Dnd’mm%

a b
Lb ‘Dn‘b(q%,qﬁ)

(2.83)

2
( dx, (2.84)

while choosing (cl)f1 ,d) ) as test functions in (2.75) and using (2.74), (2.79), (2.80), (2.81),

and (2.82) provide
2
a4.b
Lb ‘an’(q%,qﬁ)

JQG Dhblag gy dndx + La DR (gg,q8) Indx — 0,

dx =

2
a a
JQQ ‘Dnd)(q%,th
(2.85)
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as n diverges. Finally combining (2.84) and (2.85) implies
£4=(*=0in Q% and & = ¢® = 0in QF,

and convergences (2.79), (2.80), and (2.81) are strong. Note that also convergences in (2.80) and
(2.81) hold true for the whole sequence, since the limits are uniquely identified. O

2.5 The asymptotic behavior of problem (2.4)

2.5.1 The main result

Let

RIS
E: (a%,0°) = ((af, a5, a (aaba) € (' 00,10)° x (W' (|-3.3])) =
J'1 ‘dqa
o \[|dx3
% dqb
*L <’d

where f¢ and f? are defined in (2.30), and n in (2.35). Moreover, let

2

1
+o(Iq%* — 1)2 +n (g5 +1q51%) + |q‘§|2> dxs +J (J] - fdx; dxzq“> dxs
0

11
202

2 1
2 2
+ o (Ig°1F —1) +q$|2+n(|q§’|2+|q§|2)> dx; —I—J 1 (J] fPdx,dx3q® | dx,

— 3, 5 [x1-1,01
(2.86)

7z

p= {(q“, q°) € (H‘ (10,1[))3 X (H1 (]—‘,‘j[))3 L q9(0) = qb(O)}. (2.87)

NI

The main result of this section is the following one.

THEOREM 2.1. For every n € N, let (p%,p%) be a solution to (2.25), and let (d)?pa pR)) d)?pa pb)) be the
unique solution to (2.23) with (p%,p®) = (p%,pl). Moreover, let E and P be defined by (2.86) and (2.87),
respectively. Assume (2.30). Then, there exist an increasing sequence of positive integer numbers {n;}icn

and (in possible dependence on the subsequence) (p%,p®) € P such that

pa. — p* strongly in (H1(Q‘l))3 and strongly in (I_4(Q‘1))3,
(2.88)

po, — p® strongly in (H1(Qb))3 and strongly in (L4(Qb))3,
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<1apa 1 ops

; 2 ay)3 2 ay)3
o axz> — (0,0) strongly in (L*(Q%))” x (L*(Q%))”,

(2.89)
19pd 1 apd . 3 3
<m£z’m£«3> —(0,0) strongly in (L*(Q%))” x (L*(Q%))”,
X3 1 X3
d)E‘p%_’pg_) —>J pg(t)dt—J (J pg(t)dt) dxs strongly in H'(Q9%),
e 0 0o \Jo
X1 0
d)FPQ o) —>J ] p dt—J <J psl( > dxz — J p1( )dt strongly in H'(QP),
(2.90)
1 044 (P, PR, ) Pn PR . ) 2
LA 2N ) pdDr 4+ pYDs strongly in (L*(Q%))”,
hn 6X1
24" AP
1 (CE-LI (3, PR, . 2
— (Al D7 trongl ?(Qb
(hn I )%pz T+ p3D strongly in (L*(Q"))",

where where 1 and s are the unique solutions to (2.31) and (2.32), respectively, T and s are defined by

_ 1 h 1 ) 11
T=r Xz,Xg,—I—E , s=s Xz,Xg,—i—E ) e in | =5, 5 x]0, 1,

and (p%,p®) solves

E(p%p®)) = min{E((q% ¢")) : (q% q°) € P}. (2.91)
Moreover . -
lim W = E((p%,p")). (2.92)

2.5.2 A priori estimates on polarization

PROPOSITION 2.5.1. Assume (2.30). For every n € N, let (p%,pg) be a solution to (2.25). Then, there
exists a constant c, independent of n € N, such that

IPRllsiqays < & IPRllaqey S €& ¥nEN, (2.93)

||D'?1p'?1||(1_2(_0a))9 < C, ||Dgpg||(]_2(Qb))‘7 < (O vn e N. (294)
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Proof. Function 0 belonging to P,, gives

J (ID% P8R + o (Pl = 21p5P) + IDRGG, v ) dx

b2 b4 b2 b 2
+ | (IDRPER -+ o (I3 = 2037 + Dby ) (2.95)

! 1
<3 a2 a2 z b2 b2 ‘
<3| (mpemip)ace | (REpiF)a, wmen

Estimates (2.95) implies

[« (Pn|4 <z+21a> p;ﬂz) at] a (pnﬁ (2 )pnF)

1 1
< J 42 dx + J If°?dx, VneN,
2 Qa 2 Qb

which gives

La <Ipnl2 <+4](X)>2dx+Lb <|pn|2 <+410(>>2dx

1\* 1 1
< . a b o a2 o b2 )
< oc<1 + 4oc> (IQ |+ 1Q |> + ZJQQ It dx + ZJQb Ifal°dx, ¥YneN

(2.96)

Then the estimates in (2.93) follow from (2.96) and (2.30). The estimatess in (2.94) follow from
(2.95), (2.30), (2.93), and the continuous embedding of L* into L2. O

By arguing as in [42], Proposition 2.5.1 provides the following result.

COROLLARY 2.1. Assume (2.30). For every n € N, let (p%,p?) be a solution to (2.25). Let P be defined
in (2.87). Then there exist a subsequence of N, still denoted by {n}, and (in possible dependence on the
subsequence) (p%,p®) € P such that

ps —p% weaklyin (H! (Q‘l))3 and strongly in (L4(Q“))3,
(2.97)
pS —p® weaklyin (H! (Qb))3 and strongly in (L4(Qb))3 .
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2.5.3 The proof of Theorem 2.1

Proposition 2.5.1 and Corollary 2.1 assert that there exist a subsequence of N, still denoted by {n},
and (in possible dependence on the subsequence) (p®,p®) € P and (z%,z°) € (L?(Q%))® x (L2(QY))®
satisfying (2.97) and

1 opn T dpn a 12 6
— — — kl L(Q°
(5 o ) 2 weakly in (12(2%)",

(2.98)
1 0p% 1 0ph

— o ZPn) P Kkly in (L*(QP))°.
(hnaxz’hnaX3> z° weakly in (L(Q°))

Limits in (2.90) follow from (2.97), thanks to Proposition 2.4.2.

Let (q% q®) € P be such that for each i = 1,2,3 (q¢, qib) € Uyeg, where Uyeg is defined in (2.37).
As in (2.53)-(2.54), working on each couple (q¢, q}”), one can build a sequence {(q%, q°)}en, with
(g4, q%) € Py, such that, thanks also to (2.30) and Proposition 2.4.2,

En ((q8, 95
lgp<(22;q))lz((q“,qb)).

Consequently, recalling that (p%,p?) is a solution to (2.25) an using Proposition 2.4.1, one has

— En ((p%, P} o a
11m(];2p)) gE((q ,qb)), (g% q°) € P. (2.99)

n
n

On the other side, (2.30), (2.97), (2.98), a L.s.c. argument, and Proposition 2.4.2 ensure that

E a b
J Izalzdx—i—J 2°Rdx + E ((pa,pb)) < lim T (PR PR)) (2.100)
a Qb n h“%l
Combining (2.100) and (2.99) with (q%, q°) = (p%,p®) provides
z%=0ae. in Q% z°=0a.e.in QP (2.101)

Then, (2.91) and (2.92) follow again from and (2.99), (2.100), and (2.101).

To obtain (2.88) and (2.89), it remain to prove that convergences in (2.97) and (2.98) are strong.
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At first note that (2.92), (2.97), Proposition 2.4.2, and (2.30) give

2

. dp* 2 dp®
a2 b2 _
11]£n <J;1 IDipyl dx—l—J D npnl dx) —J A dx—l—L)b ax, dx,
which implies (2.89) and
ap% dpa a apn dpb 2 b
o o (Q%), o — ax, strongly in L°(Q°), (2.102)

thanks to (2.97), (2.98), and (2.101). Eventually, (2.88) follows from (2.89), (2.97), and (2.102). O
2.6 The asymptotic behavior of problem (2.5)

2.6.1 The main result

- P={(a$,a}) € (10,10 x H' (]=3,3[) = a§(1) =0, af (+3) =0,
(2.103)
q5(0) = q7(0) = 0}.
The main result of this section is the following one.
THEOREM 2.2. For every n € N, let (p%,p%) be a solution to (2.26), and let ((I)E1 o) ,d)bp %) ) be the

unique solution to (2.23) with (p%,p°) = (p%,pl). Moreover, let E and P be defined by (2.86) and
(2.103), respectively. Assume (2.30). Then there exist an increasing sequence of positive integer numbers
{nitien and (in possible dependence on the subsequence) (p$,pY) € P such that

pa. — (0,0,p$) strongly in (H! (Q‘l))3 and strongly in (L4(Qa))3,

(2.104)
ph. — (p%,0,0) strongly in (H! (Qb))3 and strongly in (L4(Qb))3)
lap% iap% ; 2(0ay)3 2(Aay)3
<hn a1’ hon 9xa — (0,0) strongly in (L*(Q%))” x (L*(Q%))”,
(2.105)

1 op® 1 9pb . 3 3
<hn e a]:> = (0,0) strongly in (L*(Q"))” x (L*(Q))”,
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X3 1 X3
belp%i’pgi) — L ps(t)dt — L (J p?(t)dt) dxs strongly in H'(Q%),

0
. 1
d _
p7(t)dt L (

a a
1 a(b(p%i,phi) 1 0Pfpe pi)
hn aX] ’ hn

X1

X3 0
d)](’p%_’p%) —>J J p?(t)dt) dxz — J ] pl(t)dt strongly in H'(QY),

— (0,0) strongly in (I_Z(Q‘l))2 ,

1 ad) (paopR) T
hn 0%y " hn 0x3

— (0,0) strongly in (I_Z(Qb))2 ,

where (p$,p?) solves

E((0,0,p$), (pF,0,0))) = min {E(((0,0, 45), (af,0,0))) : (a5, a}) € P}, (2.106)
Moreover
llyw — E(((0,0,p3), (p¥,0,0))). (2.107)

2.6.2 A priori estimates on polarization
Arguing as in the proof of Proposition 2.5.1 gives the following estimate result.

PROPOSITION 2.6.1. Assume (2.30). For every n € N, let (p%,pl) be a solution to (2.26). Then, there
exists a constant c, independent of n, such that

H'PSLH(H(Qa)ﬁ g Cy ||p$L||“_4(Qb)]3 g C, VTL € N) (2108)

IDsPRll 2 (0ay S € IDRPRll 2oy S €6 VR EN, (2.109)

COROLLARY 2.2. Assume (2.30). For every n € N, let (pf{,pg) be a solution to (2.26). Let P be defined
in (2.103). Then there exist a subsequence of N, still denoted by {n}, and (in possible dependence on the
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subsequence) (p$,p?) € P such that

ps — (0,0,p$) weakly in (H' (Q“))3 and strongly in (L4(Qa))3,
(2.110)
pl — (p},0,0) weakly in (H1(Qb))3 and strongly in (L4(Qb))3.

Proof. Proposition 2.6.1 ensures that there exist a subsequence of N, still denoted by {n}, and (in
possible dependence on the subsequence) (p§,p$,p$) € (H! (Q‘l))3 independent of x; and x;, and
(p?, P8, p%) € (H! (Qb))3 independent of x, and x3 such that

pe — (p%,p%,pd) weakly in (H](Q‘l))3 and strongly in (L4(QQ))3,
(2.111)
P2 — (%, p8,p}) weakly in (H' (Qb))3 and strongly in (L4(Qb))3,

and (p$,ps,p§)ve = 0 on Q¢ \ (1— 4, 3x{0}), (p%,p3,p)vP = 0 on 3Q° \ (1 — 3, 32x{0}). In
particular, this implies

pi =p; =0in Q° (2.112)
ps(1) =0,

Py =ps=0in QY, (2.113)
py(£3) =

Consequently, by virtue of (2.112) and (2.113), one has
p$(0) =0 =pY(0). (2.114)

O
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2.6.3 A convergence result for problem (2.41)

Proposition 2.4.2 provides the following result.

PROPOSITION 2.6.2. Let {(q%, q%)}nen C (LZ(Q“))3 x (L2(QY))3, and let (q%,q%) € L?(Q%) x L?(QY)
be such that q$ is independent of (x1,x2), q} is independent of (x2,x3) and

(5, 05) — ((0,0,8), (a},0,0)) strongly in (12(0))” x (13(Q")). (2.115)

,d)b ) be the unique solution to (2.41). Then,

q'ﬂ. 'n.

Moreover, for n € N let (d) (qe

X3 1 X3
$rqa,q0) —>J qs(t)dt —J (L q?(t)dt) dx3 strongly in (H'(Q%)),
LU 1 X3 0 .
P lqa,qp) —>J ] q1(t)dt—L <L q?(t)dt) dX3—J _ar(t)dt  strongly in (H'(Q),
—2 —2
2.11
1 000aqn T 9%(ga,qn) (12 2 o
o a; i 6;2 =] —(0,0) strongly in (L%(Q%))",
n n
] aq) ] aq)ba b . 2
<h o) 700 strongly in (1(02"))".
T T

2.6.4 The proof of Theorem 2.2

Before proving Theorem 2.2, let us recall an evident result.

PROPOSITION 2.6.3. Let P and Preg be defined in (2.103) and (2.117), respectively. Then Pyeg is dense in
P where
Preg = Cg (10,10) x Cg (I — 3,010, 3[) (2.117)

Now we have all tools to prove Theorem 2.2. In what follows, pf{’-l (resp. pﬁ’i) denotes the i—th
component, i = 1,2, 3, of p¢ (resp. pl). Proposition 2.6.1 and Corollary 2.2 assert that there exist a
subsequence of N, still denoted by {n}, and (in possible dependence on the subsequence) (pg,pﬁ’) cP
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satisfying (2.110) and (z%,z°) € (L*(Q%))® x (L*(QPY))° satisfying

hinaX]’hn aXZ

19py 1 9p} b 12(Ob1\6
_—t ) kl L°(Q°))°.
(hn %’ T o z° weakly in (L“(Q°))

( 1 0py 16pn> — z% weakly in (L2(Q%)°,
(2.118)

The next step is devoted to identifying p§, p}, z°, and z°. To this end, let

_ (O) O) qg% in Qa)
(q%,0,0), in QF,

with (q§, q) € Preg. Then v belongs to Py, for n large enough. Consequently,

1

1
}TZE“ ((pﬁ,pﬁ)) < EEn (((0,0, q), (qb,0,0))) , for n large enough. (2.119)

Then, passing to the limit in (2.119), as n diverges, and using (2.30), (2.110), (2.118), Proposition

2.6.2, and a L.s.c. argument imply

292 + %2 dx + 1(oc(| 92— 1)2 4| “\2) dx; + 1 f3dxqdx, pe | dx
. dx; P3 P3 3 , ]7”[23 14X2P3 3

0 22
apt |* 3 3
+j 2P + ‘p] dx + j (allp}2 — 12+ p5P) ax +j J o dxadxs p? | dxy
Qb dX] _1 1 ]7%)] [X[71,0]
En (P&, P%) o En ((p%,pR))

2 2 2
a b
Slli ! §111’Il ! SmEn (((O)O) q337(q]70)0)))
n hi n hi n hi

=F (((0,0, q§)> (q?>0)0))) .

Then, by virtue of Proposition 2.6.3,

o o _En ((p3,p0)
J C '2‘1"+Lb 2P + E (((0,0,p8), (p},0,0))) < lﬂi“(hg)
(2.120)
— En ((p&,PR))

< lim

m = < E((0,0,69),(a1,0,0), Viag,af) €,

which implies that z® = 0, z° = 0, (p§,p?) solves (2.106), convergence (2.107) holds true, and
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convergences in (2.110) and (2.118) are strong. O

2.7 The asymptotic behavior of problem (2.6)

2.7.1 The main result

Set

P = {(a3,a}) € H'(10,10 x H'(]—1, (2.121)

TP
—
_
0
w
e

Il
0
S
—
L

H,_/

The main result of this section is the following one.

THEOREM 2.3. For every n € N, let (p%,p%) be a solution to (2.27), and let (q)?p%,pﬁ)’ d)(bp%,p2)> be the
unique solution to (2.23) with (p%,p®) = (p&,pl). Moreover, let E and P* be defined by (2.86) and
(2.121), respectively. Assume (2.30). Then there exist an increasing sequence of positive integer numbers
{nihien and (in possible dependence on the subsequence) (p$,p3) € P* such that

pa — (0,0,p§) strongly in (H' (()‘1))3 and strongly in (L4(Q‘1))3,

(2.122)
pgi — (0,0,PE) Strongly in (H] (Qb))3 and Strongl)’ in (L4(Qb))3)
1 9py 1 opn . 5 ; , 3
he h trongl L4(Q° 2(Q®
<hn %1 h %, — (0,0) strongly in (L*(Q%))” x (L*(Q%))”,
(2.123)

1 0p% 1 opb . 3 3
<m£>m£> = (0,0) strongly in (L2(Q"))” x (L2(Q"))",
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X3 1 X3
bt. vy — | ps(t)dt— ps(t)dt ) dx3 strongly in H'(Q9),
(s PR) o s
1 X3
o) - — pS(t)dt ) dxs strongly in H'(QP),
(pg,p3,) o Us
RTINS (TR AN (0,0) strongly in (L2(Q%))* o
hn aX] ’ hn aXZ ’ gy ’
¢)b ‘I a(bb a b
(P, »PR;) (PR PRy) b= ; 2r b1\ 2
— ot D L7 (Q
hn o hl o — p3Ds strongly in (L*(Q°))”,
where s is the unique solutions to (2.32), s is defined by
S=s (Xz,Xg + ;) , a.e. in ]—;, % [ x]0, 11,
and (p$,p?) solves
E(((0,0,p8), (0,0,p%))) = min {E(((0,0, a$), (0,0, a3)) : (a$, a}) € P*}, (2.125)
Moreover
En((pn,
tim S (PP £00,0,p8), (0,0, pb)). (2.126)

2.7.2 A priori estimates on polarization

Arguing as in Proposition 2.5.1 provides that

PROPOSITION 2.7.1. Assume (2.30). For every n € N, let (p%,p%) be a solution to (2.27). Then, there
exists a constant ¢ such that

||p$i||([_4(_o_a))3 S C) ||p1}’)1||(]_4(0_b))3 S C) vn € N) (2'127)

HannH (12 _Qa))9 < C, ||ann|| (12 Qb))‘/’ S C, vn e N. (2128)

COROLLARY 2.3. Assume (2.30). For every n € N, let (p%,p?) be a solution to (2.27). Let P* be defined
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in (2.121). Then there exist a subsequence of N, still denoted by {n}, and (in possible dependence on the
subsequence) (p§,p%) € P* such that

3 3 (2.129)
p — (0,0,p%) weakly in (H'(Q®))” and strongly in (L*(QP)).

{p,“1 — (0,0,p§) weakly in (H! (Q‘l))3 and strongly in (L4(Qa))3,
Proof. Proposition 2.7.1 ensures that there exist a subsequence of N, still denoted by {n}, and (in
possible dependence on the subsequence) (pf,p5,ps) € (H1 (Q‘l))3 independent of x; and x;, and
b pb,ph) e (H'(QY) 3 independent of x, and x3 such that
(P7,P3,P3 p
{pf{ — (p$,p$,ps) weakly in (H‘(Qa))3 and strongly in (L4(Q‘1))3,

) (2.130)

o — (phpd,pY)  weakly in (H‘(Qb))g' and strongly in (L*(QY)),

and (p§,p$,p3) // e30n0Q°\ (1 — 3, 32x{0}), (p?, P53, pY) // €3 on 9Q°\ (1 — 3, 3 x{0}). In particular,
this implies

pi =ps =0in QY (2.131)
p? =pd =0in QO. (2.132)
By arguing as in [42], one proves that
(pF(0),P5(0),P$(0)) = (P}(0), p5(0),P5(0))
Consequently, one has
p3(0) = p3(0). (2.133)
]

2.7.3 A convergence result for problem (2.23)

Proposition 2.4.2 provides the following result.

PROPOSITION 2.7.2. Let {(q%, q%)lnen C (I_Z(Q‘l))3 x (L2(QY))3, and let (q%,q%) € L2(Q%) x L2(QY)
be such that q$ is independent of (x1,x2), qg’ is independent of (x2,x3) and

(ar, dn) — ((0,0,45),(0,0,q3))  strongly in (Lz(ﬂ“))3 x (L)%, (2.134)
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d)b

(qs qt ) be the unique solution to (2.41) Then,

Moreover, for n € N let (d) (qe,qb))

X3
J q?(t)dt) dxs strongly in (H'(Q9)),

X3
J qg(t)dt) dxs strongly in (H'(QY)),

1 9¢f, 1 0d7 .
< (a5,97 afan) | _, (0,0) strongly in (LZ(QQ))Z,

hn aX] , n aXZ

Ds trongly in (L2(Q))*
h ox, O hy oxs — q3Ds3 strongly in (L*(Q%))",

b b
(1 0blyaqp) 1 ad’(q%,qﬁ)) b

and

1

2
: aqa a4b
lim <Jﬂa ‘Dnd’(q%,qh) Jﬂb )Dn(b(q%,qli)

where s is the unique solutions to (2.32), s is defined by

N

and n is defined in (2.35).

2.7.4 Proof of Theorem 2.3

2
dx) :J |q3\ ng-i-T]J ] q3‘ dx;.

(2.135)

(2.136)

We sketch the proof. Proposition 2.7.1 and Corollary 2.3 assert that there exist a subsequence of N,
still denoted by {n}, and (in possible dependence on the subsequence) (pg,pg’) € P* and (z%,2%) €

(L2(Q9))® x (L2(QY))° satisfying (2.129) and

1 0pg 1 9pd
hn am’hn aXZ
19py 1 9py b ,

i _ - kl L2(Qb))e.

(hn o’ Ton O3 z°  weakly in (L*(QP))

) — 2% weakly in (L2(Q9))°,

(2.137)
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Let Uyeg be defined in (2.37) and let (qf§, qg) € Ureg. As in (2.53)-(2.54), one can build a sequence
{(q%, g% nen, with ((0,0,q%),(0,0,q%)) € Pn, for each n € N, such that, thanks also to (2.30) and
Proposition 2.7.2,

— En (((0,0,92),(0,0,9%)))

lim h2

—£(((0,0,48),(0,0,03))) -
Consequently, by virtue of Proposition 2.4.1, one has

En ((pS,pY))

fim = < E((00,0,69),(0,0,68)) ) Viag,ab) € P. (2.138)

On the other side, (2.30), (2.129), (2.137), a L.s.c. argument, and Proposition 2.7.2 ensure that

a b
J |za|2de 2°Pdx + E (((o,o,pg), (o,o,pg))) < mw (2.139)
a Qb n h]’l

Finally, combining (2.138) and (2.139) completes the proof, as usual. O
2.8 The asymptotic behavior of problem (2.15)

2.8.1 The main result

THEOREM 2.4. For every n € N, let (p%,pl) be a solution to (2.28), and let (cl)?pa pb)> cl)}’pa pb)> be the

unique solution to (2.23) with (p®,p®) = (pf{,pﬁ). Moreover, let (2.86) and P be defined by (2.86) and
(2.103), respectively. Assume (2.30). Then there exist an increasing sequence of positive integer numbers

{nihien and (in possible dependence on the subsequence) (p$,pY) € P such that

pa. — (0,0,p§) strongly in (H‘(Q‘l))3 and strongly in (L4(Q“))3, (2.140)
ph, — (p%,0,0) strongly in (H1(Qb))3 and strongly in (L4(Qb))3, '
1 9py 1 0pn ) 3 42 3
— — t [ L+(Q“ L~ (Q°
<hn6x1’hnaxz — (0,0) strongly in (L*(Q%))” x (L*(Q%))”,
(2.141)

1 0p% 1 opb . 3 3
<m£>m£> = (0,0) strongly in (L2(Q"))” x (L2(Q"))",
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X3
J p?(t)dt) dxs strongly in H'(Q9),

X3 0
J p?(t)dt) dxs J pl(t)dt strongly in H'(QY),

] aq) pn »pn 1 ad)ap%i’pgi) . 2 a 2 (2.142)
T NR U — (0,0) strongly in (L*(Q%))",
PP PP
1 (PapR) 1 (PR, PR;) . 2
~ axLZ i e g — (0,0) strongly in (L*(Q°))”,
where (p$,p?) solves (2.106). Moreover
) S a) b
tim 2P Pr)) (0,0, pg), (p,0,0)). (2.143)

n h%

2.8.2 A priori estimates on polarization

At first note that (for instance see [29] and also Lemma 2.1 in [47])

. 3
||D1>||fLZ(Q = ||rotp||sz(Q gt ||d1vp||§z(Qn),v1> € (H'(Qn))” : P-v=00n0Qy,, (2.144)

which by rescalings in (3.8) is transformed into

IDspel? s + IDEPPII?

(L2(Q9)) (L2 Q_b])
(2.145)
= ||f0tnpa||2L2 ey T 1div &Pt ) + IITOt b||2LZ quyp + 1div R pPlIT o)y

for all (p%,p®) € P, and all n € N.

We note that to our aim it is enough to have just an equivalence between the term ||DP||fL2(Q )

2 . 2 . .
and the term ||rot P|| 200 + [|div P[[£, (Qn) with a constant independent of n.
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PROPOSITION 2.8.1. Assume (2.30). For every n € N, let (p%,pY) be a solution to (2.28). Then, there
exists a constant c such that

H'Pﬁ”(m(ga)f S C, ||p$1||(]_4(ﬂb))3 S C, vn € N) (2146)

IDSp »<¢, IIDSPhIl2geyr <€ YnEN. (2.147)

a
|| LZ _Qa))

Proof. Function 0 belonging to P,, gives

J (Blrots p&2 + Idive paP + oc (p&1* — 21p&2) + DS o ) dx

+ J (Blrotnpn\ZHdlvnpn\Z+oc(|pn|4 2Ipal?) + DR b po )|2) dx (2.148)
Qb

1 1
<3| Gapemayace [ (mEemiay e
2 Qa 2 Qb

Estimates (2.148) implies

|« <|Pn|4 (z+1>|pn|2> dx+JQ (ipnr‘ (2 )ipnF) x

1 1
< J 92 dx + J If°?dx, V¥neN,
2 Qa 2 Qb

which gives

Lol oo )

1\? 1 1
< i a b _ a2 - b2 .
< oc(] + 4(X> <|Q | +1Q |) +2ch1 [fn|=dx + sz Ifol~dx, YneN

(2.149)

Then the estimates in (2.146) follow from (2.149) and (2.30). The estimates in (2.147) follow from
(2.148), (2.30), (2.146), the continuous embedding of L* into .2, and (2.145). O

Proposition 2.8.1, by the same arguments as in the proof of Corollary 2.2, yields the following result.

COROLLARY 2.4. Assume (2.30). For every n € N, let (pf{,pﬁ) be a solution to (2.28). Let P be defined
in (2.103). Then there exist a subsequence of N, still denoted by {n}, and (in possible dependence on the
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subsequence) (p$,p?) € P such that

ps — (0,0,p%) weakly in (H' (Q“))3 and strongly in (L4(Q‘1))3, (2.150)
® — (p%,0,0) weakly in (H‘(Qb))3 and strongly in (L4(Qb))3. '
2.8.3 The proof of Theorem 2.4
In what follows, py; (resp. Pg,i) denotes the i—th component, i = 1,2,3, of p¢ (resp. pl).

Proposition 2.8.1 and Corollary 2.4 assert that there exist a subsequence of N, still denoted by {n},
and (in possible dependence on the subsequence) (p§,p?) € P satisfying (2.150) and (z%,z°) €
(L2(Q9))3*? x (L2(QY))3*? satisfying
1 ope.
<h> 2% weakly in (L2(Q%))3*2,
i=1,2,3,j=1,2

(2.151)

op?b.
<1ﬁ> — 2% weakly in (L?(QP))**2.
hn 0% /i 123421,

The next step is devoted to identifying p§, p?, z¢, and z°. To this end, let

_ (Oa O) qg)) in Qa)
(9%,0,0), in Q°,

with (q2, q?) € Pre, defined in (2.117). Then v belongs to Py, for n large enough. Consequently,
43> q1 g

1 1
S ((pﬁ,pﬁ)) < S (((o,o, a3), (q%’,o,on) , for n large enough. (2.152)
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Then, passing to the limit in (2.152), as n diverges, and using (2.30), (2.150), (2.151), Proposition
2.6.2, and a L.s.c. argument imply

dp§ 2

J B (1282 +15 + 1eg — 25af) + 30 ) ax

[2 fg dX] dXz ‘pg) dX3

a a
Z]’] + ZZ,Z + dX3

rl

+ | (alps? =12+ o) dX3+J; (j]

11
202

2
2 2 2 dpb
+ ob (B <‘Z}33’2—212))3‘ +’Z%),3‘ + ‘Z?)z >+ <‘(1]+Z]232+Z§’3 >> dx
(2.153)
'l :
|7, (PP =12+ pfF) v + | (J f‘fdxzdxw?) dx,
)y 4 \U-dlxna
a b a b
< lim S ((p;, PR) _ g S ((p?pn))
n hi n hi
S 0,0, q% v0,0
< tim S ({0048, (a1, 0 0)) _ g (6,0, 42, (48,0, 0))).
n hi
Now let us prove that
d_pu dpb
Jﬂa (21 +282) G2 de =0, le (zgﬁzgﬁ)d—)(:dx:o. (2.154)

Indeed, let

i+l [(Xg)) , xza.e.in]0,1[, VYneN.

d a PR
diicj on |1 [ one easily has

is the average of

d a
gn — dP3

-3 strongly in L*(]0, 1]),
X3
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as n diverges. Consequently, taking also into account (2.151), one has

dp$ . 1 ops 1 ops
a a 3 -1 n,l _ n,2
JQH (211 +23,) dxs dx 1mJQa (hn o) (x) e o (%) | gn(x3)dx

ops ops
< pn,] (X) o pn,Z (X)) dx
1 [ZX]%)Q[ 0xq 0x2

and the last integrals are zero due to the boundary condition on p$. It is so proved the first equality

in (2.154). Similarly, one proves the second one.

n

The properties of p§, p? and (2.154) give

” dps|® (" |dps|® 2
2$ 428, + 2| dx=| |=—=2 ng-i—J lz§ 1 + 25,7 dx
Joa |V dxs Jo | dx3 ga VTR
(2.155)
2 1 2
[ APy | b 2 |dp? b b
P dx = —1 d ‘ ‘ d
Jov | dxq BECERECE I J-1 dxq * +J b 2yt 2| X
Then, inserting (2.155) in (2.153) provides
1B (18P 5 128, 2P + 128 + 28,8 ax
2 2 2 2
+J [ﬁ <’Z§,2—7~23’ + ‘Z?,s‘ + ’Z?,zl ) + ‘23,2‘*‘7-?,3‘ ] dx
Qb
(2.156)

S a b —S a b
+E(((0,0,p3), (pt,0,0))) < mm < an
n hn n hn

< E(((0,0,43), (q7,0,0))), ¥(q$,q}) € Preg.

By virtue of Proposition 2.6.3, inequality (2.156) also true for any (q$, q¥) € P. Consequently, choos-
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ing (q4,4%) = (p$,p}Y) in (2.156) one has

251 —zi; =0ae. in Q%z{;+2z;,=0ae. in QF
25, =1z3;=0ae.in QY

(2.157)
le),s = Z?,z =0a.e. in Qb,zgz — 25’3 =0ae. in QF

z9,+2z3;=0ae.in QF.

Consequently, inserting (2.157) in (2.156), one obtains that (pg,p‘]’) solves (2.106) and convergence
(2.143) holds. We remark that convergence in (2.143) holds true for the whole sequence since the
limit is uniquely identified. Moreover, (2.142) follows from (2.150) and Proposition 2.6.2.

The last step is devoted to proving (2.141) and that convergences in (2.150) are strong. To this
aim, combining (2.143) with (2.30), (2.142) and (2.150) provides

lim <L (Blrot apa2 4 |divgpg|2) dx + Lb (Blrot bpb2 |divgpg|2> dx>

] , (2.158)
1 a2 > b
d d
:J Ps dX3+J2 il dx;.
o | dx3 -1 dx;
Moreover, from (2.150), (2.151) and (2.157) it follows that
rot@pe — (0,0,0) = rot (0,0,p%) weakly in (L2(Q%))?,
rot2p2 — (0,0,0) = rot (p¥,0,0) weakly in (Lz(Qb))3,
dp$ .
divape — % —div(0,0,p$)  weakly in [2(Q9), (2.159)
b
divbpl — j% = div(p?,0,0)  weakly in L2(QP).
1
Consequently, combining convergence of the energies (2.158) with (2.159), one derives that
rotp¢ — rot (0,0,p$) strongly in (LZ(QQ))3,
rotPp? s rot (p?,0,0) stronglyin (12(QY))°,
nPn (p1 ) gly ( ( )) (2.160)

divypy — div (0,0,p§) strongly in 2(Q9),

divipt — div (p%,0,0) strongly in L2(QP).
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Finally, taking into account that
D(0,0,p$) = D&(0,0,p$), rot(0,0,p$) = rotd (0,0,ps), div(0,0,p$) = divy (0,0,p$), in Q°,
D(p},0,0) = D2(p?,0,0), rot(p?,0,0) =rot? (p¥,0,0), div(p?,0,0) = div® (p?,0,0), in QF,
from (2.145) and (2.160) one deduces that

Dapg — D(0,0,p§) strongly in (LZ(Q“))9,

Dbpb — D(p},0,0) strongly in (Lz(Qb))g,

i.e. (2.141) and that convergences in (2.150) are strong. We remark that convergences in (2.141)
hold true for the whole sequence since the limits are uniquely identified. O

2.9 The asymptotic behavior of all previous problems when the
control ¢p satisfies (2.8)

If (d)?pa,pb]’ d)}’pa)pb)) is the unique solution to (2.29), thanks to Proposition 2.4.3, in the limit process
there is no contribution of the nonlocal term. So, the limit functionals are obtained just eliminating the
parts coming from the nonlocal term in the previous limit functionals and all previous convergences
on the polarization hold true, while the potentials converge to zero.
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P. Herndndez-Llanos, Asymptotic Analysis of a Junction of Hyperelastic Rods, Submitted.

Abstract. In this chapter, we obtain a 1-dimensional model asymptotic model for a junction of thin
hyperelastic rods as the thickness goes to zero. We show, under appropriate hypotheses on the loads,
that the deformations which minimize the total energy weakly converge in a Sobolev space towards

the minimum of a 1D-dimensional energy for elastic strings by using techniques from '—convergence.

Keywords: Junctions, thin structures, hyperelasticity, nonlinear elasticity, thin beams, asymptotic
analysis.

2010 AMS subject classifications: 35B40, 74B20, 74K30.

3.1 Introduction

The asymptotic modeling for thin structures (plates, shells, beams, etc) by '—convergence from
3D—nonlinear elasticity equations has been of special interest for the mathematical community during
the last four decades (see, for instance [7, 14, 23, 25, 26, 28, 37, 38, 39, 40, 53, 54, 59, 60, 61, 62,
64, 65, 66, 73, 74]) motivated by applications in engineering. Going further, complex structures are
obtained by a junction of much simpler structures. Examples of such thin multistructures are bridges
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(where, for instance, cables are connected to the board of the bridge) and T— or L—shaped junctions
of rods.

There exists an extensive literature on dimension reduction problems related to multi-structures in
the context of nonlinear hyperelasticity for which we refer to [11, 48, 35, 36, 56, 49, 51, 52, 72]. For
literature on multi-structures in contexts other than non-linear hyperelasticity, we refer to Gaudiello
et al [41, 43, 44, 45, 46, 47, 48, 49] and, more recently, [16, 18] for a large number of interesting
problems involving ferroelectricity, electromagnetism, diffusion, etc.

In this chapter, starting from the 3D—model of a junction of two orthogonal non-linearly hypere-
lastic thin rods joined to each other (see Figure 3.1), we obtain a 1D—model. The aim is to extend
the results of Acerbi et al [1] for the case of an elastic string to a multiple structure. For obtaining the
limit model we shall closely follow the arguments provided by Le Dret and Raoult [58] in obtaining
a 2-d model for a membrane starting from the 3-d model for a hyperelastic structure. The approach
is classical and consists of rescaling the problem and studying the I'-limit of rescaled energies by es-
tablishing the I — lim inequality and the ' — lim inequality. The main novelty compared to the elastic
string model of Acerbi et al[1] is the appearance of the junction condition, although it is natural to
expect this in the case of multi-structures. The junction condition appears when the elastic energy
has a certain growth rate. The justification of the junction condition, during the proof of the I' — lim
inequality, is not so immediate but can be obtained following the ideas of Gaudiello et al[41]. The
junction condition is taken care of during the derivation of the I — lim inequality using a recovery
sequence which is constructed inspired by the construction used in Le Dret et al[58] and in Gaudiello
et al[41]

The chapter is organized as follows. Section 3.2 begins with the basic background about our mul-
tidomain in the context of 3D elasticity. Then it is followed by a rescaling of the problem and we
define the appropiate Sobolev spaces for the deformations and displacements involved in the rescaled
problem. The main result (Theorem 3.1) of the chapter is given in Section 3.2.4. We begin Section
3.3 with Lemma 3.1 and Propositions 3.3.1, 3.3.2 and Theorem 3.1 is proved with their help. Finally,
in Section 3.4, we end by computing the 1-d stored energy in the case of the Saint Venant-Kirchhoff
material for the junction (Proposition 3.4.1).
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3.2 Preliminaries

3.2.1 Notation and definitions

Throughout this paper, we denote by N, R, R" and R™*" the sets of natural, real, nonnegative real
numbers and the space of real m x n matrices endowed with the usual Euclidean norm ||F|| = Vtr FT F
respectively. For all z; € R3, 1 = 1,2, 3, we note (z;|z,|z3) the matrix whose i—th column is z;. In the

sequel, x = (x1,%2,%3) denotes a generic point in R3.

For all F = (z1]z3) € R3*? and z3 € R?, we also note (F|z3) the matrix whose first two columns are
z1 and z, and whose third column is z3. Analogously, for all F = (z5]z3) € R3*? and z; € R3, we also

note (z; I}E) the matrix whose first column is z; and the last two columns are z; and z3.

We assume that W : R3*3 — R is a continuous function that satisfies the following growth and
coercivity hypotheses:

3C >0, Ip €], +ool, VF e R3*3 [W(F)| < C (1 +[FI[P),

(3.1)
S >0, 3p > 0, VF € RS, W(F) > [FIP — B.
Given such W : R33 — R, we introduce two functions Wy, W, : R — R
Walzs) = inf W ((Flzs)), Wolz1)=_inf W ((zﬂ?)) . (3.2)
FER3%2 FeR3%2

Due to the coercivity assumption (3.1);, it is clear that these functions are well defined. Besides, since
W is continuous, the infimum for both are attained. Let us briefly state a few properties of W, and
W,. The continuity of W, and W4, on R3 is a consequence of (3.1), (see e.g. [1, 58]) and these
functions satisfy the growth and coecivity estimates

3C’ >0,z € R? Waq(z)] < C'(1+|lzlIP), (3.3)
Jo>0,3p >0, ¥z € RS, Wa(z) > allP — B, '
3C’ > 0,Vz e R3 Wy (2)] < C' (1 +zIP),

(3.4)

Joe>0,3B >0,Vze R}, Wy(z) > «llzllP — B.
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3.2.2 Setting up of the three-dimensional problem

For all ¢ > 0, we introduce the thin multidomain Q. := Q% U QY (see Figure 3.1), where

)) x [0,1), QF = <—;,;> X ((—%,%) X (—5,0)).

The multidomain Q. models a nonlinearly hyperelastic body consisting of two joined orthogonal rods
Q% and QY with small thickness € which are joined along the surface ¢ (—%, %)2 x {0}.

2
I
—~
|
Nl

-
Nle
~—

X
|
Nl
-
Nle

\\
=
s

%
Figure 3.1 The set Q..

Let

Z? :{i%} X (_%)%) X (Oa])U(_%)%) X {i%} X (O)]))
11
717

2 2
Té = (=557 x {1}, SY={£3}x ((-=53) x (=&0)),

where T¢ is the top of the vertical rod, S? corresponds to the ends of the horizontal rod; £¢ corresponds
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to the sides of the vertical rod and I! corresponds to the sides of the horizontal rod except the top
portion ((—3,3) x (=5, %)\ (=%, 5)?) x {0} (we exclude this solely in order to lighten the notations
and the proofs).

We consider Q. to be the reference configuration of a three-dimensional body made of a non-
linearly hyperelastic homogeneous material and whose stored energy function is denoted by W. We
suppose that the structure is solely submitted to the action of dead loading on ¢ U Z! of traction
densities g° of small order (see (3.10) and (3.15) for the precise assumptions on g°) whereas the mul-
tidomain does not deform on T¢ U SP. The equilibrium position is obtained through the minimization

problem:
wlen(g& L (), (3.5)
for the total energy I,
L(0) =J W(ch(x))dx—J ¢*(x) - b(x)do, (3.6)
. raysp
over the set of admissible deformations
@, ={b € WP(Q;R?); d(x) = x on T® and on SP). (3.7)

In the above, do is the surface element on £¢ U £0.

Under assumptions (3.1), the energy functional I; is coercive and, is sequentially weakly lower
semi-continuous on WP (Q,;R3) if W is quasiconvex by a classical result of calculus of variations (see
Dacorogna [31]). The importance of the quasiconvexity of W is that it guarantees the existence of a
solution to the problem (3.6). However, we shall not assume the polyconvexity or quasiconvexity of
W since we do not want to rule out important classes of elastic materials such as the Saint-Venant-
Kirchhoff which are neither polyconvex nor quasiconvex (see [67]). The convergence results will apply
to approximate minimizing sequences as in [58].

3.2.3 The rescaled problem

As is usual, the problem (3.5) is reformulated on a reference domain Q®U QP independent of ¢ where

o (1Y (21 e (ZI Y LTIy
) R R N PTG R PR
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and we denote by

L= {3} x (=3, 1) x (O, [ (=3, 1) x {£3} x (0,1),
TP = (=3, 1) x {3} x (1,00 J(—3, 3)* x {-1},
) X{]}) S —{ﬂ:z}X( %’%)X(_])O)

N\—‘ N\
Nl—= N=

T¢ = (—

The scaling v, : (y1,y2,%3) € Q% — (eyr, €yz,x3) € Int Q¢ maps Q% X% and T, respectively, to Q¢ X¢
and T¢ and the scaling s. : (x1,Y2,Y3) € QP — (x1, eyz, ey3) € QP maps QP £, and S°, respectively,
to QP 2% and SP.

For every ¢ € WP (Q,;R3), we define

{ll)“(s)(yhyzms) = d(relynyz,x3))  (Y,y2,x3) € QY (3.9)

1|)b(€)(X1,yz,y3) = ¢(SE(X1>y2)y3)) (X1)y2)y3) € Qb)

and given a surface density g° on £¢ U Z°, we define a rescaled surface density g(¢) defined compo-
nentwise on ¢ and Z° through

g%(e)(yr,y2,x3) = e 'g(ey1, eyz, x3), for (y1,yz2,x3) € L9, (3.10)
g°(e)(x1,Y2,u3) =€ g% (x1, €y, €y3), for (x1,y2,y3) € I°.
Define the set
Wie) ={p = (1% 0P°) € WIP(QGR?) x WHP(QY%R?) 1 p® =7 on T¢,® =5 on S,
. 2
ll)a(yhyz,()) zll)b(gyhyz)O) mn (_%>%) } . (3.11)

We observe that, if ¢ € @, then (Pp2(e),P°(e)) given by (3.9) belongs to W(¢) and this defines a

bijection between @, and ¥,. Also observe that, through a change of variables, we have

_ 2 109%(e) 10 (e) 0p°(e) PP (e) 19Y°(e) 1 3Y°(e)
Ig((b)—s <J aW<£ ay] E ayz | aX3 >dX+JQbW< aX1 |E ayz |E ayg )dX

- J a g“(e)w“(e)dc—J

Zb

gb(EJwb(e)dC> : (3.12)
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In view of the above calculation, we define the rescaled functional

o 100e 1% e NP 1Yt 1 o°
Helb) - J W (s R wal ) dx+LbW ( dxr 0% e s > dx

— J g%(e)pde — Lb g°(e) Whde. (3.13)

By these considerations, we are able to establish a correspondence between the minimization problem

(3.5) and the following minimization problem

inf I(e)(W). (3.14)
PeW(e)

The goal of this paper is to study the asymptotic behaviour, as ¢ — 0, of problem (3.14), under the

following assumptions
g%(e) — g* weakly in L9 (Z“;R3) . g°(e) — g* weakly inLd (z‘%u@) . (3.15)

As in [58], we can rewrite the problem (3.14) in terms of displacements on the rescaled domain. For
this end, we define appropiate spaces. Let

ZP = WIP(QYR?) x WP (QY%R3), (3.16)

where WgP(Q%R3) = {u® € W (Q%R?) @ u® = 0 on T and similarly, WP(Q%R3) = {ub €
WHP(QP:R3) : ub = 0 on SP}. There is a natural bijection between the deformations in W(¢) and the
displacements in

. 2
Vie) = {v = (v, v0) € ZP 1 v%(x1,%2,0) = vP(ex1, x2,0) in (—%, ]j) }, (3.17)

given by
v =19*—r, on Q“,vb:wb—sE on QF. (3.18)

Therefore, in terms of displacements, the rescaled energy (3.13) may be written as:

J(E)(Va,\)b) _ [ W << 1 a\) 1 av ove >> dx
JQa dX3
r b
+ W<<e1+a|z+1av|3 108 >>dx
Jav € 0Xx3
- s ga(g) . ((O)O)X.’)) +va)dc_ sz gb(a) . ((X1)O)O) +vb)dc (319)
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for (v¢,v®) € V(e). Thus the minimization problem (3.14) is equivalent to the following minimization
problem
inf J(e)(v). (3.20)

v=(vavb)eV(e)

3.2.4 The main result

Let us consider the extension of the energies J(¢) defined by

T(e)(v) = Jle)v)  ifveV(e), 3.21)

+00 otherwise,

for v e IP(Q%R3) x LP(QPR3). The asymptotic behaviour of the energies (3.14) or, equiva-
lently, (3.20) will be obtained through the ' limit of the sequence J(¢) for the strong topology
on [P(Q%R3) x LP(QP: R3) when ¢ — 0. We refer to Dal Maso [32] and Braides [12] for the definition
and main properties of '-convergence.

We introduce the following functional space:
Vy = {(v*,v?) € ZP :v® is independent of (x1,x,), v is independent of (x;,x3), and forp > 2,v¢(0) =v°(0)}

V;} is called the space of displacements on the T—shaped structure, the subscript | stands for the
junction condition. The space Vj is canonically isomorphic to

V) = {(,7%) € WP (0, )i R%) x WLP (=4, )R : forp > 2,7°(0) =¥°(0) }, (3.22)

where WoP((0,1;R%) = (W e W' ((0,1);R?) : wW(1) = 0} and WP ((—1,1);R%) =
Wg’p ((—1, 3);R3). The functions of a single variable (v¢,v°) € Vj are continuous and we denote

by v = (v¢,v?) the element of V] that is associated with v = (v&,v?) € V; through this isomorphism.

Let W, and W, be as defined in (3.2) and, W;* and W}*, their respective convex envelopes on R3.

Consider the functional

1 > 1/2 b
dv¢ dv
O a b — W** W**
]( )(V yV ) JO a (63 + ng) dX3 +J1/2 b <€] + dX]) dX]
1/2

1
—J ga~((0,0,X3)+va)dX3—J g% - ((x1,0,0) 4+ v°) dx; (3.23)
0 -1/2
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for (v®,v®) € Vj, where g¢, g° are defined below:

2 a0 2 02

g% (x3) == ZJ g%y, (=1)'3,x3) dys + ZJ g ((=1)'3,v2,%3) dya (3.24)

o o

0 , 12
g0a)i= 3 | oo (D) dus+ | 6P, =) duy (3.25)

i=1"" -

We then extend J(0) to LP(Q%;R3) x LP(QY;R3) as follows

o)) = O e, (3.26)
+00, otherwise.

The following theorem is our main result.

THEOREM 3.1. Assume (3.15), and that there exist C > 0, « > 0, f > 0, and some p > 2 such that
the stored energy function W : R3*3 — R of the hyperelastic material satisfies the growth and coercivity
conditions (3.1)-(3.4). Then, the sequence of energies T(s) given in (3.21) and (3.19) TI'-converges, as
e — 0, to J(0) for the strong topology of LP(Q% R3) x LP(QY;R3). O

As a corollary of the I'-convergence and of the equicoercivity of the functionals J(¢) it follows, by
classical results in I'-convergence theory, that the minima converge and also any sequence of approx-
imate minimizers converge to a minimum of the limit problem. This means that the deformations of
the original structure in equilibrium or near an equilibrium may be approximated by the deformations
in equilibrium of the limiting energy.

Remark: We do not consider the case p < 2 since it can be shown that, for this case, there is
no condition on the junction in the limit problem and so the vertical and horizontal segments act
independently and so there is no difference from the model obtained by Acerbi et al[1].

3.3 Proof of the main theorem

For clarity, we decompose the proof of Theorem 3.1 into a series of various comparatively simple
results. The assumptions on W are as in the theorem for the following lemma.

LEMMA 3.1. Let u(e) = (u®(e), ub(e)) € LP(Q%4R3) x LP(QP;R3) be a sequence such that J(e)(u(e)) <
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C < 400 where C does not depend on ¢. Then u(e) is uniformly bounded in ZP and any limit point for
the weak topology of ZP belongs to Vj.

Proof Let u(e) = (u(e),ub(e)) € LP(Q%R3) x LP(QP;R3) be such that J(e)(u(e)) < C < +oo.
Then, the definition (3.21) implies that u(e) = (u®(e),u’(e)) € V(e) for all ¢ > 0. Let us call
Pe(e) = u(e)+r. and PP (e) = ub(e)+s,, the deformations that are associated with the displacements
u%(e) and uP(e), respectively, where r, and s, are as defined in subsection 3.2.3. The coercivity of the
function W and the assumed uniform bound for the energies imply that

«|

1 1 P
ocJ ‘ (a1ll)b(€)azll)b(£)|a31|)b(€)> ' dx < C’ <1 + ||ll)b(5)||w1,p(gb;R3)> , (3.28)
Qb £ £

P
e < C' (14 I (©lwroiez) (3.27)

(laﬂba(ﬁﬂlazll)a(ﬁ)|a3ll)a(€)>

where C’ does not depend on ¢. It is clear that for ¢ > 0 such that ¢ < 1, we have

—1 —1 —1 —1
(e 21le " 2akzs) || 2 zlzalzall s || (21l 22l 723 )| 2 lCzalzalzs)ll

Therefore (3.27) and (3.28) imply that

o [DYe (e )lle pegn) < C (T4 08w ez ) (3.29)

or| [ D ) < € (141" (@l oo ) (3.30)

P (QY;R3)
which, together with the clamped conditions
P%(e) =1, on T* and Y®(e¢) = s, on S° (3.31)

yield the desired uniform bound for \%(e) and °(¢) in WP (Q% R3) and WP (QP; R3), respectively,
by Poincaré inequality.

Then, going back to (3.27), (3.28) and using a priori bounds on () and \®(¢), we obtain

||a11|)a(£)||]_p(QG;R3) < CIHE) ||azlpa(£)||LP(Qa;]R3) < C"e and; (332)
[ozw®(e)] <C”,  [[osv"(e) < . (3.33)

LP(QP;R3) LP(QP;R3)
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Therefore,

01p%(e) = 0 strongly in[P(Q%R3), 9,%e) — 0 strongly in [P(Q%R3) and,
,°(e) — 0 strongly inLP(Q%R3?), 93p°(e) = 0 strongly in LP(QY;RR?). (3.34)

If we denote 1® and ® as limit points of the sequences \¢(¢e) and {°(¢) in the weak topology of
the corresponding spaces W'P(Q¢%; R3) and W'P(QP;R3), (for the strong topology of LP(Q%R3) and
LP(QP; R3) respectively), i.e.

Pee) = p* weaklyin W'P(Q%R?) and strongly in LP(Q%;R3),

3.35
PP(e) = P® weaklyin W'P(QP;R?) and strongly in LP(QP;R3), (3.35)

it follows at once that
=0, RP*=0, P*=0, dqéP°=0. (3.36)

Thus, ¢ is independent of (x1,x;) and ? is independent of (x,x3). On the other hand, from (3.36)
and again by virtue of the clamped boundary conditions (3.31) for = (%,1°) we deduce that
P*(x) = (0,0,%x3) on T* and P°(x) = (x1,0,0) on SP.

It remains to prove that

$2(0) =°(0). (3.37)

The junction condition (3.37) is obtained passing to the limit, as ¢ — 0, in

, WP () (ex1,%2,0) dxg dx (3.38)

J 2 (e (x1, %2, 0) dxg dxa :J .
(-33) 11
and this can be done by arguing as in [41]. We sketch here an alternate proof as follows.

The sequence of traces V“(e)(-,0) is compact in L9 ((—%, %)2> as as consequence of the weak

convergence of %(e) in WHP(Q%), provided by (3.35) and, the compact inclusion of the traces of
WP (Q9) in LY ((—%, %)2) for some q > 1 which is true if p > 2 and for which we refer to Biegert [?].
Passing to the limit on the left-hand side we obtain

e—0

hmj( P 00 ) = §(0) (3.39)

since, we have observed, following (3.36), that ¢ is constant with respect to x; and x;.

Similarly, the sequence of traces °(¢)(-,0) is compact in L9 ((—%,%)2> and notice that
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PP (exq,%2,0) — P®(0,%,,0) strongly. But this is not enough to pass to the limit on the right-hand
side of (3.38) because of the concentration of the argument near x; = 0. Actually, this indicates that
some convergence in the space of continuous functions will be necessary. Also, it is worth mentioning
that the estimates in (3.33) will be quite important. We only sketch here the main ideas for establish-
ing this limit while referring the reader to Proposition 2.1 [41] for the details and the precise manner
of obtaining the necessary estimates. The question can be settled if one has the strong sequence of the

traces \°(e)(-,0) in C ((—%, %)2) but this is not guaranteed. However, it turns out that this is suffi-
cient to find at least a height, x3 € [—1, 0], at which the traces °(¢)(-, x3) are bounded and therefore,
compact in C ((—%, %)2> provided p > 2. Then, to calculate the limit on the right hand side of (3.38)
we write

J( WP (e ext, x2,0)dlx, x2)

3.4)

=], e @) dal | e, x40

(-3.3)?

Then, it can be shown that the first term on the right hand side in the above goes to 0 as ¢ — 0 using

the estimates in (3.33). Whereas, the second integral converges to 1®(0) since we have the strong
. 2 . .

convergence of P°(¢)(exq,x2,%3) to P°(0,x2,%3) in C ((—%, 1) ) and P°(0,x2,x3) is constant in x;

and x3. At last, we obtain

lim j( WP (e) (ex1y x2, 0)d(x1, x2) = $P(0) (3.41)

e—0 1 1)2
2°2

Thus, from (3.39) and (3.41) the desired conclusion (3.37)follows.

Finally, if u® and u® denote the corresponding limits of the sequences u®(e) and u’(e) respectively,
since u®(x) = P%(x) — (0,0,x3), uP(x) = P° — (x1,0,0), then u® is independent of (x1,x;), u® is
independent of (x2,%3), u®(x) = 0 on T¢, uP(x) = 0 on S° and u®(0) = u®(0) follows directly from
(3.37). Therefore, (u®,u®) € V. [ ]

PROPOSITION 3.3.1. For all (v®(e),v®(e)) € ZP, such that (v®(e),v°(e)) — (v&,v°) strongly in
LP(Q%R3) x LP(QYR3), then for (v¢,V°) € V}, we have that

1 —a 1/2 b
liminfT(E)((Va(€)>Vb(€))) > J W <e3 + 3\; > dxs +J wWy* (61 + (;v) dxq

e—0 0 3 12 X1
1 1/2
—J gﬂ.((o,o,X3)+va)dX3—J g% - ((x1,0,0) +v°) dx; (3.42)
0 —1/2

Proof. If lim iglf J(e)((v*(e),v°(e))) = 4oo there is nothing to prove. Without loss of generality we
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assume that J(e)((v®(e),v®(¢))) is bounded from above. It follows from Lemma 3.1 that (v®,VP) € V.
Also, it is clear from the assumption (3.15) that, when ¢ — 0,

| 940 (0,0%) +ve(eNac+ | g¥le) - (w,0,0) 4 vP(e))ae

yb
HJ aga'“o’o’xs)ﬂa)dHLb g ((x1,0,0) +V°)d¢

1/2

1
—J ga-((O,O,X3)+VG)dX3—J g% - ((x1,0,0) +v°) dx; . (3.43)
0 -1/2

For the elastic energy, we have that (with {¢(¢) = v®(e) + 1. and Pp®(e) = v®(e) + s, as usual)

J aW<<la1w“(e)|lazw (e)05° ))
(B4(e)) J W (050%(e)) dx,  (3.44)

G¢
J W<<a1ll)b(€)|lazlbb( )[=93%° (e) )) J aﬂbb )))
Qb

6

W) = | W (ehe)) dx (349

((031*(e))) dx

v

\Y]

Therefore, due to the lower semicontinuity of the integral functionals G¢ and G® on WP (Q% R3) and
WP (QP: R3) respectively and since () — ¢ = v 415 weakly in WP (Q%R3) and P°(e) — P° =
VP + 5o weakly in WP (QP: R3) by virtue of Lemma 3.1, then we have that

1
liminfj ) w <<1611b“(£)1821|)a(s)|631|)a(5)>> dx > G(Y*) = L Wi (e3+ 03v?) dxs  (3.46)

e—0

and

172

limianQb w <(811|)b(£)1621|)b(£)|1631|)b(£)>) dx > G° (") :J Wi*(er + 0190 dx;.  (3.47)

£—0 1,2

Finally, using v®(¢) = (&) — re and v°(e) = ®(e) — s, on right-hand side of inequalities (3.46) and
(3.47), the inequality for a sum of lim inf and (3.43) the proof is complete. [ |

PROPOSITION 3.3.2. For all (v¢,v") € Vj and ((wy, (), (w1,33)) € V) x V), there exist a sequence
(vi(e),vP(e)) € LP(Q%R3) x LP(QP;R3) which converges strongly to (v®,v°) such that sequence
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J(e)((vi(e),v®(e))) converges and satisfies
1
tim T(e) (v*(e),v*(e])) < | W (o1 + wilea +wales + 2355)) d
1/2 o
+J W<(€1 +a1vb|€2+cz|€3+C3)> dxq

172

1
—J g% - ((0,0,%x3) +v) ng—J g% - ((x1,0,0) +v°) dx; . (3.48)
0 -1/2

Proof: Given (v*,v®) € Vj and ((wy, (2), (w1, (3)) € V) x Vj we define the displacements:

Vv (x3) + exawa(x3) + exywi (x3), ifx € (=3, 3)% x (¢,1),
@ — 3.4
v X?S (V% (e) + exawa (&) + ex1w (¢)) (5:49)
+5 ;Xs (VP (ex1) + ex20a(ex1) + ex3l3(ext)] ifx € (=3, 3)? x 0, ¢
VP (e)(x) = VP (x1) + exala(x1) + ex3ls(x1) ifx € (%, )% x (—1,0), (3.50)

choice which is inspired both by Gaudiello et al. and by [58]. It can be checked
that (v®(e)(x),V°(e)(x)) € V(e) and v(¢) — v®stronglyin WP(Q%R?) and W(e) —
VP strongly in WP (QP:;R3). Finally, by an application of the dominated convergence theorem and
the growth estimate one derives that

1
lim J(6) [(v*(6), P e))) = | W ((e1 + wilea + wales + 2359)) g

e—0

+ J]/z w ((61 + 01vPle; + (ales + C3)) dxi

12

1
—J ga . ((0,0,Xg) +Va) dx;z —J gb . ((X],0,0) -I-Vb) dx; .
12

The proof of Theorem 2.2 It is well known that in a separable metric space, the sequence J(¢) always
has a '—convergent subsequence (see [13]). We shall now show that any I'-limit coincides with T(O)
defined in subsection 3.2.4 which implies that the entire sequence I'-converges to J(0) proving the
theorem.

To begin, we consider a subsequence of J(¢) which I'-converges and for convenience, index it by «.
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Also let ] be the I'-limit of this subsequence. By the definition of I'-convergence (see Braides [12]):

Jv) = inf{limiélfj(s)(v(e) cv(e) v e P(Q%R3) x LP(QYR3)

= inf{limsup (&) (v(e) : v(e) — v € LP(Q%R?) x LP(Q% R3)}.

e—0

By Proposition 3.3.1, it follows, by taking the infimum over all sequences v(e) that converge to v in
[P(Q%R3) x LP(QP;R3), that

J(v) > J(0)(v) for all v € LP(Q%;R3) x LP(QY;R3). (3.51)

To prove the reverse inequality, we shall use Proposition 3.3.2. It is enough to consider (v¢,v°) € Vj.

For such a v and for different choices of ((w3, (), (w1, (3)) belonging to V] X VJ, we can construct se-
quences (v®(e),v°(e)) converging to (v®,v°) strongly in WP (Q% R3) x WP (QP: R3) for which (3.48)
of Proposition 3.3.2 holds. So, taking the infimum over all such sequences and using once again the
definition of the I'-limit, we get

a b : T a b
Jot )< bt ) (v (), v (e))

1
< inf J W ((61 +wilez +wsles + 63\?)) dxs
((w2,82),(w1,03))EV XV 0

1

1/2 A~
+J w ((61 +91vPles + Cales + 53)) dxy —J g% - ((0,0,x3) +v) dx3
~1/2 0

1/2

- g° - ((x1,0,0) +v°) dm) . (3.52)
—1/2

However, by the density of WgP((0,1);R®) and WP ((—1,1);R%) in LP((0,1);R?) and

LP ((—3, 1);R®), respectively, we have

1
inf J W ((e1 +wiles + walds59)) dxs
(w1,w2)EWLP ((0,1)R3) x WP ((0,1);R3) Jo
1
= inf J w ((61 +wilex + W2|631],)a)) dx; (3.53)
(w1,w2)€LP((0,1)R3)xLP ((0,1);R3) Jo
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and
12 o
inf J w ((a1tl)b|€2 + Goles + C3)> dx;
(C2,3)EWLP (1, 1IR3 x WP (-1, 1)R3) 12
12 o
- inf J w ((0rW¥ler + Gles + ) ) axi. (354
(€2,83)€LP ((— 1,3 R3)xLP ((—4,%)R3) J—-1/2
Let
K% (x,21,22) := W (e1 + z1lez + z2]e3 + 03v%(x))
and

Kb(x, 22,23) =W (e1 + a3W(x)|ez + z7les + Zg) .

These are Carathéodory functions and the measurable selection lemma cf [34] shows that there exist
measurable functions wj, w3, (5 and (3 such that

Wa(es3 + 03v%(x)) = W ((e1 +wi(x)lez + wj(x)lez + 03v%(x))) for almost all x € (0, 1),
Wo(er +01v0(x)) =W ( (&1 + 0w (x)lez + i (x)les + C§(x)) ) for almost all x € (—1, 3).
(3.55)

From the coercivity of W, we can deduce that (w}, w3, 3, (3) € LP((0, 1);R®)2 x LP((—1, 1); R®)2. Now,

from (3.52)-(3.55), it can be deduced that

1 — 1/2 =b
i} dve d
J(va,vb) gJ W, <e3+ ad )dm—i—J W, <e1 + & >dx1

0 dx; 12 dx;

1/2

1
—J 9“-((0,0,X3)+va)dX3—J - ((x1,0,0) + ) dx
0 1,2

The T-limit ] is always lower semi-continuous and so by the above inequality, it is less than the lower
semi-continuous envelope of the right hand side which is exactly the right hand side in (3.23). |
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3.4 An example

We conclude this article by examining the case of the Saint-Venant-Kirchhoff material in detail. Recall
that the Saint-Venant-Kirchhoff stored energy function is given by

WiR) = B (FF—1) 4 2 (o (FF 1)), P e R0,

where p and A are the Lamé moduli, which we assume to be such that u > 0 and A > 0.

This W has the following properties required of hyperelastic three-dimensional bodies which are:

(a) Objectivity or material frame-indifference principle:

VF e R33 VR e SO(3), W(RF) = W(F). (3.56)
(b) Natural state: W(I) = min W = 0.

We did not consider these properties during the process of obtaining the variational limit of the three
dimensional model since it does not affect the convergence analysis. However, these properties have a
consequence on the stored energy of the one dimensional model. In fact, it has been shown in Acerbi
et al. [1] that when these hold for W then W, (z) and W, (z) will depend only on |z| and moreover,
W;* and W;* necessarily vanish on the unit ball in R3. We now obtain the explicit expressions of W:*
and W™,

PROPOSITION 3.4.1. For the Saint-Venant-Kirchhoff stored energy function, we have

W (z) = We(z) = mw(z) + S(ALM (h(z) — 200+ WL )2, (3.57)

where h(z) = (|z|> — 1) and the junction energies are given by

*% A/ _ E 2 2 E 2_ 2
Wi (e) = Wite) = g (lef — 110+ gy =gy (V12 = (1)) (3.58)
2
respectively, where |z| > 0 is the norm of z € R3*! and E = w is the Young modulus and

A . .
v = —— is the Poisson’s ratio.
2(n+A)
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Proof. For calculating W, let us first express W(F) in terms of the column vectors of F:

(foe-)

2

O°\>‘

3
W(F)_Z(Z(ZIZ] 1) )
=1

2

2 A2 H 2
Y (za-2zp —bap)? +8<Z |Zcx|2_1> 2<Z Zo - 23) >
«,Bp=1 a=1 a=1
2u+A) 3 3 A 5 2
+ T P 12+ (P - ) Zua—1 (3.59)

By an inspection of (3.59), it is clear that in order to minimize W((F|z3)) with respect to F = (z1|z2),
we need to choose {z1, 27, z3} as a orthogonal set. If we now set t = |z;| and s = |z;|, then we are left
with minimizing the function

2
f(s,1) = 2 HA

(217 4+ (2 =1+ 207 = 1)+ (2= Dl 3P~ 1)

4>\>oo

+ 2 (S =N =1) (3.60)
over the set {(s,t) € R? : s > 0 A t > 0} with |z3| as a parameter. Letting x = s> — 1,y = t>? — 1 and
h = (|z3/> — 1), we need to minimize the function

A2
TH(XZ + yZ) +

A A
g(x,y) = —(x+y)h+ 7Y (3.61)

4
over the set A = {(x,y) € R?: x > —1 Ay > —1}. The eigenvalues of this function are L and )‘I—”
which are non-negative by the hypotheses on A and p and so this is a positive definite quadratic form.
The unique critical point of the quadratic form on R? is

A A
=|—- h, — h). 3.62
We now need to analyze two cases. When the critical point belongs to A, which happens if and only
2(A 2(A
if h < w, the minimum of g is attained at (xo,yo). For h > (;\HL), it can be shown that the
minimum of g is achieved in (—1,—1). Therefore,
A2 2(A
9(X0>90) = *7]’12 if h< M)
: _ 8A+ ) A 6
a9 A+ A 2N+ ) (3.63)
g-1,-1)="TE_2h jf p>20 TR

2 2 A
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Then, the value of W,(z3) as stated in (3.57) is obtained by adding the term (2“; A) (Iz3/* —1)?* toming

in (3.63) which only depends on z3 and there after performing a simple calculation.

We now compute the convex envelope W;* of W,. We observe that W, is non-negative and takes its
minimum value at all z € R3 with norm 1. Moreover, it is convex for |z| > 1. So, the convex envelope
is given by expression (3.58).
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In this work, firstly we study the junction phenomena for two joined thin structures in two kind of context, the first: Fer-
roelectricity, starting from a non-convex and nonlocal 3D-variational model for the electric polarization in a T—junction of two
orthogonal thin wires made of ferroelectric material, and using an asymptotic process based on dimensional reduction, we ob-
tain different 1D variational models depending of the initially boundary condition. The second one context: Hyperelasticity with
homogeneous material, starting from 3D nonlinear elasticity equations and using dimensional reduction and '—convergence
analyze junction phenomena for two orthogonal joined thin beams and we obtain a 1D variational model composed of the
elastic energy of the vertical beam and the horizontal beam.

Keywords: Electric polarization, ferroelectric devices, hyperelasticity, thin wire, junctions, dimension reduction, gamma-
convergence.

En este trabajo primeramente estudiamos el fenémeno de la unién para dos estructuras en dos tipos de contextos, el
primero: Ferroelectricidad, iniciando desde un modelo tridimensional variacional no local y no convexo para la polarizacion
eléctrica en una union en forma de T de dos cables ortogonales hechos de material ferroeléctrico, y usando un proceso
asintético basado en reduccién dimensional , obtenemos distintos modelos 1D dependiendo de las condiciones de frontera
iniciales. El segundo contexto: Hiperelasticidad con material homogéneo, a partir de las ecuaciones de elasticidad tridimen-
sional y usando reduccién de dimensién y '—convergencia analizamos el fenémeno de la unién para dos vigas ortogonales
unidas y obtenemos un modelo variacional 1D compuesto de la energia elastica de la viga vertical y la viga horizontal.

Palabras Claves: Polarizacion eléctrica, dispositivos ferroeléctricos, hiperelasticidad, cables delgados, uniones, reduccién de
dimensién, gamma-convergencia.
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